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ERYJFOHTICE T 5 ZEIHRME S Ridge [HJRIc DT

I ®

EEROE, FERODW BTOMEL VAT ERBIREETROS b T RIEL
MO0 E2>TH3, ZEEBIFOBEEOZ LR, BOETCLOFHZNL LTESER
FRATOBA LU TNB L, 2CiIPNBEX—HE By (Harris 1975, Mardia 1979,
Press 1972),

BRoTr L, ERFEOTTIESEEEOHNER Y b EEER2 FHIRALTEDTH
h, AL ECa—2,V 7 by T7REREULEKRUICSH, 50 3RFOBEBETHEAS
NER2 DT TN B, BMAER2OENKREZ 3 o0, HEEIXIEEMTHERT I, B
ETRFREGE2RNCHEREBR IR EWCBE LR 3 T LI,

Ik U A, BECHEBREVEDN 310K, ZB#EAsh, Bijo7 —2ic
BB TICBINBTOEE, VIFUR, “LODATHEUTASZ” ROF—~%
REBFTHON TN B, &) CETREPA S, 3HEZTNERBUPOBRIZELINS
DI THEWD, FERNBESHETINICEE, LIRS T3 4 Ty b7y
Py FOABIOR b3 EThE, ZNREEE EbY 32 Am0, HERET S
T, ZERBIEDT =« v 7REICRIXT, 23 23 ERPHEREOTVV 1Y, BEIOR
I, WMEEOFHEIS E, AEOFELINCY T3 Ut HERICET3ER 2 RPTCERT
ERVORTMDOCETD B,

U U, ZL ORKBEBPOERVPEMCES D> TBH, BEOKEL ABNIL
FERFEIDPA > TERZED BT L bERHED LN, FEEBEIZ, DUAZI VAR
B 2R, dEVETRBOLNICFT — 20 h, BERHEEOEEDEEZBIRY,
B2 HMLTAHHBEVTRBUTEICE 3 ER S,

SHAHROCE L, BEREORE 2 7 — 2 B & - THHET3 &, ERSATOTE
{, BEEPEIET3 LTk T, F—2IBETIHSH (BER) 23, S0
EENTRETD 535 PO TOLEEEBRCRLNIICE &, M, BRESERARE L
550 %, b 2B UTLUAZERENTOFELEML, BROT — 20> L BR
ZOYHES B T & B RAIBETIZIS W,

Lidh, MEONIVALEZNEIREETDH 325, AR TEERRSH2Hice b,
FHRCEELUTOTLETH 3D, RAE2EAT 3B S0HED 2L UT, FEH
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WHERELD B, TORBERECONWTRILTABZCLLEET S,
UTAR2 D 3 1CBEU, ROTELER2EDB LTS,
n HOBIEL D23 p ZROMERZ X(nXp), EEER? y(nx1) LU, EF
BB v B &3 B0, EEERR
y=XB+u @
Th 3D, TLTR—EHERELS C e I UER, HERERL b, BEEGIHERELS
NTNBdDET B, ETEENY bV uw KBEHUT
u~N(0, o*I) @
2 3RELTE L,
750 X' X hSEBEF5 £ 73 3 X 5 BB SN T 3 0T, MYERMARMOHEBETSI% R,
REBEZELOHENY bV2 r ETHiE

R=X'X
3
r=Xy
g1, EEBEERE m i
m=vrR7r @
EUTKDHBNB,

Wz, 79 X'X »EFESB UL 5, EEER U =L=1=0), WNHT5E
B2 b g;(pXL), SHwind2IAERVIZ D2 L, G 53

L=diag(l]) j:l, ...... , D
(5)
G = (gl, gz’ ...... , yp)
Thb, CO&x
X X=GL& ®)
L=G'(X'X)G @

‘(“@ 5 ]
D) RicwT3 B ORI 2T EABE $—F) % B vhiE, thik XX »E
Hor %, BROS/N2|ETML C 1T (OLS: ordinary least square)

A

B=(X'X)"X'y=R"r ®)
ThHbh, ZOHIFE SEu

E(B) =8 ©

V(@) =c* (X'X)™ (10)

Thd, CHXTIROBEEEDE? AT
B= (GLG)™' X'y
= (;lj 9:9 )" X'y



EMRACIT 2 ZE G Ridge BEIRICDWT 231

= (zj‘. 9:9'3/L) X'y an
V@ = 0"39:9's/ 1y 12
LA®/IBU, B L B OFEME L L3hu, B OFH2HEE:E (MSE: Mean square
error) % AR
E(L) =MSE (B)
=E((B-B)'(B-B)

=o*tr (X' X)™
=o*S/1; 13)
L33,
X5, G 2HANT X 2BBUICL0% W, ZOBOEREE?2 ¢ T3
y=XB+u
=Wa+u 14)
Th3, 121U,
W=XG
a=G'B (15)

Th 3,

I ZEILEE

X'X BERITEONES, (8) RO B OMIREEL IS0 KD 3HINT 550, BEOF
— X OEFICERIC | X'X[=0 72308, DUARTHA 555, 0IKIED, /IMSWE
LB TERTARETCY 33, LA, p BOHRBELERD > bED THAECHEOENE
EVXSINTNIZH, d3VEDILEVMOLER LtREERICDH Y, ODIELH
W—RKATEHATECHTIIOBEATHE, T3bL, TR0 TROVER a4 Tk
- CHHAZR *; O

Ay, e+ B2y =0 (16)
3B PEMERU TV B8, —REBLBE31D, XX O35V sEBARCY, B HRE
BNURAREEL 53, :

T UTtRIiE ZESL Y (multicollinearity) &IEiFH (Cramer 1985), & — & {L¥ER:
ICRRERTNEEDOMEDTH 3, Goldberger (1968) X, ZHELMMES [HHELEDS b
DN OPhS, HEKEELUTIY, TOHicHEMOEER> DUz, $HRZ2EHELIZ
Hhg 23 LS, RARIRETIRIZVIRUTY, WEIDREL L EHUQNE,

OHEFIC R 3RENE, ThESLTU S FicHEI 2 ZEBO RicBRah T3 sk
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BRoY, WEOAEEUN RoN 3010 FEERED 3 TR UTREIENEA LN
%, 1A, d3BEOHFEELU TEZHO TUEEOWNEMTON, £h b OE (b
BIUGUTES D S NE) WMTbh 3y, ok s FTUHEKEREINB L k—RunHT
bH, HECEBEOEWE—RT EOBRORIEV BT EE L0, £UT, KE
Wy, FEEtrmbswstlArTH S,

OIS 3 ARV U BRI THYEZRD I, FRERLEOIZDICE—
BELD OBSPED Fbn 3 DiE, FEE U TREBD TEHRTH 3, ZEEBIT2EEN
FHEO#A 2E U CRICLET 2 A (Morrison 1976) » UTCHERET 3 & %, ThiZi
UABENTH 3, UrU, ERRSHOSEOHAZEL U TR UARI BUNREE
BOHEDLDTH B,

ZEIIRN 2 FER T 3 5%, Mansfield (1982) 3t d 5 DICEEL T 3,

(1) HBEZROXO> bRmCENMER L 24 D,

]rlmux:nﬁx (X' Xi5) an
(2)  AEBETSIOITIRASIER I W,
(X'X| =0 ' (18)
(3) EEECEECMN W OB B, b UK L=0 tiahil, 5BRiE—RHE
BB D 3,
(4)  REWSEIEAZER (Bd) VIF(G) oOff.
VIF(G) = (X'X)y;™ 19

(5) KRR (1igifh),

R: =1-1/VIF(j) (20)
ZEIER BEBITREZ 5, RERER B 028 (10) Ko@) TH 325, 4 p=2

OB ONTERTIZ
V@) = (X' X))
= o*/n(1-r3) @1

L3y, x, X OHEBEVEVEX, Tibb -l Oy, HIALELS, T,
X'X OEGEOHC 0ICEN S Od 3 E x, (12) NTRAFC ; 23L0T, B 0F
BIAREETH B C LD 3,

T3 UNBELGEEPRR T DI, HES 0S5 20RCEDIZD DV —F v 2R
BCEMMBETHB, ERD (1) ~ (5) 2T_TRASBC L BHTU D BETEIZN
25, (1) REEAFIOEERF - v 23E IO, (2) RBDA2KDEOTIREL,
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FIEOBET (X'X) 20, 1X'X| OE2RAEIV. 2OV 7 MRV URT eSS A
* 74779 ~Ti | X'XI<d TODQHEMBZINTNED, 6§ OL bHFMFRTE, &
BTSN BB LDBENTUE S, (4), (5) B (X'X) OWfTIOBED b ERIMK
BT EMNTE S,

EDERMCESEHBEVR N ZP2HAT B IcDici, HIRFOCAILHERNEL
T3, 2ERHEOHEEIZ R 0BHEZANT IV, SETEMIZVWUIRENE Riebiz 34
BIM:DHERENTH 3,

E10HEE, p HOFHPERZNENEENER L UT, 2he2Z2hUNOHBEED
PPHIT R EERAMERETE L Th 3, EHRCEHENEHABRED BN, &
BREO 1 RFEBEIRRING, &, R v 2HNELBL UL X0EMERER R; &
Thig,

VIF=(1-R%)™! (22)

TRDONBENPOCEOOEETH Y, W VIF>10 o0& x, SEMEBEHPROINBZ LS
#13 (Chatterjee 1977), ¢ ® V 1 F i3 3##i B K (Variance inflation factor) & EiF
N, COMEIZIEBETIIOBTIOE j ®ey, Tisbb ™ tAUTH 3, 21z £ oF
#% o* THSIZAOLLELLOT, B OEOHLE L TZONHD FAMCRKD THIIRS
FEHHEOBERBRITEC LT E 3, Gramer (1985) iEEXERERIEE (EHEILS h
12 X AN 3) BRI —1~+1 Th3DTENL Y RENWE, B 12| 28A 33
DIXED U ERNTN S,

B2 0BEE, p HOFAEBCEEDANR (PCA) 23 Th5, HETIIER
WTPCA%2F, BEREEOHICOIGENL OV ELES 2R3, b UE & BEFED
0IGRNEThIE, ZOEKT2FE, B k EROODE0, TROLLERTHH, &
BUER % RRTE 5 DTH 3,

AhoBEE L, AROBRSHUNCRDOHERZHENZ L0 TH 328, ERBDIHE
FURBAT3 DI AIETEA 5, 2UTSELGEIRAIhIHE, 2he2l bk
CHREN RN THEL IS, 2O MRS FREHEET 3 ZEEoH» 5 1 2 2EU,
e TTEZLDEUVTHRITLETDS, 257308t d, X'X 052 7»EBSIER
fI51%B3 L Tx 3, UL, BIKHERROBF LOBEMRIZT TR, ZEOAE
Wb ORE VBB T LIXi R BEIZEN,

U UBA S, BUcTFRIEWNS CEOHICHEND 3 & e TH X0y, FHIE R
WENIC BT 3 EEORFICL O DB L %, ILIZBENMCHBETH S L5120 0H
BT, BrITCERTEBVWERVDBITHAS, £5Uick s, RETH3 Ridge [
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ReBEATEC) UILBES2RRTI LTS 3,
I Ridge [alE

EERITIRNTE X' X e T 230 2O\ UT, Vo UEF (ridge regression)
7235 OBENINTLE (Hoerl 1962, Hoerl & Kennard 1970, 1975, 1976, Williams
1968), chit X'X OWABEFRI—EOEH & 2MA T

B*= (X'X+ED)' X'y 23)
EUT X'X 2EAMEURIRME 2R L HETH 3, 12120, EELa o X o
&z kI oftb i

K=diag (k) J=1, e , D @24
BRVEC L LIRS,

5 UTRD b B* 12 ridge HEER EIFZN, HA0 (29) ROC & L RiFHER
TSNS, BEPHRETZ L LNURMERZR Y, PHERT 3EZRBZOKRICHN
BLEMTE B,

23) RRIDTEIRDDB NG, &, B OEBOHTERRZb &3 3 L, BEVHMZ
R(b) (y—Xb)'(y—Xb)
= (y—XB)'(y—XB) + (b—B)' X'X (b—B)
= Rmin+¢(b) 25)
b, HOOS1EHISN2REER B AV X OBETSH, $25REhLsN
OWTERZHAOIHEOBELFFIOMITH S, &, bb=1 DdH3—EFORHETTLO
S(b) RB/NTTRC ER2ER S L, Lagrange OFE % 1/k 2 +hid,

$(b) = (b—B)' X'X (b—B) + %—(b"b—l) =min (26)

If

EUT Ch2BIdXn, 2oEs, 0 @23) AVALNE, SbhiT
Z= (I+k(X'X)™)"!
= (X'X+EDH)'X'X @7
LW, ROBHICL Y
B*= (X'X+RD)7X'y
Z(X'X)"' X'y
= ZB (28)
LIR3DT, B B OBBZMEUTELNS L E b bh B, TOFH, FHI
EB*) =ZB (29)

{l
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V@ =2ZVEZ
=5 Z(X'X)"Z
=5/ X' X+ kD)™ X' X(X' X+ kD)™ (30)
Ths, iz, f* & B OMEltE Lt
L=4*-8
T B OV 2 EEER
E(L.) =MSE(8*)
=E{(B*~B8)'(B*-B))
=E((B-B)' Z'Z(B-F)) + (ZB— ) (ZB—PB)
=ctr(X'X) ' Z'Z+8 (Z-1) (Z-D)B
=g S L/ U+ R (X X+ RD™8

=r.(B)+r. (=7 31
Th3, B1EZ B* ODHORTHY, H2EZ B v b B 2HNEBOR OFH
FEEAZONBDT, Chdb2HETEILEICIVBERDOEZERCENTE 3, 1:(R) &
kE OWDBEE, 7. (k) & k OWNBEBTH 30T, VPH2FREZLR/NCTIE k2 0L
E<1 OHEBETHERIT IV, Ihic, 2T X'X 2EERERcElT 2 e, HER XY
KRicizd, 4, XX oFEER2 6 Rocs Ephd, XX 6) RoTE D@
s, 15) XEANT
a*= (W W+kD)"W'y

=(L+kDLG'B
=(L+kD)"La (32)
T, @ WAL B OBEBBTRD 5L ENTES, COLE,
7ok = K S/ L+ by* 33)

Tbh3,
T hie, —fiic X'X YWHEBGIITIRZL, bbb diag (X'X) =1 Liz->TWhis
e xR 24) RoTcEl K 2TEDHB3E1Tiz3, COEX

a*(WW+K)“*W'y _ (34)
T, af OF j BER

a*= (I;/ (i+kp)) (35)

J

T, ¥
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nwy:9§1M<h+mv (36)
7 (B) =33 (ashs/ () 37)

THB, f* BLIR a* OFEITUR B, @ DENLHININWETHY, FHEOBET
F 2w 2 UTBLLENEE LW,

P Eosich, k omESRRELEBEshTh, —EThE, TEARROBY T
H3 (it U, ®, DTt Yoshioka (1986) X 3),

® OLS

® 7=min (Hoerl, Kennard 1970)
® k=po*/BB (Hoerl, Kennard 1975)
@ k=pa*/Satl; (Lawless, Wang 1976)
® k(i)=ps*/B (i) B() (Hoerl, Kennard 1976)
® 2%&%+§ﬂ=ﬁ2 (Dempster 1977)

® Xa (%+—11;)“:p52 <n—_”—;;'%g) (Scolve 1973)

ki (i) =5*/a*3 (i) (Hemmerle 1975)

@, ORRPINCBLCENWTEZIDTRBTH B, ©®, ORKERICL ML T LT
3%, (1) %28 i BEHOFEL TN, k@) —-kG+D 1<e T k OIGRZRIIE XU,
Hoerl @@t TLh e KEETHRLBFEOE2MB/NULTNE, OR—EDE & 2KD 3
DT, @ 2ANT k 2XDBL0TH 5, ©, OF k2B U, B LGUOHECHE
DLECAZBRIEFE I, 0~ 10HFEAND A4 — MU, Rtz OHAZKD, Hi2EE
U, DEIEEOMBERD 2 &2 Tx 3,

WTODOHEVEN T 3OO TORERIZE 6 TSR, KEITI, BE#Hlico
WTERZBERAL, £ OEZRDTHB CEICT B,

Ridge AR %3 %5598, Hoerl %) & UTEH L OMETEE LI - TR LT b0
T3 (Baﬁérjee & Carr 1971, Marquadt & Snee 1975, McDonald & Galarneau 1975,
Lawless 1978, Wichern & Churchill 1978, Gibsons 1981, fth)., #EE (1976) EHIZED
RitR, (O)—BLTHER, XARSER, (2) Ridge #EROWE, OIFHEHEERDZERO
3ORAEUTERHEU T3, SHEITEIPHINTHL 7T~ D L5 iIBdONh 3B,
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NV ¥ E A

CNETOE A 2HIERTHEALU LS, Morrison (1983) L EIHEOHE UTF
WORNEL —~ b b SOMKEFHT 382 HT T3, Zhicks s, BRNEE » i
14V 25120 OEHEOMER, TheFRITIEHONEL ~ ML, % CERV/ R4 U=ww
7Y, % CERV/ R4 2752) Thh, 1973~1979FO27MKEHD 7 — 2 SHV b hiz,
FEERTTZ, ¥ & OFEANY hovik

X'X= (1.0000 0.9538

.9538 1.0000)

r= (.8740,  .8418)’
Thbh, ChbIOOLSKEBMELT B=(0.7876, 0.0906), r,=0.6744 %5 3, M
e ¥ 2 FPHRA L Utz b x OTFHIOKEER rm=0.7638, 7,,=0.7086 ThH b, \Ih
DEBD BNEETTHNIETH 3 CEVBRINTOE, UL, £hicd b3, R
o, &% REOIEAIR, tm BT, 351 A 1 A EBUERNSWETS
b, REWEMEZ>TNE, U B & B, ORI r=-0.9538 2725 T h, B
BOMETH 3, Chidy, & % OEOEBICERU Tish, SELBHEO—>DHITH 3,

Lo, X' X1=0.003THY, VI FiZIticll.08Td -1,

AL, MoBl2RE>, FE1kk Chatterjee & Price (1977) 1IKB|HINTHBHTH

%1 Economic Data of France

Year y %, e e

1949 15.9 149.3 4.2 108.1
50 16.4 161.2 4.1 114.8
51 19.0 171.5 3.1 123.2
52 19.1 175.5 3.1 126.9

53 18.8 180.8 1.1 132.1
54 20.4 190.7 2.2 137.7
55 22.7 202.1 2.1 146.0

56 26.5 212.4 5.6 154.1
57 28.1 226.1 5.0 162.3
58 27.6 231.9 5.1 164.3
59 26.3 239.0 0.7 167.6

Mean | 21.891 194.501 3.30  139.736
SD 4.332  28.603 1.572  19.674
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205, 73 ADRET~ThYy, r, (BRELER, x. BEUHFKE), » (BRHEES
DEFIHER» L, ¥y AHE 2FHleAL T2 DOTHE, 7F—22EE L, XX, Xy
2R B E
1.0000  0.0258  0.9973
X'X=R=|0.0258  1.0000 0.0357
0.9973  0.0357  1.0000
X'y=r= (0.9653 0.2507  0.9719)
%183, 1, & %, OHEBENE L SELFIERIERUTO S, s, [ X'X1=0.00529 T
Holle CRRBEEOLARUTIELVEALNLS BETH 3, HfTFl
188.806 1.8533 —188.363
(X'X)-i= 1.8533 1.0195  —1.8847
—188.363 1.8847  188.921
Tdh 30T, DEHILKERIE
VIF= (188.81, 1.02, 188.92)
T, VIF>10 ORI 2 PICBA T3, BRI 2 EHANC RN TR L 38 H ol
REM (OLS) &
B= (—0.3503, 0.2128, 1.3137)
b= (—10.137(b,), —0.0531, 0.5864, 0.2893)
T, TOESEMERE r.=0.9924, 12, =0.9848 %5 3, —GREVWVEEDTFHTDH 3
P, BEAREETD 3, 1, x OEFRED Y & OMHEE 7,=0.9653 Td 21 d b
57, TAFRLIBZORMBREELLT 3, H21, x, OEFBEEN 1% A, Cramer
(1985) 1z ki, chiRHPUSENMETD 3,

@ﬁ@y @ﬁNﬁ hoviZ
I= (1.9992, 0.99816, 0.002651)’
0.7063 —0.0357 —0.7070°

G=10.0435  0.9990 —0.0070
0.7066 —0.0258  0.7072
Thb, thd R3O RRBERL
a*= (0.6901, 0.1912, 1.1752)
Lish, B Xy eROILESBOBEELERT S,
2*=0.013049

BB,
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& TRIT ridge HERZRKDBEETH 2P, OTiR r 2R/NCTIEIWVWNE, r=1,
+re=min L33 X578 k BIVHIT IO, LEORBEULTO»S 1ETD k iwon
T, £970.10ET (Zh*® 000.1) 1 W33 (McDonald & Galarneau 1975)) 7.,
7o BRDICET A, 0~0.1 DRICDH 3 T Ed5br-o o, L, 000.01)0.1, 000.001)0.01,
0.009 (0.0001) 0.010 X3 E2FEL k OMER D TTIE, BKHNT £=0.0094 Hizb
T, r=1.097 OB/MEVEENTZ, 715 7. BAND k OEFERTH 30T, ThliSc
BEI AU IS0,

®, QX BMFERRBEOCHITE P ERGICRDEN B, £h T, £=0.02065,
0.03941 T3, ®TIZIEDKET £=0.08305 2E7, WEOHEIIE & OH %L
1zh3, B A AROFEETIELTNS L5 Tho1, ®, OROEABOHETRDNE X
W, Bk EhEn, £=0.07205, £=0.09978 TH 3., FIEII®TH 35, « OENFED
4~5EBEDIHPH0.01LITICieh, #oT E>1 B30 ETEIRHUT, A7~ %1
BIUTIRRD 3 L EWTER P T,

Uk, 22088120 T kb 2HEL ridge [R21T- oEE2—Eicdhid, 20
BHYTHB, HERTHE bk OEO/NIVIEIRIE S NS, B ZHEEELT, OLSHDH
I P BICoN, BEBRRBIED, BEVLHT GRESEHEE) AL, 20BRT
ZOL SHB/N2RIEETH B C L B HESIF T B, %72, OLSTR A< Thoias
ridge #EER TR ZNHRECERI N, WTHIET, »20~108ATH 2. ZU
TTPHOBEBREE LTI B, B 2B 2, B BENC EMhP 305, CHRMTIEERERE
BEROHEPL VT B ECATH B,

%2 Results of Ridge Regressions

® ® ® ® ® ® Q)
OLS 7=min Hoerl Lawless  Dempster Hoerl Scolve
k 0 .00945 .02065 .03941 .07205 .08305 .09978
¥m .9923 .9841 .9780 .9684 .9525 .9473 .9395
T .9847 .9684 9564 L9379 L9073 .8974 .8827
e .01395 .01632 .01744 01841 02013 .02082 .02201
ﬁ* —.3503 .2963 .3812 .4190 4345 .4359 .4365
.2128 2174 .2160 2127 .2069 .2049 .2021
1.3137 .6624 .5722 .5257 .4954 .4892 .4814
T 4.9420 1.1465 1.1754 1.2441 1.2985 1.3091 1.3217
71 4.9420 L3197 .1105 .0535 .0365 .0349 .0338

T2 0 .8269 1.0649 1.1905 1.2621 1.2742 1.2879
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AN OHED k2R 3 DI OV TRERP D PN B DS, THRBEFI» 6120 Tk
DN, FOUHETT TR, EHORERBRINTIY, k2 00 5 EMCE»I I
TRMIE B BEENTNE, O~DT f* DI BT 30T, BUEROEMER
FANTR 3 PIZEU,

Fh 2B FAITIRNF — 2B U IS E, BA N3 MIEE UTH,

(1) BEEOBHR—FT UG > v RiEid 3 &, RZEE (outlier) 2R3
& OFENFT— 2B ATV —FT, BEEOY AV OSEERRA B L L HSE
EBBEELDHD

(2) HRPELROBER——KEBOBRICH ZEH @) 2HIERULIZH, FIBE
JEU TH UOERR 803 3

EWEZENBZD, ARTRTEIzcE L ridge BR2HA 3 L Eick b, HPZEREZH]
(R332 C e AIROMERZRL CEWTE 3, B, B3 FRUBMMETREL, #
HEEOKER2 L HBET 3L s, COFRRIATRTDAH,

FUTF#DE XIKE, bt AIC, Mallow @ Cp ZFEHEL 2 FO T HIBZRDORE & b

BTHA5H, ZHLROVTEAROBNTRISVDOT, T TREIET S,

vV = 9

EREROHCHN S N2 HEER O CHEEICEET 2 b OBMIAEh T3 & x,
FHIMIERTIZ Iz, BSRD oI o1zh, RPN TLHRCALETH-12H T
ZEEND B,

CHRMEHFETEEIRE LRI N 3R TH B2, COXIL sHEERZHRLI
b, BIIUTZH T B ERLLNRRETZ—2>OFEL LT, ridge HFI 2 TENRR
INTNB, Tbb, HEAHONABERCER DTSV 2MA TR FETD
30, ARTIE, ThOoZEHGEHLBLD ridge HERBERD 3 HE2DT, HEHZ
FNT, #ho 25U, £0KE, BHEOR/N2 J|EEEMCBIET 3120 T, ZEL
IEPBLINZTEDIP ST,

T 5 Ut ridge BIRO LR, 48T IREOHEECHEASh, PR2RETIL0
EEbh3,
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MULTICOLLINEARITY AND RIDGE REGRESSION
IN REGRESSION ANALYSIS

Mitsuo YOSHIDA

Examination of a set of data for the existence of "multicollinearity” should always
be performed as an initial step in any multiple regression analysis for every resear-
cher who tries to employ regression analysis. The term multicollinearity is used in
statistics in situation where one variable is nearly a linear combination of other
variables. It might be an inevitable pitfall for a mechanical user of statistical
computer programs. Checking the latent roots of the matrix, X’X the correlation
matrix if standardized, or the VIFs (Variance Inflation Factors) is effective for
detecting multicollinearity among the regressor variables.

An easy way to avoid multicollinearity is to delete or to transform the variables
so that they are uncorrelated. It is less serious when aims of regression analysis is
the only prediction by the independent variables, but it is very serious when
emphasis lies on the estimation of individual parameters and contribution of the
variables in the prediction system.

In such a case, a method of ridge regression, first proposed by Hoerl, is a useful
method for overcoming multicollinearity without deleting any variables. To calculate
ridge regression, the variables are first scaled so that the matrix, X'X, is a correla-
tion matrix with unit diagonal elements, and then a small positive constant, %, is
added to every diagonal element, which makes the matrix less singular. After that,
regression coefficients, E*:(X’X-I-kl)" X'y, are obtained by the ordinary least
square method.

A ridge estimate is not unbiased, but mean square error is smaller than that of
least square estimate: the bias is conpensated by reduction in variance. The central
question of ridge regression is how to choose the constant to achieve satisfactory
balance between bias and variance. Eight methods of Hoerl’s and others’ to estimate
the constant are introduced in this paper, and compared how they improved short-
comings of the results of the ordinary least square regression.

As far as a numerical example is concerned, the method that choose the constant,
k, at the point where mean square error (summation of variance and square of bias)
becomes minimum was a desireable one. This (new) method of ridge regression is
expected to be applied increasingly in every field of behavioral sciences.



