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Abstract
We consider the positive solution of the following semielm elliptic equation
on the compact Einstein manifoldd" with positive scalar curvatur®,

Aou — AU + f(u)u™2/-2) =

where A, is the Laplace-Beltrami operator okl". We prove that for0 < A <

(n — 2)Ry/(4(n — 1)) and f'(u) < 0, and at least one of two inequalities is strict,
the only positive solution to the above equation is constafihe method here is
intrinsic.

1. Introduction

Let (M", go) be the compact Einstein manifold with positive scalar atuve Ry

andn > 3. In this paper we consider the following nonlinear elbpéquation
1.1 Aou — Au+ f(uu™2/(-2 =0 on MM
' u>o, on M",

where Ay is the Laplace-Beltrami operator od" related togy. In the case off a
constant and. = (n— 2)Ry/(4(n — 1)) with Ry the scalar curvature of Riemannian man-
ifold M", the problem (1.1) is just the Yamabe problem in the confbrgeometry.
If M" =8 there are infinitely many solutions for the Yamabe problescduse the
conformal group of the sphere is also infinite. For the Einsteanifold which is con-
formally distinct from sphere, Obata [11] shown that the ‘é@ problem has unique
solution, and Schoen pointed out there are more than thieéoss for Yamabe prob-
lem on St x S™%, n > 3. Recently, Brezis and Li [4] consider problem (1.1) and
specially the following problem by using moving planes afowbup analysis.
Agu—Au+uP=0, on SV
(1.2 {u > 0, on S,

and obtain that
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(A): for M =S", 0 < A <n(n—2)/4 and f decreasing on (0,cb), the only positive
solution to (1.1) is constant,
(B): for 0 <A <n(n —2)/4 and 1< p < (n+ 2)/(nh — 2), and at least one of two
inequalities is strict, the only positive solution to (1i8)constant,
(C): for M compact,n=3 and f =1, there exists a constanp = A1o(M, g) > 0 such
for 0 < A < Aq, the only positive solution to (1.1) is constant.

In this paper our conclusions rely on the remarkable idgmtittablished by intrin-
sic properties. For related problems, see e.qg. [2], [3], [6], [8], [9], [12], [13].

Our main results are as follows.

Theorem 1.1. Suppose M be the compact Einstein manifolld< A < (n —
2)Ry/(4(n — 1)) and f'(u) < 0, and at least one of two inequalities is striclThen
the only positive solution t¢1.1) is constant

As a consequence, we prove the following theorem.

Theorem 1.2. Suppose M be the compact Einstein manijfolld< A < (n —
2Ry/(4n— 1) and1l < p < (n+2)/(n— 2), and at least one of two inequalities
is strict Then the only solution of the equation

Agu—AU+UuP=0, on M"
u> 0, on M",

is the constant solution g AY/(P-1),

REMARK. Clearly, Theorem 1.1 and Theorem 1.2 can be seen a geldiiiz
of Brezis and Li's results (see Theorem 1 in [4]). On the othand, Theorem 1.2
also answers the Brezis and Li's problem 2 in [4] for compaicistein manifolds with
positive scalar curvature.

2. Proof of Theorems

Let (M", go) be the compact Einstein manifold with positive scalar ature Ry.
Define the conformal transformatian= u®®-2g, on M", then A, is related with the
scalar curvatuR of g by

(n— Z)Rou + (n— Z)Ru(n+2)/(n—2) -0

R T T ’

which combing with (1.1) gives

N (]
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SettingA = A — (n — 2)Ro/(4(n — 1)), then

_ 4n-1)

— -2
r—— (f(u)—Aau ).

R

In what follows, the Einstein summation convention will bsed. Let

I 9
YOI E X

be a symmetric tensor defined &a", and
R . o
%ij = Eg” — Rag“g"".

It follows from [7] that the operatof] associated ta acting on anyC?-function f
defined by

R . L
(2.1) Of =g fij = (Eg” - Rklglkg“> fij
is self-adjoint relative to thé.2 inner product ofM", that is

| ©ngaw=[ f@gdv
Mn Mn

Lemma 2.1. Let g =¢~2g, By and B the trace free Ricci tensor of the metric
0o and g on M, respectively Then we have

n-—2 A
Bo=B+ (de——"’g)
[ n

This formula was studied in particular by Obata [10]. One &ad a proof also
in Besse’s book [1], Theorem 1.159.

For an Einstein metrigy, its trace free Ricci tensor is nothing but zero. et
u?(=2) then the above lemma shows that, in the local coordinateesys

1
(2.2) Bj =(n— 2)<HA(UZ/(H_2))QH — Y02, )U_z/("_z).
where the covariant derivatives are with respecttcand

R
(2.3) Rj = Bjj +—Gij-
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(2.2) can be written as

2/m-2)y = LA 202 1 o2
(2.4) u )ij = HA(U )9ij — mu Bij.
Substituting f in (2.1) with u¥(™=2 and using (2.4), we have

D(u2/(n—2)) -

R . o
Eg” — Rklglkgjl)(uz/(n_z)),ij

— A(UZ/(n72)) _ Rkl (u2/(n—2)) i gikgjl
(2.5)

Nl Nlo T

A2 - R8G50 2)g, - -

_(-2R
T on

1 S
Tzu2/(n2)Bij>g|ngI
A(UZ/(n—Z)) + 1 2u2/(n—2) Rkl Bij gikgjl ]

n J—

Therefore, (2.5) together with (2.3) gives

(n—2)R
2n
_(n-2R

o
(n—2)R

1
- ALY + u2/(0-2) B2,
o A )t B

W) = R L R LIELT

1 -
A(UZ/(n—Z)) + — 2u2/(n—2)| B|2 + u2/(n—2) Bij glj

n(n—2)

Note that
/ O@WU?™=2)dVy =0, dVy=u®=2dv,.

Integrating the above equality and using the divergencerém, we obtain

(2.6)
— 2)2
w2 B2 dV, = (n
/’\‘A” 9 2n Mn

_(n—2p
~2n
_2(h—1)(n—-2)

- n MD

4n-1
= (”n )</ f/(u)u™ =2 voul® d Vg,

(V(u?(=2) VR) dV,

f W2 (Vo(U?"2), VoR) dVy,
Mn

u2(Vo(u¥ "), Vo( f (u) — au=¥=2))) dv,

+i U202 you2 dVy ).
nN—2 Jun 0
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Under the assumption of Theorem 1.1, (2.6) shows that

05/ u?-2 B2 dV,
Mn

_ 4n —1)

4.
(/M f/(u)u™ =2 Vou|? dVy, + 2/n u—2/<”—2>|v0u|2dvgo> <0,

n

and u must be a constant.

Let f(u)=u¥, « <0, we get Theorem 1.2 holds. The proof of theorems is com-

pleted finally.
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