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Abstract
We show that given any two minimal models of a generalized Ic pair, there exist small bira-
tional models which are connected by a sequence of symmetric flops. We also present some
applications of this result.

1. Introduction

In [8], Kawamata showed that any two Q-factorial terminal pairs (X, B) and (X', B) with
Ky + B and Ky + B nef which are birational to each other can be connected by a sequence
of small birational maps known as flops. Hashizume [7] proved a version of this result for
log canonical pairs that are not necessarily Q-factorial. In view of recent developments in
the minimal model program of generalized pairs, it is natural to ask if similar results hold
for minimal models of generalized pairs. In this article, we closely follow the ideas of
Hashizume [7] and use some recent results on generalized pairs due to Hacon, Liu and Xie
([6], [10]) to extend this result to generalized log canonical pairs.

Theorem 1. Suppose (X, B+M)/S and (X', B+ M)/S are two generalized log canonical
pairs such that Kx + B+ My and Ky + B + My are nef over S, My and My are R-Cartier
and there exists a small birational map ¢ : X --> X over S such that

e B =¢.Band My = ¢ My,
o there exists U C X open such that ¢|y is an isomorphism and all glc centers of
(X, B+ M) intersect U

then (possibly after exchanging X and X'), there exist small birational morphisms from

normal quasi-projective varieties (X, B + M) AN (X,B+M) and (X', B + M) LN X,B +
M) such that the induced birational map (X, B + M) - (X', B+ M) can be written as a
composition of a finite sequence of symmetric flops (see definition 7) over S with respect to
Ky +B+M.

Note that the open subset U C X in the theorem exists if (X, B+ M) and (X', B +M) arise
as outputs of two MMP’s on a generalized log canonical pair (see Lemma 5).

The outline of the proof is as follows: let A" be a general ample divisor on X  such that
(X',B + A" + M) is generalized Ic. Let A denote the strict transform of A" on X. In the
Q-factorial generalized klt case, we can clearly choose A" such that (X', B" + A" + M) and
(X, B+ A + M) are both generalized klt. (X', B + A" + M) is then the log canonical model
of (X, B+ A + M) and one can show by the arguments of Kawamata [8] that there exists a

2020 Mathematics Subject Classification. Primary 14E30; Secondary 14B05.



370 P. CHAUDHURI

sequence of symmetric flops connecting them. If we drop Q-factoriality, then the flops only
take us to a good minimal model of (X, B + A + M) which is then a small birational model
of the log canonical model (X', B + A" + M).

In the generalized log canonical case, it is not clear if we can choose an ample A" such
that (X', B + A" + M) and (X, B + A + M) are both generalized lc. However if we take a
generalized dIt modification X, B+M) . (X, B + M), if A denotes the proper transform of
A" on X then (X, B + A + M) be made generalized log canonical. Using a recent result of
Liu and Xie [10], we next show that (X, B + A + M) has a generalized log canonical model
(X, B+ A + M) over X. Then the induced birational morphism i : X — X is small and we
can run a sequence of flops on X as above. Note that these flops don’t necessarily preserve
Picard rank.

We now discuss some applications of this result. As noted by Hashizume [7, Remark 4.7],
flips for log canonical pairs don’t necessarily preserve the cohomology groups of the struc-
ture sheaf. However, these cohomology groups do agree for all minimal models obtained
from a given log canonical pair by running various MMP’s [7, Theorem 1.2]. We show that
this continues to hold in the setting of generalized pairs. Our other application is concerned
with the invariance of Cartier index. In general, the log canonical divisors of two minimal
models of a given Ic pair need not have the same Cartier index [7, Example 4.8]. However, if
two minimal models arise by running two MMP’s on a given Ic pair, then their log canonical
divisors have the same Cartier index [7, Theorem 1.2]. This holds for generalized pairs as
well. More generally, we have:

Theorem 2. Suppose (X, B+M)/S and (X', B +M)/S are two generalized log canonical
pairs with structure morphisms 7 : X — Sandn : X — S and such that Kx + B + My and
Ky + B +My are nef over S, My and My are R-Cartier and there exists a small birational
map ¢ : X --> X over S such that

e B = ¢.Band My = ¢, My,
o there exists U C X open such that ¢|y is an isomorphism and all glc centers of
(X, B+ M) intersect U.
Then we have the following:
(1) RP7,Ox = R, Oy for all p > 0. In particular, if S is a point, then H'(X, Ox) =
H(X',0y) forall i > 0,
(2) Kx + B+ My and Ky + B + My have the same Cartier index.

2. Preliminaries

DEerINITION 3 (GENERALIZED PAIRS AND THEIR SINGULARITIES [3, Definition 1.4, 4.1]). A gen-
eralized sub-pair (X, B+M)/S consists of a normal quasi-projective variety X equipped with
a projective morphism to a variety S, an R-divisor B and an R-b-divisor M on X such that:

e Ky + B + My is R-Cartier.
e M is b-nef NQC i.e. it descends to a nef R-divisor on a birational model of X where
it can be written as a real linear combination of nef Q-Cartier divisors.
When B > 0, we drop the prefix sub.

For any prime divisor E and an R-divisor D on X, let multg(D) denote the multiplicity of

E along D.
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Let (X, B+M)/S be a generalized sub-pair and Y Lxa log resolution of (X, B) such that
M descends to Y. Let By be defined by Ky + By + My = u*(Kxy + B + My). We say that
(X, B+ M) is generalized sub-klt (resp. generalized sub-Ic) if every coeflicient of By is less
than 1 (resp. < 1).

The discrepancy of a prime divisor D on Y with respect to (X, B+ M) is defined and denoted
by a(D, X, B + M) := —multp(By). Thus (X, B + M) is generalized sub-klt (resp. sub-Ic)
if a(D,X,B + M) > —1 (resp. > —1) for every log resolution Y as above and every prime
divisor D on Y. The discrepancy divisor is defined by Ay(X, B+ M) = Zpa(D, X, B+ M)D.

We say that a generalized sub-Ic pair (X, B + M) is generalized sub-dit if there exists a

closed subset V c X such that

e X\ Vis smooth and Blx\y is simple normal crossing,
e for any prime divisor E over X such that a(E, X, B+M) = —1, we have centeryE ¢ V
and M descends to a nef divisor on centery(E \ V).

In case M = 0, and (X, B + M) is generalized sub-Ic (resp. generalized sub-klt etc), then we
say (X, B) is sub-Ic (resp. sub-klt etc).

From now on, we use glc, gkit and gdlt to denote generalized Ic, generalized kit and
generalized dlt respectively.

Suppose (X, B+ M) is glc. A glc place is a prime divisor E over X such that a(E, X, B +
M) = —1. A glc center of (X, B+ M) is the center on X of a glc place of (X, B + M).

We will need the following simple consequence of the negativity lemma:
Lemma 3. Let (X, B+ M) be a generalized Ic pair with My R-Cartier. Then (X, B) is lc.

Proof. Let m : ¥ — X be a log resolution of (X, B) such that My descends to a nef
divisor on Y. Let By be the divisor on Y defined by Ky + By = n*(Kx + B). By negativity
lemma, we have My = "My — E for some effective m-exceptional divisor E. Then we have
Ky + By + E + My = 1*(Kx + B + My). Since (X, B + M) is glc, the coefficients of By + E
are atmost 1 and hence all coeflicients of By are also atmost 1. Thus (X, B) is Ic. m]

DEeriniTION 4 (GENERALIZED MODELS |1, Definition 2.1], [6, Definition 2.21]). Let (X, B +
M)/S be a generalized log canonical pair. A generalized pair (X', B + M)/S equipped with
a birational map ¢ : X --» X over S is called a generalized weak log canonical model of
X, B+M)/S if

e B = ¢.(B) + E, where E is the reduced ¢~'-exceptional divisor,

e Ky + B + My is nef over S,

e (X', B + M) is generalized Ic,

e For any prime divisor D on X which is exceptional over X, we have a(D, X, B+M) <
a(D, X', B+ M).

A generalized weak log canonical model (X', B +M) of (X, B+ M)/S is called a general-
ized log canonical model (glc model in short) of (X, B + M) if Ky» + B + M is ample over
S.A generalized weak log canonical model (X', B+ M)/S as above is called a generalized
minimal model of (X, B+M)/S if for any prime divisor D on X which is exceptional over X,
we have a(D, X, B+M) < a(D,X ,B +M).If (X,B +M)/Sis a generalized minimal model
of (X, B+M)/S such that Ky + B + M, is semiample over S, then we say that (X', B +M)/S
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is a generalized good minimal model for (X, B+ M)/S.
Since we will mainly deal with generalized pairs throughout this article, we will drop the
term ’generalized’ and just use phrases like minimal model etc.

Now we recall the definitions of flips and flops for generalized pairs.

DeriniTioN 5 (D-Fuips [2, Definition 8.8]). Let X be a normal variety equipped with a
projective morphism X — S. Let D be an R-Cartier divisor on X. A birational morphism
f X — Vover S where V is projective over S is called a D-flipping contraction over S if
p(X/V) =1, fis small (i.e. has exceptional locus of codim at least 2) and —D is ample over
V. Let f : X — V be a projective birational morphism over S from a normal variety X'
and ¢ : X > X the induced birational map. Then f" is a flip of f if f is small and ¢.D is
R-Cartier and ample over V.

DEriniTION 6 (EXTREMAL CONTRACTIONS [9, Definition 3.34]). A contraction morphism X —
Y is called extremal if for any two Cartier divisors D and D, on X, there exist integers a, b
not both zero such that aD; — bD, is linearly equivalent to the pullback of some Cartier
divisor on Y.

DErINITION 7 (FLOPS FOR GENERALIZED PAIRS). Let (X, B + M)/S be a generalized lc pair
where X is projective over S. A flop for Kx + B + M over S consists of the diagram

X__f_f_f’_>X/
\V/
J
S

where f is a D-flipping contraction over S, f is a flip of f and Ky + B + M =y 0. The flop
is called a symmetric flop [7, Definition 2.4] if both f and f  are extremal contractions.

We have the following criterion for a Kx + B + M-flop to be symmetric.

Lemma 4 ([7, Lemma 2.6]). Let

X__f_f_f’_>X/
\V/
!

S

be a Kx + B + Mx-flop over S (where f is a D-flipping contraction and f its flip) such that
My is R-Cartier and
(1) p(X/S) = p(X'/S),
(2) There exists an effective R-Cartier divisor E on X such that (X,B + E + M) is glc
and —(Kx + B + E + My) is ample over V.
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Then the flop is symmetric (see Definition 4). Furthermore, there exists an effective R-
Cartier divisor F on X such that (X ,¢.B+ F +M) is glc and —(Kx + ¢.B+ F + My ) is
ample over V.

Proof. Since (X, B + E + M) is glc and —(Kx + B + E + My) is ample over V, by taking
H as a general member of the R-linear system of —(Kyx + B + E + My) over V, we can make
(X,B+E+H+M) glc and Kx+B+E+ H+Mjy =y 0. Since My is R-Cartier, by contraction
theorem for glc pairs ([6, Theorem 1.3 (4)]), we conclude that Ky + B+ E+ H + My ~g v 0.
Let G be any R-Cartier divisor on X. Since p(X/V) = 1, there exists r € R such that
G —rD =y 0 and then G — rD ~py O as above. From this, it easily follows that f is an
extremal contraction. To show the same for f', we will need to produce a glc structure
(X',A" + M) on X such that —(Ky» + A" + My) is ample over V. By taking ¢,, we get
¢.G—rp.D ~py 0. Since ¢.D is R-Cartier, so is ¢.G. This gives ¢, : NY(X/S) - NY(X'/S).
Since ¢ is small, ¢, is injective. (Indeed, let p : X — X and ¢ : X — X resolve ¢. Let
G be an R-Cartier divisor on X such that .G =g 0. Write p*G = ¢*¢.G + E where E is
exceptional over both X and X'. Then q¢*9.G =5 0 and thus G = p.q"¢.G =5 0). Since
p(X/S) = p(X'/S), it follows that ¢, is actually an isomorphism.

By the definition of H, it follows that Ky + ¢.(B + E + H) + My is R-Cartier. Also
Ky +¢.(B+E+H)+My ~py 0and (X, ¢.(B+ E + H) + M) is glc. Since —E is ample
over V (follows from the fact that Ky + B + My is trivial over V and —(Kx + B+ E + My) is
ample over V), it follows that E ~g y @D for some a > 0. Then ¢.E ~g y a¢.D. Since ¢.D
is ample over V (f  is a D-flip), so is ¢.E. Thus

—(Ky +¢.B+¢p.H+My)=—(Ky +¢.(B+E+H)+My)+¢.E
is ample over V. Clearly X', ¢.(B+H)+M) is glc since X, ¢.(B+E+H)+M)is glc and
#.E > 0. Then we can take F' := ¢, H. m|

3. Relation between minimal models
Lemma 5. Let (X,B + M)/S be a glc pair. Let ¢ : (X,B+ M) --> (¥,By + M) and
¢ (X,B+M) --> (Y, By + M) be two minimal models of (X, B+ M)/S. Let ¢ : Y --» Y be
the induced birational map. Then we have the following:
o If (Y, By + M) is a good minimal model of (X, B+ M)/S then so is (Y, By + M)
e In case (Y,By + M) and (Y, By + My') are obtained by a sequence of steps of a
(Kx + B+Myx)-MMP over S, then ¢.By = By, .My = M. Moreover, there exists
U C Y open such that ¢|y is an isomorphism and all glc centers of (Y, By + My)
intersect U.

Proof. Let W be a smooth resolution of indeterminacy of ¢; and ¢, with induced mor-
phisms p: W — Y, q: W — Xandr: W — Y such that M descends to W. Let

¢ (Kx + B+My) = r"(Ky + By + My) + E = p*(Ky + By + My) + E.
Then
E=Ay(Y,By +M)-Apy(X,B+M)and E' = Ay(Y', By + M) — Ay(X, B+ M) (»).

We claim that £ > 0 and is exceptional over Y. Indeed, let D be a component of £. Then by
(), multpE = a(D, Y, By + My) —a(D, X, B+ M).
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Suppose D is not exceptional over X. If it is not exceptional over Y either, then a(D, Y, By+
M) = a(D, X, B+ M), thus forcing multpE = 0 which is a contradiction. Thus we may as-
sume D is exceptional over Y. Then by the definition of minimal models, a(D, ¥, By + M) >
a(D, X, B + M), so multpE > 0. We conclude that g.E > 0 (because components D which
are exceptional over X map to 0 and those that are not have positive coefficient in E). Now

—-F = p*(KY + BY + My) — q*(KX + B+ Mx)

is nef over X. Thus E > 0 by negativity lemma. Now we show that E is exceptional
over Y. Suppose there exists a component D of E not exceptional over Y. If D is not
exceptional over X, then multpE = 0 as above which is impossible. Thus D is exceptional
over X which means p(D) is ¢I1—exceptional. Since By = ¢1.B + Ex(qﬁfl)red, it follows that
a(D,Y,By + My) = —1. Since E > 0, by (x) above and the fact that (X, B + M) is glc, it
follows that a(D, X, B+ M) = —1. This again forces multp, £ = 0 which is impossible. Thus
E is exceptional over Y. This proves our claim.

Similar arguments show that E* > 0 and is exceptional over Y'. Thus we have r.(E—E’) >
0. Since E' — E = p*(Ky + By + My) — r'(Ky + By + My), E — E is nef over Y. Then
E > E by negativity lemma. Similarly, we can show that E* > E. Thus, we conclude that
E' = E. This shows that p*(Ky + By + My) = r*(Ky + By + My’). Thus one of the minimal
models is good iff the other is good.

Now we prove the second assertion of the lemma. Let cy(E) be a glc center of (Y, By + M)
and let W be a common birational model of X, Y and Y" as above such that E is a prime
divisor on W. Then a(E,Y,By + M) = —1. Since a(E,X,B+ M) < a(E,Y, By + M) and
a(Y, By+M) = a(Y’, By +M) as we had observed above, it follows that —1 = a(E, X, B+M) =
a(E,Y | By + M) as well. Now by construction of the (Kx + B + Mx)-MMP (see proof of
[9, Lemma 3.38] for details of the arguments), the discrepancy of a prime divisor E over X
strictly increases iff cx(F) is contained in the non-isomorphic locus of the MMP.

Thus if V € X (resp. V' ¢ X) is the largest open subset on which ¢, (resp. ¢,) is an
isomorphism, it follows that cx(E) NV # 0 and cx(E) N V' # 0 (for all glc centers cx(E)).
Since cx(E) is connected, cx(E) NV NV # 0. So we can take U = ¢ (VN V).

Since both ¢, and ¢, are birational contractions in this case, it follows that ¢.By = By
and ¢. My = My . O

Proposition 6 ([7, Proposition 3.1]). Let (X, B+M)/S and (X , B +M)/S be two glc pairs
such that Kx + B + My and Ky + B+ My are nef over S. Suppose ¢ : X > X is a small
birational map over S such that B = ¢.B, My = ¢.Mx and there is an open subset U C X
such that ¢ is an isomorphism on U and all glc centers of (X, B + M) intersect U.

Then there exists a small projective morphism  : X — X from a normal quasi-projective
variety such that
® Y is an isomorphism over U,
e there is an ample R-divisor A" > 0 on X such that (X ,B + A" + M) is glc and if
A is the birational transform of A" on X, then Ky + ' B + A + M is R-Cartier and
X, y'"B+A +M)is glc.

Proof. Let Y L X, Y 2, X' denote a log resolution of (X, B) that resolves ¢. Let I" :=
f7'B + EX(f)yeq. Let A be an ample R-divisor on X such that (X', B+ A" + M) and (Y, T +
g*A" + M) are both glc. By running a (Ky + I + M)-MMP over X with scaling of an ample
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divisor, we construct a Q-factorial g-dIt modification (Y ", T"+M) of (X, B+M) (see the proof
of [3, Lemma 4.5] for details). Let A,/ be the birational transform of g*A" on Y. The map
Y --» Y is also a sequence of steps of a (Ky + T + t5g*A" + M)-MMP over X for 0 < o < 1.
In particular, this implies that there exists ¢t € (0, #p) such that (Y T+ tAy + M) is glc and
all glc centers of (Y, I” + tA,, + M) are also glc centers of (Y',I” + M) (since running an
MMP does not create new glc centers). In particular, all glc centers of (Y',I” + tAy + M)
intersect f~!(U), where f : Y — X is the induced morphism.

We claim that (Y, T + tAy + M) has a good minimal model over X. Set Uy := 1.
Once we show that (Uy +(I" "+1A Y')lUy, +M|Uy, ) has a good minimal model over U, it would
follow from [10, Theorem 1.3] that (Y, T + tAy + M) has a good minimal model over X.
Since ¢ : X --» X' is an isomorphism over U, ¢;'A’|y is R-Cartier and letting  : ¥ - Y’
denote the MMP, we have Ay = y,g*A" = f*¢;'A" over U. Since (Y ,T" + M) is a g-dlt
modification of (X, B + M), we have K, + I+ My = f’*(KX + B + My). Combining these,
we get

Ky, + (T +tAy + My)ly, = I, (Kx + B+ My)ly + t¢, ' Aly)(x%).
Y Y Y

So the generalized pair (Uy/, (I + tAy + My)lu,, ) is its own good minimal model over U.
We conclude that (Y',T" +tA,» + My/) has a good minimal model over X. Thus it also has a
log canonical model over X.

Let6: (Y, I +tAy +My) - (X, Ay +tAg + My) be the birational map over X to the log
canonical model, where Ay and Ay are the birational transforms of I and A, respectively.
Let y : X — X be the induced birational morphism. Because of (+*), we have (Ky + Ay +
tAg + My)lj1 ) = 0. Thus ¥ : X — X is an isomorphism over U (Note that this property
wasn’tenjoyed by f : ¥ — X). If E is an f -exceptional divisoron Y', then ENf 1 (U) # 0
(these are glc places), thus E is contracted by Y' --» X (since X is isomorphic to X over
U). Also note that there can’t be any 6~ !-exceptional divisors hiding in X\ ¢ '(U): 6is
represented as Y --» ¥ — X, where Y is the corresponding good minimal model. ¥ --» ¥
is a contraction since it is a run of an actual MMP. ¥ — X is a birational morphism, hence
automatically a contraction. Thus #~! can’t have any exceptional divisors. We conclude that
W is small. o

Now we can prove the main result of this article.

Theorem 7 ([7, Theorem 3.4]). Suppose (X, B+ M)/S and (X', B+ M)/S are two gen-
eralized log canonical pairs such that Kx + B+ My and Ky + B+ My are nef over S, My
and My are R-Cartier and there exists a small birational map ¢ : X --> X over S such that

e B = ¢.Band My = ¢, My,
o there exists U C X open such that ¢|y is an isomorphism and all glc centers of
(X, B+ M) intersect U

then (possibly after exchanging X and X'), there exist small birational morphisms from
normal quasi-projective varieties X,B+M) i) (X,B+M) and ()Z/, B + M) —w—> X,B +
M) such that the induced birational map (X, B + M) --> (X', B + M) can be written as a
composition of a finite sequence of symmetric flops over S with respect to Kg + B + M.
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Proof. Let X be a smooth resolution of indeterminacy of ¢ that extracts all glc places of
(X,B+M)and (X', B + M). Since a(P,X, B+ M) = a(P,X’, B + M) for any prime divisor
P on X by negativity lemma (as in the proof of lemma 5), ¢(U) intersects all glc centers
of (X',B' +M). We perform induction on p()?) — max{p(X),p(X/)}. By [7, Lemma 3.2],
p(X) > p(X) and p(X) > p(X'). Thus the above quantity is atleast zero. We can assume
p(X) > p(X) (by switching X and X' if needed).

By Proposition 6, there exists a small projective morphism  : X — X from a normal
quasi-projective variety such that ¢ is an isomorphism over U and there is an ample R-
divisor A" > 0 on X such that (X',B + A" + M) is glc and if A is the birational transform
of A" on X, then Ky + 7' B + A + M is R-Cartier and (X, y;'B + A + M) is glc. Since  is
small, My = ¢*My is also R-Cartier. Let B := ;' B. Since K3 + B+ My = ¢*(Kx + B+ M),
(X, B+M) is glc and Ky + B+ My is nef. Also note that ! (U) intersects all the glc centers
of (X, B + M) and the composition X --» X is an isomorphism on ! (U). Thus the glc
pairs (X, B+ M) and (X', B+ M) and X --» X satisfy the hypothesis of the theorem.It is
clear that p(X/S) — max{p(X/S), p(X /S)} < p(X/S) — max{p(X/S), p(X /S)}. We may thus
replace (X, B + M) with (X, B + M). Thus we have an ample R-divisor A" > 0on X such
that (X', B’ + A" + M) is glc, A := ¢_'A" is R-Cartier and (X, B + A + M) is glc. Note that
(X,B +tA" +M)isa glc model of (X, B+ tA + M) forallr € (0, 1].

Suppose Kx + B + tA + My is nef for some ¢ € (0, 1]. Then since (X, B + tA + M) has a
glc model, it also has a good minimal model. So by lemma 5, any minimal model has to be
good. Thus Kx + B + tA + My is semiample. Since X and X  are isomorphic in codimension
1, Proj R(Kx + B+ tA + My) = Proj R(Kyy + B + 1A' + My) = X. Thus ¢ : X — X is
a morphism given by |Kx + B + A + M|z and this corresponds to the small morphism i/
listed in the theorem.

Otherwise, if Ky + B + tA + My is not nef for all # € (0, 1], we make the following claim
(see [8, Lemma 2]):

Claim: In the above situation, there exists ¢ € (0, 1] such that the birational transform
of Kx + B+ M is trivial over all extremal contractions of any sequence of steps of the
(Kx + B +tA + M)-MMP over S [6, Theorem 5.3]

(X,B+tA+M) = (Xy,By+1tAg+ M) --> (Xq,B; +tA1 + M) --> - -+ --> (X}, B; + tA; + M)
Proof of claim. Indeed, choose k € N such that k(Kx + B + My) is Cartier. Let e :=

TdmX 1 Since Kx + B + etA + My can’t be nef, take any extremal ray R negative with
respect to it. Since Ky + B + My is nef, this forces (A - R) < 0. This implies (Ky + B +
tA+ My - R) < 0. Since Ky + B + tA + My is glc, by [6, Theorem 5.1], R is generated
by a rational curve C such that 0 > ((Kx + B+ tA + My) - C) > —2dim X. We claim that

(Kx + B+ My) - C) = 0. Otherwise since k(Kx + B + My) is nef and Cartier, we have
1
(Kx+B+My):-C) > T With this,

(Kx+B+etA+My)-C) =
N 2k dim X
2kdimX + 1

a contradiction. Note that k(Kx, + B; + My,) is nef over S and Cartier (by the basepoint free
theorem) at every step of the above MMP. So the above arguments are valid if we replace X

 (Ky+B+1A+My)-
dmx 11 KxFBHIA+ M- O)

1 . .
. > (- =
(Kx+B+My)-C) > 2kdimX+1( 2dimX +2dim X) = 0,
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with any X;, 0 < i < [. Thus we are done. m|

Thus we can find ¢ € (0, 1] such that there exists a (Kx + B +tA + M)-MMP of flips over S
(X,B+tA+M) %5 .. 2 (X}, B, + tA + M)

which is trivial with respect to Ky + B + M and terminating with a good minimal model for
Kx+B+tA+M. Lety : X; — X be the induced small birational morphism from the good
minimal model to the glc model and B = W.B. Since ¢; is small for all i, N'(X;/S)r injects
into N'(X;,1/S)r as in the proof of lemma 4. Thus

pPX/S) < p(Xi/S) < -+ < p(Xi/S)
It remains to show that X and X; are connected by symmetric flops.

Case 1: p(X/S) < p(X;/S).

Since the relative stable base locus B(Ky + B + tA + My /S) ¢ X \ U, it follows that the
induced birational map X --» X; is an isomorphism on U. The image of U in X, is ¢ ~'(¢(U)).
Since Kx,+B;+My, = l//*(KX' +B +My), all glc centers of (X;, B;+M) intersect W N (p(0)).
Thus the induced birational map (X, B + M) --> (X;, B; + M) satisfies the hypotheses of the
theorem. Since p(X/S) > p(X' /S) and p(X;/S) > p(X/S), it follows that

p(X/8) — max{p(X/S). p(X [$)} > p(X/S) — max{p(X/S). p(Xi/S)},
where X is the common resolution of X and X" considered at the beginning of the proof.

We can replace (X', B + M) by (X, B; + M). By induction hypothesis, there exist small
birational models of X and X; which are connected by a sequence of symmetric flops. Thus
we are done in this case.

Case 2: p(X/S) = p(X;/S).

Note that My, are R-Cartier for all i (since this property is preserved by flips). Thus if we
look at the i-th flip over S

Xi—-————-~- = A1

N

i

|

S

then since p(X;/S) = p(Xi+1/S) and —(Kx, + B; + tA; + My,) is ample over V;, by lemma 4, ¢;
is a symmetric flop with respect to Ky, + B; + My, for all i. m|

4. Applications

Lemma 8 ([7, Lemma 3.3]). Let (X,A + M) be a glc pair with My R-Cartier and  :
X' — X a small birational morphism. Suppose there exists an open subset U C X such that
all glc centers of (X, A + M) intersect U. Then

(1) RPY.Ox = 0forall p>0,
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(2) for any Cartier divisor D" on X, if D' =x 0, then D' ~ y* D for some Cartier divisor
D on X.

Proof. We may assume codim (X \ ¢~'U) > 2. We first show that there exists an R-
Cartier divisor G > 0 on X' such that =G’ is ample over X and (X ,¥;'A + G + M) is glc.
Since Ky + Y7'A+ M = y*(Kx + A + M), (X,y7'A + M) is glc and all its glc centers
intersect ~!(U). Pick an ample divisor A" on X' and an ample divisor H on X. Since v is
an isomorphism over U, there exists s > 0 such that (sy*H — A')|¢4(U) is ample. Since all
glc centers of (X', 7' A+ M) intersect v~ (U), by taking the closure of a general member of
|(sy*H = A)ly-1p)|r, we get 0 < H' ~ sy*H — A’ such that Supp H' contains no glc centers
of (X', 7' A + M). This shows that there exists some 7 > 0 such that (X, y;'A +tH +M) is
glc and all its glc centers intersect ' (U). Take G := tH . Since i is small, My = y*My
is R-Cartier and then (X ,;'A + G') is Ic by Lemma 3. Since —(Ky + ¢7'A + G') is ample
over X, by Kodaira vanishing for Ic pairs [5, Theorem 5.6.4], it follows that RP. Oy = 0
forall p > 0.

Now we prove the second assertion. If p(X' /X) = 0, then ¢ is an isomorphism and there
is nothing to prove. Suppose p(X /X) > 0. As observed above, (X ,y7'A + G' + M) is
Ic and Ky + ¥'A + G + M is in particular not nef over X. Then by contraction theorem
for glc pairs [6, Theorem 1.3 (4)], there exists an extremal contraction f : X — X over
X with the property that for any Cartier divisor D" on X', if D' =x 0, then D' ~ f*D" for
some Cartier divisor D" on X" and D" =x 0. The induced morphism ¢ : X' — X is small
and all the glc centers of (X', g;'A + G” + M) (where G* = £.G') intersect g~'(U). Since
p(X"/X) < p(X'/X), by induction hypothesis to g, D" ~ g* D for some Cartier divisor D on
X. Then D' ~ f*D" ~ f*¢g*D = ¢*D. o

We now have the following consequence of Theorem 7:

Corollary 9 ([7, Theorem 1.2]). Suppose (X, B+ M)/S and (X , B+ M)/S are two gen-
eralized log canonical pairs with structure morphisms m: X — Sandn : X — S and such
that Kx + B+ My and Ky + B + My are nef over S, My and My are R-Cartier and there
exists a small birational map ¢ : X --> X over S such that

e B =¢.Band My = ¢.My,
o there exists U C X open such that ¢|y is an isomorphism and all glc centers of
(X, B+ M) intersect U.

Then we have the following:
(1) RPr,Ox = RPn,Oy for all p > 0. In particular, if S is a point, then H'(X, Ox) =
H(X',0y) foralli >0,
(2) Kx + B+ My and Ky + B + My have the same Cartier index.

Proof. By Theorem 7, there exist small birational morphisms f : X — X and X 5 X
such that X and X’ are connected by a sequence of symmetric flops. Let
denote the i-th link in the flop chain. Note that My, is R-Cartier for all i. By Lemma 8,
RPf.Ox = 0 = RPf.Oy for all p > 0 which, by Grothendieck spectral sequence, gives
isomorphisms R’ 7,Ox = RP(n o f).Ox and RP7, Oy = RP(7 o f'),O¢ for all p > 0. Hence
it is enough to show that R”(rr; o f)).O%. = RP(m; o fi+1).Ox,  forall p > 0andi> 0.

Note that f; is (Kg, + B; + M)-trivial and (Ky. + B; + tA; + M)-negative (notation as in



Frops AND MINIMAL MODELS OF GENERALIZED PAIRS 379

~ ¢1 ~

the proof of Theorem 7). Letting f; = contg, if Mg, - R > 0, then (Kg, + B; +1tA)-R < 0.
Note that by Lemma 3, (X;, B; + tA)) is Ic and so is (X;, B;). Thus we can apply Kodaira
vanishing for lc pairs [5, Theorem 5.6.4] to get R”f;.Ox. = 0 for all p > 0 and hence
RP(m;o f).O%, = RPm;,.Oy, forall p > 0. If Mg, -R < 0, then Mg — @A, ~v, 0 for some @ > 0
(by [6, Theorem 1.2]). This gives Ky + B; ~y, @A; and thus —(K3, + B;) is fi-ample and we
can again apply Kodaira vanishing to get R(r; o f;).Ox. = RPr;.Oy, for all p > 0.

Now we argue for f;,;. We can argue as in the proof of Lemma 8 to get an effective f;,-
anti-ample divisor on Xi11. Indeed, by assumption, there exists U C Xin open such that ¢; is
an isomorphism over U and all glc centers of (Xi+1, Bis1 + M) intersect ¢i(U). Then fii1lgw)
is an isomorphism. There exists W C V; large open such that fl.jrll(W) is also large open
and f, is an isomorphism over W. Replace U with U’ := fl.jrll(W) U U. Let H be an ample
divisor on V; and A an ample divisor on X;, 1. Then there exists s > 0 such that (s /| H—A)|,»
is ample. Let H;J, be a general member of the linear system of (sf,H — A)|,-. Letting H
denote its Zariski closure, H does not contain any glc centers of (X, 1, Biz; + M). Thus there
exists ¢ > 0 such that (Xj,1, Bir; + tH + M) is glc. H is clearly fi, -anti-ample. Thus we
can apply Kodaira vanishing and argue as above to get R”(; o fi41).O0x., = R’n;.Oy, for all
p =0.

Combining the conclusions of the above two paragraphs, we get that R”(r; o f;).Ox, =
RP(m; o fi41):Oy, forall p > 0andi > 0. As observed above, this gives our first assertion.

Now we prove the second assertion. Pick any Cartier divisor D on X such that D =g
r(Kx + B+ M) for some r € R. For 1 < i < n, we denote the birational transforms of D
and B on X; by D; and B; respectively. Supposing D; is Cartier and D; =5 r(Kx, + B; + M),
we can show that D, is Cartier and D;,; =g r(Kg,, + Bii + My, ,) as follows: D; =y, 0
(since X and X are connected by a sequence of Ky + B + M-flops by Theorem 7). By
contraction theorem for glc pairs [6, Theorem 1.3(4)], there exists a Cartier divisor G; on
V; such that D; ~ g;G,. Then we have Diyy ~ ¢*G;, thus Dy, is Cartier and Dy =g
r(Kg, + Bisi + M) as required. Now we use this observation: since Dy = f*D is Cartier
and Dy =5 r(Kg, + By + M), by induction on i as above, the birational transform D of D
on X is Cartier and D' =g r(Kgy + B+ M). Then ¢.D = f.D’ is Cartier by Lemma 8 and
¢.D =5 r(Ky + B + M). o
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