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1. Introduction. Let L(:, 7)=3},>W,a;,A"7* be a polynomial
of A and 7 with degrees M and N respectively. Then we can define a
constant «(L) as follows. When L(», 0)=0, we set

a(l) = max "—J

)
aj,40.k>0 b

where m is the degree of L(n,0). In this case we have j+ka(L)<m
if a;,+0 and j,=k,a(L)=m for some (j,, k) such that k>0 and
a;, 1, +0. When L(\, 0)=0, we define a(L)=—co. It is easily shown
by the definition of «(L) that the line £=0 is characteristic with respect
to the differential operator L(—aat—, %) if and only if a(l)<1. L.
Hormander [3] proved that there exist null solutions® of the differential
equation Lu=0 with respect to the half plane II= {({, x); <0} if and
only if the line #=0 is characteristic.

In this note we shall characterize the differential operator L by the
smallest (largest) function class G,(-)® of Gevrey’s to which null solu-
tions are (not) able to belong. In theorem 1, using the same method
as L. Hormander’s in [2], we construct a null solution which belongs
to G, (a+¢&) for any €>0 if 0<a®<1, and to G @) if —coc<a=<0. In
theorem 2, we prove the uniqueness of the solution of the Cauchy

1) A solution #(f, x) of the equation Lx=0 is called a null solution with respect to the
half plane II, if #=C>(R?) and %0 in R? but #=0 in I

2) A C>-function f(Z, x) is called to be in G,(a) in (T, T2) X (%1, %), — 00 K2, <X, <
+ oo, if it satisfies

Qo D|SKGYS (k=0,1,2,)

in any finite interval [a, b] in (%, ¥;) for some constant K.
3) In what follows we write a=a(L).
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problem in the function class G,(«) if 0<a<1 and in G.(¢—¢&) for any
&>0 if a<0.
When a<0, it is impossible to reduce the differential equation Lu=f

to a system of the form %U =P<é%> U+ F with a matrix P(n) of differ-

ential polynomials. Accordingly it becomes impossible to use the method
of A. Friedman [1] which reduces the problem to the property of the
fundamental solution of a system of first order ordinary differential
equations.

We remark for example that a(%— 82)=1/2, a<i ﬂ):(),

0x> otox ot
a( 9 +1)=—1, and a( 0 )Z-—oo
ot ox 0tox

2. Preliminary lemmas.

Lemma 1. Let —co<a<l. Then there exists a function n(\) which
satisfies the following conditions :
i) L, 2(2))=0.
i) There exist constants C, and K, such that if JmaP=K,, »(\) is
analytic and satisfies the inequality
(1) [ = CoIn]”.

Proof. Set

L()“’ 77) = QNO\')nN—}— v +Q0()\‘) ’
then we have @,(A\)=%0 and
deg® Q,(\) = deg L(x, 0) = m=0,
(2) deg Q(\)+ak=m, (k=12,-,N),
deg @, (\)+ak, = m.
Let »,(A) (j=1,2,---, N) be the roots of the equation L(\, »)=0. Then
every 7;(\) has the Puiseux series expantion at infinity :
(3) 7 = SV La A, (g, +0).
Hence, for a sufficiently large constant K,, »;(\) is analytic in Jm A= K,.
By (1) and (2) we have
QA1) vV [ = [QN) [ = Ky I N |™

and

4) S3m A means the imaginary part of a complex number 2.
5) degQ,(1) means the degree of Q,(1).
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[@n(N\) Zil...iN_ko 77:'1(7\')"'77!’1\/_1,0(7\) = Qe M) =K, [N|™ 50,
Without loss of generality we may assume
QN ) 28, 1:(V) = ny(N) | = K I |,
hence we have
[,(0) 7N [ S KL I ™ [ QNN ey 1 (M) 1w (V) | 7

é(Kl/KZ)IX [0 .

Using (3) and this we have
ngl (lj/pj)éako .

This shows that /;/p,<« for some 7, and by this, if we choose K, large
enough, we have

|’7j()\')| §C0|7\Im if rc\\ﬁn). = Ko-
Q.E.D.

DEerFINITION. We call a function f(¢, x) to be in a class G(v, ) in
a domain QcCR? where » and p are real numbers, if f=C~(Q) and
satisfies

(4) =KC Gy kD, (4, k=0,1,2,-)

*ft, %)

8t16 &

for some constants K and C.
Let H be a integro-differential operator of the form

. (E—7)"7" o* -
5 (Hf )¢, x) = 2j+wk§m, jsm-1%5 % S (m i 1)'6 kf("', x)d
5i-m

ot "% kf(t x), (—oeo<az0),

+E jtok=m,jzm, >0 @ ik
where m is a non-negative integer and 0<j<M, O0<E<N. Then we
have the following

Lemma 2. Let Q be a rectangular domain (0, T)x(x, %,);
0<T< +00, —00=Zx,<x,< 400, and let a function f(I, x) belong to
G(p, pa—E&,) in Q for some constants p>1 and 0<&E,=1. Then the equa-
tion v— Hv=f has a unique solution in the same class.

Proof. It suffices to prove that the series >icy, H”f converges to a
function in G(p, pa—¢&,). If we write
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= t_..—_(t——-r)j—l—ak T T
(H; e )2, %) So G=1)! ax"f( , X)dr,
and
HY )t 2) = 08
Hi )l ) = 2 £t ),

then we have

H; wHyw = Hjrjf gt

Hg,kH?,k’ = Hj+j/,k+k,’

HYy wH;, = ( H;j_j g1y, when j>j’

{ H/_; g1, When J=7.

If we write
itk n
(6) e A= 2085, 0@k, G kg Hjo by, imen S s

then, each term of the summation in the right hand side takes one of
the following two forms:

a) Hilkl"'.inknf = H]—j,K—FkH;',K/f
where  J=23t..(m—j.), K=2- kiv J =220 (Ui— m), K'=2>%_q. k;,
b) H.‘f1k1"‘fnknf= H-;,‘\"]',K/-ka;

where J'=3%, (j;—m), K' = 0. k;.

For the case a), let {j;,-,7;} be the set of all elements which are
contained in {j,,,j,} and smaller than m, and let

Ji =2 (m—7y),
K, = 2%, ki, ’

J. =1—7,

K,= K—K,.

Then in view of (5) we have

{ J=5L+], K= K+K,; J.=zr, K,zq—7r,

() Ji+aK;<0, ¢=12).

We also have

{ J =Ji—Ji: K' = K{+Kj}; Ji=s, Ki=(n—q)—s,

8
(&) Ji+aKi;=0, (=1,2).
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For the case b), we have as above

(9) { J'=Ji—Js K' = K{+K}; Jizs, Ki=zn—s,

itaK; =<0 (=12).
Since f satisfies (4), we have for the case a)
(Hy_; ko H Y gt f| S K CT7H 7+ Kk +K o
X LT =) T LK+ k) %o J 1Y (K)o,

and for the case b)

(11) |H g0 | S KT+ ) IPLOK + ) 1T

(10)

When J+aK<0, using Stirling’s formula we have
12) (JEN=C¥
for some constant C. Using (7)-(12) with the inequality

(m—q)lq! = n! < 2"(n—q)!q!,
we have for both cases
| H j gy jmien | S K CPHR(G NP (R 50(n]) %0,

and this completes the proof.

3. Main theorems.

Theorem 1. For ecvery positive constant & there exists a null solu-
tion U, of the equation Lu=0 with respect to the half plane TI, which
satisfies one of the following inequalities for some constants K and C
depending on &,

a3 |2 g, x>’ < exp {K(t+ | x| /0-0-0)) CIr(j Iy (1),
oti 0x*
if 0<a<l,
(14) ' 5?;;% Udt, 7)| < exp {K(1+£)(1+ £/0-9)} Citk ghe(§1)+(1)®
X

) f — o <a=0.
REMARK. When a= —oo, we can write L=Ly with a polynomial
L,. Then, if we set
0, when ¢<0,

P(t) = { exp {—¢/}, when ¢>0,
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J(¢) is a null solution and satisfies

vt [ KIPGYY (See [3] p. 257).

8t

This means that the statement of the theorem is also valid for the limit-
ing case of (14).
Proof of the theorem. Take a positive constant p, a<1/p<1, and

set
+oo+i K,

(15) u(t, %) = S "0 exp {—itn—ixn(n\)— (A i)} dn,

—oo+iKj

where »(\) is the function defined in lemma 1 and (A/i)"* is defined
real and positive on the positive imaginary axis. Then by L.
Hormander [4], p. 121, u(¢, x) is a null solution of the equation Lz=0
with respect to the half plane II. If we set C,= cos (7z/(2p)), we have

(16) Re(\/i) = C,|A|"" when JSma>0.
When 0<a<1, we have using (1) and Young’s inequality,
|2n() [ SColx [+ [M[* £ ZCIN P+ K |50

Hence we have

*u(t x)|< exp {tK,+K|x |V *}C, S exp {—C,|x|?/2} dy,

where A = y+iK,.
Using the inequality

17) e <Co (Y (#>0),

we have

(18) |§—’*,,u<t, 2)| = exp {C(¢+ | x[Va-Po)} CRoRY.
X

When —oo <a=0, if we take |\|=|%¥|Y""*, we have
[xn(AN) | =Col x| [N ] = Colx |« [N = C,| x|V,
If we replace the path of the integration in (15) by the path from

— oo +i7 to oo +ir where r=K,+ | x|V ®+k, we get

’—u(t x)| < exp {t(K + le1/(1—w)+k)+colx|1/(1—aﬁ)} >

+o0
<G [ InI exp (=Cn [ Phdy, A = yeir.
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Since | |*#<k*®, using Stirling’s formula we have
k
(19) ‘%u(t, x)iéC” exp {C7(1+8) L+ | £]73-™)} -(C” e+ (R1)® .

Let o(t, x)==0 be a function of the class G(1+¢&, 1+¢&) in R* such
that supp® @ (¢, x) S {(¢, x); #*+2° <1, t >0} and @(f, x)=0. Such a
function is easily constructed using the function given in the above
remark. We write o4, x)=p(/3, x/5), then @; is also in G(1+&, 1+&).
Set

Uyt, %) = Py = §¢a<t—f, x—y)ulr, y)drdy.

Then, LU;=0, U;=0 for #<0 and U;=%=0 in R? for sufficiently small
6>0. Hence U; be a null solution of the equation Lz=0. When
0<a<l, we take 1<p<1+€&/a, and write

2 Ut D = ([t —r, | 2 U, 1= dray.
Then by (18) and (19) we get the desired estimates (13) and (14).
Q.E.D.

Next, we shall prove in the sharper form that we can not construct
any null solution in the class G.(a) if 0<a<1, and G,(a—¢&) for every
>0 if —oo<a=0.

Theorem 2. For any T>0 we have the following results:
i) When O0<a<l, let u be a distribution solution of the equation Lu=0
in (—oo, T)X(— oo, o) such that suppuc {(t, x); t=0}. Furthermore
assume that u is a function satisfying

|u| <K exp {Kx/"~*}

for some constant K. Then u=0 in (—oo, T)X(— oo, o0).
ii) When —oo<a=0, let u be a distribution solution of the equation
Lu=0in (— oo, T)X(x,, %,), — o0 <x,<X,< + oo, such that supp uc {(¢, x);

k
t=0}. Furthermore assume that —a-a—ku (k=0,1,2,--) are functions satis-
x

Sfying

ak <Kk+1(k')a}—5
ok = '

for some constants €>0, K. Then u=0 in (—oo, T)x(x,, Xx,).

6) supp ¢(%, x) is the closure of {(¢, x); (¢, x)=*0}.
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Proof. The proof of i) is given in [1] and [5]. So we shall prove
ii) using lemma 2. Set &,=¢&/2 and determine p>1 by a—&=pa—§&,,
ie.p=1+(E—¢&)/(—a). Let o(t, x)==0 be a function of the class G(p, p) in
R? such that supp ¢ < {(¢, x); =0}, and set @4, x)=p(¢/3, x/8) for §>0.
Then u;=®su, where u is a function of ii), is defined in (— oo, T—8) X
(x,+8, x,—8) and satisfies the following condition :

(20) o7tk <K/]+k+1(] |)p (k')mp g,

oti ox*

Lus =0, supp u;C {¢, x); t>0}
{ ———uy(t, x)

Now setting vangmus, we have v;,&G(p, pa—¢&,) in (0, T—38)X(x,+ 3,%,—9)

and
%us = g;_mvs for j=m
(21) A
s .
S(m i 1)'08(7, x)dr for j<m.

Hence we have

0 = a;‘}oLus = vS_Hva
where H is the operator given by (5). As v;eG(p, pa—¢&,), we can
apply lemma 2 and get v,=0 in (0, 7—8)x (x,+§, x,—5). Hence u;=0
in the same domain.
Letting 6—0, we have #=0 in (—oo, T)X(x,, x,). Q.E.D.
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