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Abstract
In this paper, we shall focus on the Wasserstein distance between two jump processes deter-
mined by stochastic differential equations in R? or the Riemannian manifold M. As an applica-
tion, the study on the Wasserstein distance implies that the law of the subordinated Brownian
motion on M is different from the one of the canonical projected process of the Marcus-type
equation with jumps valued in the bundle of orthonormal frames O(M).

1. Introduction

Let T be a positive constant fixed throughout the paper, and denote by v(dz) the Lévy
measure over Rg := R9\{0} such that the function |z]> A 1 is integrable with respect to the
measure v(dz). Write K, = {z € Rg ; 1zl < p} for p > 0. Let (Q, F, P) a complete probability
space with the filtration {F;; ¢ € [0,T]} such that the process {W,; t € [0,T]} is the d-
dimensional Brownian motion starting from the origin in R?, and that dJ( = J(ds, dz)) is
the Poisson random measure over (0, 7] X Rg with the intensity measure dJ( = J(ds, dz)) :=
dsv(dz). Denote by dJ( = J(ds,dz)) := dJ — dJ the compensated one. From now on, we
shall write dJ( = J(ds, dz)) = Ik, (z) dJ + Ike(z) dJ, in order to simplify our notations.

Let Ao, A;, B;, Co, C; € C'(R?; R?) (1 < i < d) such that all partial derivatives of any
orders greater than 1 are bounded. Let D € C LI(Rd ng; RY), that is, D(-,2)eC 1(]Rd ; Rd)
for each z € Rg and D(x, -) € C'(RY; R?) for each x € R?. We further assume that the first
derivatives with respect to the variable in R are bounded. Moreover, suppose that

(1) sup f (D)(x, z) v(dz)| + sup f |6D)(x, 2)|" v(dz) < +o0,
xeR4 |JK; xeRd JK;
2) sup sup |(8.D)(x, 2)| < +eo,
xeR? zeK{
3) lim sup |D(x,z)| =0
=0 yepa

for all p > 2. Here, the notation “9” means the gradient with respect to the variable in R?,
while “d.” is the one with respect to z € Rg. Write A = (A4, ..., Ay), B= (B4, ..., By) and
C=(Cy,...,Cyp.

For ¢ € R?, let us consider the R%-valued processes {X,; t € [0,T]} and {Y;; t € [0, T]}
determined by the equations:
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392 A. TAKEUCHI

4) X,:§+fA0(Xs)ds+fA(XS_)dWs+ff B(X,-)zdJ,
0 0 0 JRY

(5) Y, =&+ f Co(Yy)ds + f C(Ys_)dW, + f f D(Y_,z)dJ.
0 0 0 JRY

Under the conditions on all of the coefficients of (4) and (5), there exist the unique solutions
(cf. [1, 9, 13]). Our main goal is to study the upper and lower estimates on the Wasserstein
distance, which can be also interpreted as the Kantrovich-Rubinstein one via the duality
formula, between the random variables X; and Y;, in terms of the coefficients of (4) and (5).
Historical background on the Wasserstein distance can be seen in a standard book [19].

Our interest can be applied to the study on the Riemannian manifold M. Although there
are several approaches to construct the jump processes on M, we shall adopt in the present
paper the method by the canonical projection of the process valued in the bundle of the
orthonormal frames O(M) over M, which is often called the Eells-Elworthy-Malliavin con-
struction. The O(M)-valued process is defined by the solution to the Marcus-type stochastic
differential equations with jumps such that the process jumps along the exponential mapping
along the horizontal vector fields over O(M). See [2, 3, 10, 13]. On the other hand, since the
Brownian motion on M can be constructed by the analytic approach via the semigroup ap-
proach of the Laplace-Beltrami operator, or by the probabilistic one via the Eells-Elworthy-
Malliavin approach in terms of the Stratonovich-type stochastic differential equations with-
out any jumps seen in [7, 9], we can obtain the M-valued jump process by the subordination.
Our interest is to study the Wasserstein distance between the subordinated Brownian motion
on M and the projected jump process determined by the Marcus-type equation with jumps.
Furthermore, we can also revisit the results stated in [5, 16] that the law of the subordinated
Brownian motion on M doesn’t always coincide with the one of the projected jump process
determined by the Marcus-type equation. Since the lower bound of the L'-Wasserstein dis-
tance between those processes is studied in Section 4, our approach it to attack the interest
in the paper completely different from [5, 16].

The organization of the paper is as follows: let us study in R the upper estimate of
the Wasserstein distance in Section 2, and its lower estimate in Section 3. As one of the
applications to our results, consider the problem on the laws of the processes valued in the
Riemannian manifolds in Section 4.

2. Upper estimate on Wasserstein distance

Let X and Y be the R?-valued processes determined by the equations (4) and (5). The
Wasserstein distance between the R?-valued random variables X, and Y, is defined by

(6) dw(X;, Y)) = sup [E[A(X)] - E[AX)],
heLip, (Rd)

where Lipl(Rd) is the family of the Lipschitz continuous functions 4 on R¢ such that |A(x) —
h(y)| < |x — y| for x, y € RY (see [15] for the Wasserstein distance). Choose 0 < ¢ < T, and
define the stopping time o by

(7 o:=inf{s >0; J((0,s] xK{) # 0} A r.

Then, it is a routine work to obtain that
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Proposition 1. For p > 1, it holds that
(8) E [SUP | X, — Yulp] <Vt ClpTagAB.CoC.DE
u<o
where C ,1.4.A,B,Co.C,D.¢ 18 the positive constant.

Proof.  First, let us consider the case of p > 2, and study the estimate on
E[sup,, o 1Yy —&P]. Let0 <t < T < T. Since

Y,=&+ f Co(Y,)ds + f C(Y,)dW, + f f D(Y,_,2)dJ
0 0 0 JK;

for 0 < u < o, we see from the Holder inequality and the Burkholder-Davis-Gundy one (cf.
Proposition 7.1.2 in [12] and Proposition 2.6.1 in [13]) that

E[ sup |Y, — &l

u<tAo

! !
scz,p,fE[ fo |co<YW)|f’ds]+cg,p,fE[ fo ||c<YW>||Pds]

t A pl2
+ C4,p,7" E {(f ID(Ysncs Z)|2 dj) jI
0 JVK;

!
f DY yr, ) df}
0 JK,;

!
< T Cﬁ,p,T,§ + C7,p,T,C0,C,D f E[ sup |Yu — glp:| dS.
0

U<sANo

+ Cs’p’T E

Here, we use the fact that the set {s € [0,7]; Y, # Y,_} is at most countable a.s. This leads
us via the Gronwall inequality to obtain that

E[ sup |Y, —¢&IP } <T Cs,p,f,g exp (t C7,p,T,C0,C,D) <T Cs p,1,Co.CD.

u<tAo

where Cs ,7.c,c0é = SUPg<s<r (Coprs €Xp(tC7prcocn))- In particular, choosing 7 = ¢
yields that

©) E[ sup |Y, — & ] <tCsprcocne
u<tANo

Secondly, let us study the estimate on E [sup,.,, |X, — Y.|7]. Since

Xu=§+on(Xs)dS+fA(Xs—)dWs+ff B(X;—)zdJ,
0 0 0 Jk,

Y.=&+ f Co(Yy) ds + f C(Y,_)dW, + f D(Ys_,2)dJ
0 0 0 JK;

|

forO < u <t A o, we have

E[ sup |X, — Yulf’] < Cg,pE[ sup

Uu<tANo Uu<tAo

fo {Ao(X;) = Co(Yy)}ds

U p
+ Co E[ sup f {A(X;) — C(Yy)} dW; ]
u<tho 1J0
U p
+ C9,p E|: sup f f {B(XS—)Z - D(Ys—’ Z)} dj‘ :|
u<tAo |J0 JK;
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= Il,p,t + 12,p,t + I3,p,t-

Now, we shall study the upper estimate of I ,;, I, and I3 ,, via the Burkholder-Davis-
Gundy inequality (cf. Proposition 7.1.2 in [12] and Proposition 2.6.1 in [13]) and the Holder
one.

As for I ;, since the functions Ag and Cy satisfy the linear growth conditions, we see
that

!
Lips < Ciopr B [ f [A0(Xspe) — co(YsM-)lpds]
0
!
<Cy,7E [ f |A0(Xsn0r) = Ao(Ysno)|” ds]
0
4
+Cyy,7E [ f |A0(Ysre) — Ao@)]” ds]
0

+Cyy,7 B [ fo |Co(Ysre) = Co(€)] ds| +1Cyy 1 |Ac() — Co(6)]

ds+ T Cy3 7 a0.Coé

!
< Ciop7oag L E[ sup |X, = Y,I"

U<SAO

As for I, ,;, similarly to the estimate of /; ,, since the functions A; and C; (1 < i < d) satisfy
the linear growth conditions, we see that

!
Dps < Cryp7 B [ fo [A(X 7o) = CHino)|” ds]

!
< CisprE [ fo |[AXsro) = A¥iro)||” ds

+ ClS,p,T E [j()‘ ”A(Yv/\cr) - A(§)||p ds

+Cis, 7 E [ fo [C(Yane) = C @) ds| + Cis,.7||A@) - C@)”

dS + T C17,p,T,A,C,§:‘

f
< C16,p,T,AL ]E|: sup |Xu - Yulp

Uu<sAo

As for I3 ,;, similarly to the estimate of I ,;, since

B(Xs)z— D(Y;,2) = {B(XS)Z - B(Yy) Z} + {B(YS)Z - B() Z}
—{D(Ys,2) — D¢, )} +{B(€) z — D€, )},

! pl2
(ff |B(XSA0')Z—D(YS/\O.,Z)|2 dj) l
0JkK

!
+ ClS,p,T E [ff 'B(Xs/\cr) = D(YS/\(Ta Z)Ip dj]
0 JK;

! p/l2
(f(;f |B(Xs/\a') - B(Ys/\O')|2 |Z|2 dj) l
K,
! pi2
( f f B(Yiro) 2~ B(f)z|2df) l
0Jk,

we have

Ly <Cigpr B

S Cl9,p,T E

+ C19’pj'" E
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t p/2
( [ |D(YsAa,Z)—D(§,z)|2df) l
0 JK;

p/2
+1Co,7 ( fK |B&)z- D&, Z)I2 V(dz))

+ C19,p,T E

[ !

+Cyo,7E fo fK |BX;n0) = B(Yspo)| I2I” df]
L !

+ C19,p,T E L][; 'B(YS/\(T) Z— B(é:) Z'p df]

[ f
+Cop 7B ff ’D(Ys/\(ra 7) — D(, z)|p df]
| 0 Kl

+1Cyg, 7 fK |B&) z - D(,2)|" v(dz)

ds +T Czl,p,T,B,D,f'

!
< CZO,p,T,B L E[ sup |Xu - Yu|p

U<SAO
Hence, we can obtain that

» .
E[ sup 'Xu - Yu| ] <T (C13,p,T,A(),C¢),§ +Clypiace + C21,p,T,B,D,§)

U<tno

t
+(Crop7a, + Cropia+ Cooptp) fo E[ Suf |Xu - Yu|p:| ds,
u<sANo
which implies from the Gronwall inequality that

E[ sup |Xu - Yu|p

u<tAo

ST (Cispiancoet Cripiacet Coptnng
X exp [(CIZ,p,T,AO +Ciopia+Copin) f]

< T CopT.ApABCoCDES

where

Corp T AsaB.CoCDE = SUP ((Cu3praocos + Crrprace + Cotpasne)
0<t<T

X exp [(C 120040 t Cropra + C20p.1.8) t]}

In particular, choosing T = ¢ implies that

)4
E| sup |Xu—Yu| < 1C0 pT.AuABCHLCDES
U<tAo

Finally, the study for 1 < p < 2 is just the direct consequence of the Cauchy-Schwarz
inequality:

12
E[ sup |Xu - Yu|p] < E[ sup |Xu - Yu|2p] SVt \Coap1acaBCoCDE

u<tho u<tho

Thus, we can get the assertion by choosing as



396 A. TAKEUCHI

VT Coprapascocne (p=2),

VCuopTavABCcDe (1S p<2).

(10) C1pTAABCLCDE = {
The proof is complete. o

Proposition 2. Let 0 <t < T. Suppose that there exists a constant py > 1 satisfying

f |z]7° v(dz) < +oo0.
Ky

Then, for all 1 < p < py, it holds that

(11) E

1/Qa,
sup |X,, — Yu|p] < (£13%) v gPlio) C23.p.p0.T,A0,A,B,Co.C.D &>
u<t

where «, := po/(po — p) and Cy3 p p, T.49.A,B.Co.C,D.£ IS the positive constant.
Proof. Define the sequence of stopping times {0, ; n € N} given by
O =0, Op4l = inf{s > 0y J((o, S]XKY) # 0} At

for n € N, inductively.

(i) Since the upper estimate of E [supu <oy 1 Xu = Yul? ] has been already proved in Propo-
sition 1, it is sufficient to study the estimate of E[|X,, — Y, |7]. Write

t
Lt:ff Zdj.
0 JRY

t Po
ff zdJ ]
0 H
t |po t |po
ff zdJ +C24’pOEHff zdJ ]
0 Jke 0JK¢

t t Po/2
< (Cas.po1 + Ca6py) f |27 v(dz) + Cag p, ( f f |z|2dJ]
0 JK 0 JK¢

1

Remark that

E[|AL, |°] = ]E[

< Coap,

<tCorpyr | 2P (dz)
K¢

=:1Cog p,.T
from the Holder inequality and the Burkholder inequality, and
Xy, = Yo | <|Xo\- = Yo | 4 |BXo, ) ALy, = D(Yy,—, ALy
< 1Xo - = Yo, -[ (1 + 10Blles |AL )
+1Yo,— = &l (0Bl |ALg, | + 10D(:, ALy, )llo)
+sup [B(£) — (9:D)(&, ) AL |.

€K¢

Here, we have used (3) in the second equality with the help of the mean value theo-
rem for w — D(&, w) between 0 and AL, of £&. Then, we see that
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E [Sup 1X, — mﬂ}

Uuso|

< C29,p E [SUP |Xu - Yulp + C29,p E[|XO'1 - Yo-l |l7]

u<o

< C3pE [(SuP X — Yul”) (2 + 0B 1ALy, I”)]

u<o

+C30,, B [(SUP 1Yy = fl”) (10BII% ALy, P + 110D, ALO‘[)“go)]

u<o

+Cx0,p [sup |B©&) - (0.D)(&, z)|”) E[|AL,,|”]

z€K¢

+C30,p [sup |B&) - (0.D)(&, z)l") E[|AL,, []7'7

z€K]

1/
< (M) y tp/po)C31,p,pg,T,A(),A,B,C(],C,D,f

from Proposition 1 and the moment estimate (9). Here, we have used the Holder
inequality in the third inequality.
(i1) Consider the case of o7y < u < 0. Since

U

Xu - Yu = XO‘] - YO‘] + f {AO(XS) - CO(YS)} ds + f {A(XS) - C(Ys)} dWs

ot o

+ f ' f {B(X;-) 2z~ DX, )} dJ

WKy

U

foro; <u <o, and
X, = Yo,| < X, = Yo, | + |B(X;,-) ALy, = D(Yy,—, AL,)|
< Xg,- = Yo, | (1 + 0Bl AL, )
+1Ye,- = Yo, (10Bll |ALy, | + 10D, ALy,)llco)
+sup [B(Yy,) = (3-D)(Yir,, DI AL,

z€K¢

the estimate E [supus‘rz |X, — Y.IP ] can be also given via a similar method studied in
Proposition 1 and (i) stated above, because

E [sup |Xu - Yu|p]
uso)
< CxnpE|sup |Xu - Yu|p

uso

+ ng,pE[ sup |Xu - Yu|p]

O 1=uUso

1/Qa
< (/P 171) C33 ) (C3i ppo 140 A B.Co.CDE + C33p.po T AGABCo.CDE)
. (+1/Qa
=2 (P v tPIP0) Csy )y po 1.0 AB.COCDE-

(iii) The inductive argument as stated in (ii) enables us to obtain that

E [Sup X, — Yu|p] < (tY1C0) v (PIPY Css o 1A ABCo.CDE

usoy,
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The proof is complete. m|

Theorem 1. Under the same situation as Proposition 2, it holds that
(12) dw (X, Yy) < (1% 1P17) oz 1 py 1.0 A B.CoC.DE-
Proof. The assertion is the direct consequence of Proposition 2, because

dw(X;, Y)) <E[IX, = Y,[] < (/%" v 17/7) Coz 1 o 740 48.Co.C.D£- o

Remark 1. Under the same situation stated in Theorem 1, the Wasserstein distance
dw(X;, Y;) is small, if the coefficients in each term of the equations (4) and (5) are close,
which implies that the characteristic functions of the random variables X; and Y; are also
close, since the function R? 3 x — ¢'?* for § € R? is in Lip, (RY).

3. Lower estimate on Wasserstein distance

In this section, we shall consider the lower estimate of the Wasserstein distance. Assume
the condition in Proposition 2 throughout this section again. Since

(13) X,:§+fAO(XS)ds+fA(XS)dW9+ff B(Xs_)za’f+ff B(X,_)zdJ,
0 0 0 JK, 0JK¢

1

(14) Y,=§+fCQ(YS)ds+fC(YS)dWS+ff D(Ys,Z)dj+ff D(Y,-,z)dJ,
0 0 0Jk, 0Jke

we have
(15)  E[X;,-Y]= f E[Ao(X;) — Co(Yy)] dS+ff E[B(X,)z - D(Yy,2)] dJ.
0 0 Jke

For 1 < k <d, let us define

{Af(x) = Ch(x)} + f {B*(x) z — D*(x, 2)} (dz)
-

1

(16) C36.4,40,8,Co,0 := inf
xeR4

Proposition 3. Under the same situation as Proposition 2, it holds that

1/2 1
A7) [BIX; = Y| 2 {t (C36xa0.5000 = C31.po a0 a.cocpe (/2 v M) v 0,
where C37,p, T.40.A,B.Co,C,D.£ IS @ positive constant.

Proof. Now, we are in the position that

BIX, 7] = f E[Ao(X,) — Co(Yy)] ds + f f E[B(X,)z - D(Y,. )] dJf
0 0Jke

- [[worvas+ [ Gureras
where
Yo, = E[Ao(Y) — Co(Y)], ¢o.r := E[Ao(Xy) — Ao(¥))],
Y, = fK C_ E[BY)z-D(Y,2]v(dz), ¢ = | E[B(X)z- B(Y)z]v(d2).

i Ky
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Hence, since the coefficients A; (0 < i < d) and B are Lipschitz continuous, we see that

t
f (900,s + QDS) ds
0

¢
- C38,A0,B f E“Xs - Ysl] ds.
0

[ELX, - ¥,]| >

f(; (wO,s + '705) ds

>

fo (o, +3) ds

On the other hand, since

!
f E[X, = Yllds < 1 (/v £117) Co3.1 py 14y a B.CoC0
0

from Proposition 2, and

!
f (lﬂo,s + lpv) ds = f(lﬂo,K + ¢K)
0
from the mean value theorem, where O < x < ¢ is a constant, we have

(18) |]E[Xz - Y[]| >t {|¢O,K + lﬂk’ - C38,A0,B C23’1,Pi),T,Ao,A,B,Cq,C,D,g (tl/(2w1) v tl/po)}
=1 {|wO’K + lﬁ’(’ - C39,p0,T,A0,A,B’,Co,C,D,§ (tl/(2<x1) \% tl/po)} s

where C39 p, 7.40,4.8.C0.c.0¢ = C38.40,8 C23.1,py.7.40,4.8.C.C.0¢- Then, we have

o + v = ‘E[AO(YK) - Co(X] + fK B[B(Y) 2~ D(Y, 9] (d2)

>

E[A§(Y,) — Co(Y)] + f E[B(Y,) z - D"(Y,, 2)] v(dz)

K;

> C36,k,A40.B.Co.D
from the condition (16). We can derive from (18) that
[ELX, - Y,1| > ¢ {C36,k,A0,B,C0,D = C39.pp. T a0AB.CoC0g (127 V tl/”‘))}.

Since it is trivial that |E[X, -, t]| > 0, we can get the conclusion. O

Theorem 2 (Lower estimate). Under the same condition in Proposition 2, it holds that
19)  dw(X,, Y)) 2 [f {C36,k,A0,B,C0,D = C39,p0. 140 ABCo.C0 (1120 vV 1P ”)}] V0.

Proof. Since the function / defined by A(x) = x is in Lipl(Rd), Proposition 3 implies that

dw(X,, Y > [E[X, - /]|
> [f {C36,k,A0,B,C0,D — C39,p0 T.Ag A BCoCDg (1) v 1P 0)}] V0,

which completes the proof. O

Corollary 1. Under the same condition in Proposition 2, the laws of the R?-valued pro-
cesses X and Y are not always equivalent.

Proof. Suppose that the laws of the processes X and Y are equivalent. Then, those any
finite-dimensional distributions are also equivalent, which implies that dy (X;, Y;) = 0 for all
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0 <t <T.Now,letus choose t € [0, T] such that

20 Po
C36,k.40,B.Co.D ) A ( C36.k.40,B.Co.D )

C39,py.T.49.A.B.Co.C.D£

(20) O<t<(

39.p0.T.A0.A4,B,Co,C.D.&

Then, from the estimate (19) in Theorem 2, the Wasserstein distance of the R¢-valued ran-
dom variables X, and Y, can be estimated from the below as

dy(X,. Y)) > [E[X, - ¥i]| 2 1 {C36,k,A0,B,C0,D — C39 py 740 ABCo.C.0E (1P V t'/p")},

which is strictly positive from (20). That is the contradiction. |

4. Study on manifolds

In this section, we shall study the situation on a Riemannian manifold. Let M be a con-
nected, compact and smooth Riemannian manifold of dimension d with the Levi-Civita
connection V = {F;.k ; 1 <, j, k <d}, and denote by

OM)={r=(x,e); xeM, e.=((e1) ..., (eq)y) is the orthonormal basis in T, .M}

the bundle of orthonormal frames on M. Let 7 : O(M) — M be the projection given by
n(r) = x forr = (x, ex) € OM). For r = (x, e,) € O(M), denote by ¢ a local coordinate in
a coordinate neighborhood V € O(M) around r, and by ¥ a local coordinate in a coordinate
neighborhood 71(V) ¢ M around x = n(r). Write # = y oo ¢~!. Let H; (1 < i < d) be the
horizontal vector fields over O(M). Then, for F € C®(O(M)), the vector fields H; (1 < i < d)
can be expressed as

d d
i [OF¢ OF%
1) (HiF)(r) = ) el (W) (¢ = >, TiEm)efe, (g) (¢(r)
J=1 J kL p,g=1 p
in the local coordinate around r € O(M), where F¥ = F o ¢! and ¢(r) = (x;, e{ ;1 <i, j<
d).
For r € O(M), let us consider the O(M)-valued process {R; ; t € [0, T]} determined by the
Stratonovich stochastic differential equation of the form:

(22) dR, = HRR,) odW,, Ry=r,

equivalently,

23) FR)=F()+ f (HF)R,) 0 dW, = F(r) + f (CF)YR)ds + f (HF)R,)dW,,
0 0 0

for all F € C*(O(M)), where H = (H,, ..., H;) and
1 d
(LF)D) = 5 Zl (Hi(H;F))(7).

The operator £ is the infinitesimal generator of the process R, which is often called the
horizontal Laplacian of Bochner’s sense (cf. [9]). Then, the M-valued process (X,:t €
[0, T']} defined by X, := n(R,) is the Brownian motion on M with the infinitesimal generator
Ay /2, where Ay, is the Laplace-Beltrami operator on M. In fact, for any f € C*(M), since
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1
(24) (L(f om)(r) = = Bu (1),

we have

(25) fX) = (fom() + fo (L(f om)Ry)ds + fo (H(f o m)(R,) dW;

| - 4 -
- )+ fo 5 GupEds+ [ (IR,

where ((7.A) f)(7(r)) = (A(f o 7))(r) for a vector field A over O(M), a smooth function f on
M, and r € O(M).

Let {r,; t € [0, T]} be a subordinator with the Lévy triplet (y*, 0, n), independent of the
Brownian motion W, where 1(d0) is the Lévy measure on (0, +00) such that the function
6 A 1 is integrable with respect to the measure 7(df), and y* := fol 0 n(do) is the drift. Then,
for each t € [0, T'], the Lévy-Itd decomposition theorem (cf. [18]) implies that

! —+00
(26) =y f f 64N,
0J0

where dN( = N(ds,d0)) is the Poisson random measure over (0,7] X (0, +oc0) with the
intensity measure dN( = N(ds,df)) = dsn(dh), dN( = N(ds,df)) = dN — dN is the
compensated one, and dN( = N(ds, db)) = Li0.11(8) dN + (1 +o0)(8) dN. Denote by p(6, z) the
density of the R?-valued random variable W, for & > 0. From Theorem 30.1 in [18], the
subordinated process {W,,; 0 < ¢ < T} is the R?-valued Lévy process with the Lévy triplet
(y", 0, v), where v(dz) is the o-finite measure on Rg defined by

27 v(dz) = f P[Wy € dz] n(d6) (= f p(0,2) n(do) dz),
0 0

and YW = fK zv(dz). Hence, for each t € [0, T'], we see that

(28) Wy, = ty"r +ff zd]
Rd

from the Lévy-1t6 decomposition theorem (cf. [18]) again, where dJ( = J(ds,dz)) is the
Poisson random measure over (0, 7] X Rg with the intensity measure dJ( = J(ds,dz)) =
dsv(dz), dJ( = J(ds,dz)) = dJ — dJ and dJ( = J(ds, d2)) = Ix,(z) dJ + Ix:(z) dJ. Then, the
O(M)-valued subordinated process {R; := R, ; t € [0, T']} satisfies that

(29) F(R)=F(r + f PRy ds + f " HF)R,) aW,
0 0
_ F() + f (LF)R, )drs + f (HF)®R..)dW,,
0 0
= F(r) + f (AF)(R,)ds + f f m(ﬁF)(RS_)HdN+ f f (HF)(R,_)zdJ
0 0Jo 0 JRd
for all F € C*(O(M)), where

1
(AF)(r) := (LF)()y" + (HF)(r)y"" = fo (LF)(r)On(db) + f (HF)(r) zv(d).

K
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Define the M-valued process {X;; t € [0, T]} by X, := XT, = n(R;). In particular, we have

(B0)  f(X) = (fom(r)+ fo (A(f om)(Ry)ds + fo fo (L(f o m)(R;-) 0N

+ f f (H(f o m)(Rs-) zdJ
0 JR?
= f)+ fo ((r. A )X, ds + fo fo ((r.L)f)(X,) 0N
+ f f (m.H)f)(X;2)zd]
0 JRY
for f € C*(M), which implies that

6D B = fw+ [ B[ nads

+ fo f1 E|((r.£))(X,) 0]dN + fo fK fE[((ﬂ*H)f)(Xs)z]df

=g+ [ [ emonaadan+ [ Fliwmnnedfas

The second equality can be justified, because
fo l E|((r. A)f)(X)|ds
- fo t E|(A(f o m)(R,)]ds
= fo t j; 1 E[(L(f o m)(Ry) 6] n(d6) ds + fo [ fK | E[(H(f o m)(Ry) 2| W(dz) ds

t 1 ’
- [ [ eleeneodas [ | T CREr

On the other hand, for r € O(M), let {U;; t € [0, T]} be the O(M)-valued process deter-
mined by the canonical stochastic differential equation with jumps of Marcus type:

(32) F(Uz)=F(r)+f(BF)(Us)dS+ff+m {F(Exp(£ 6)(U;-)) = F(U,-)} dN
0 0J0

+ fo t fR NFExp(H 2)(Uy2) = F(U,-)} d
for all F € C®(O(M)), wh(;:re
(BF)(u) = fo 1 {F(Exp(L 0)(w)) — F(u)} 7(d6) + fK (F(Bxp(H (W) = F)} v(dz).
Moreover, for given 6 € (0, +00) and z € RY, let {A""(u) := Exp(cLO)(u); o € [0,1], u €
O(M)} and {Z7 (u) := Exp(oz H)(u) ; o € [0, 1], u € O(M)} be the one parameter groups of

diffeomorphisms over O(M), that is, the unique solutions to the ordinary differential equa-
tions of the forms:
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(33) A%y = YA @W), A = u,
do
d

(34) = E7) = (H)ETW), =W =u.
g

Define the M-valued process {Y, ; 7 € [0, T]} by Y, = z(U,). Since
m(Exp(L 0)(w)) = Exp(r. L 0)(n(w)), m(Exp(H 2)(w)) = Exp(r..H z)(m(u)),

we see that, for f € C™(M),

(35  f(¥Y) = (fom)(Uy)

- )+ fo (r.B)f)(Y,)ds + fo fo (F(Exp(r.LOXY.)) - f(Yo)} dN

+ J;jl;d {f(Exp(m.H 2)(Ys2)) — f(Ys)) dJ,

which implies that
(36) E[f(Y)] = f(x(r)) + fo t E|((x.B)f)(Y)|ds

c [ el - forolan

[ Bl a0 — S

= s+ [ [ BlsExptmc o) - s an

« [ Elstespam - o) i

The second equality can be justiﬁoed, because
fo t E[((r.B)N)(Yy)|ds = fo t E|(B(f o m)(U,)| ds
- [ t [ B o m(Exp(L O)XUL) — (f o U] () ds

+ [ el o mExpuawn) - oo mwo| o ds
K

0

t 1
- [ [ elrexpmcowo) - o) as

o [ [ Elstespm ) - o] as
Hence, we have

G37) E[f(Y)] - E[f(X)]
- fo fo E[((‘ﬂ*”*ﬁ)f“’)(w(Ys))—((w*mﬁ)fw)(w(xs))]gdﬁ
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i fo fRd E[(@n ) )W (Y) = (Wr D) W(X,)| 2dJ

0

+ fo fo B[ f*(Exp(.. L O)(W(Y,)) = £/ (U(Y,))
— (W L) f)W(Y,) 0] dN
+ fo fR ; E| £/ (Exp(pr. H ) (Yy)) — £/ (w(Yy)

~ (W H)f)(Y5) 2| dJ.
Then, we have

Theorem 3. Let Cyp € R @ R™ be a positive definite symmetric matrix, and f € C*(M)
such that

(38) (W )W D)) = Cao, E€ M.

Then, under the condition

|zl v(dz) < o0,
K

the law of the subordinated Brownian motion X on M is not the one of the M-valued process
Y given by the projection of the O(M)-valued process determined by the equation (36).

Remark 2. In order to guarantee the existence of the solution function f to the Poisson
equation (38), we need the additional condition on the manifold M. It is sufficient that the
manifold M is complete, and has a positive spectrum and a Ricci curvature bounded below
by a negative constant. See [4, 14].

Proof of Theorem 3. Recall the stopping time o given in (7). Denote by Tr(Cy) the trace
of the matrix Cyg. Since

A Tr(C

(W £ W) = (L)) = (£(f 0 ) = PHINE - T

for r € O(M) with n(r) = & from (24) under the condition (38), the Taylor theorem leads us
to see that

Tr(Ca0) ~ Tr(Cyo) _

0’
2 2

(Wurr ) f1) (W (X)) = (. L) f) W (X)) =

and that
FYExp@m. £ O)W(Y,)) = f/(W(Y)) = (W L)f )W (Y,) 0
1
= 5 (WerLO(W.r £ 0)f"))(Expl . L OYWAY.)

= %((w*mﬁ O) (WL 0)f*))(W(Exp(i . L 6)(Y,)))
=0

from the Taylor theorem, where 0 < k < 1 is a constant. Thus, we have from (37) that
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E[f(Yiro)-)] = E[f Xiro)-)]

- jo‘fo‘ E[((w*ﬂ*ﬁ)fw)('ﬁ(yv(s/\a-)—)) - ((w*ﬂ*ﬁ)fw)(;b(x(mo_)_))] 0dN

i fo fR E|(Wur ) )W (Yisn-)) = (@t D YW Ksr0))) | 2 d T

- fo fo E| £/ (Exppr. £ O (Ysro)))) = 2 (W (¥isnon-)
~ (L)) Y Vi) 6] N
+ L‘ﬁkd E[f‘”(Exp(lﬁ*ﬂ*Hz)(lp(Y(mg)_))) _fw(lﬁ(Y(s/\g)_))

— (W ) )W (Y (sn0)-) z] dj
fo fK E[((w*mH)f”/)(w(Y@m_)) — (Y. H) fw)(lp(x(m)_))] zdf

- fo fK B (W H (@ H ) f))(p(Explo . H ) Yisnor )| 4T
=: 11 + 12,

where 0 < k < 1 is a constant.
Since

E['lzb(y(s/\(r)—) - w(X(s/\o')—)l] < \/EC41,T,H,X’

similarly to Proposition 1, we can obtain that

I > -

[ E[((l//*ﬂ*H)f‘”)(l//(Y(smr)—))—((l/f*ﬂ*H)f‘”)(lﬁ(me)—))]de‘
%(IIcﬂ(%mHW}Hm fK |z|v(dz)) fo E[[(Ysnor-) = 4 (Xsnon-)|] ds
>~ ot B )|, Conrns f I ().

K

where “8{(¢*7r*H)f””}||w 1= SUP, o) |(6{(¢*7r*H)f‘”})(§)|. On the other hand, as for I,
since the matrix Cy is positive definite, we see that

1 tC
Lh=— | zCwzvdd) > —2 | 122 vdo),

2 K, K

where C4, > 0 is the minimum eigenvalue of the matrix C49. Here, we shall choose 7 as

2

Cp lzI* v(dz)
K

(39) O<t<
2|otwm ), Carne f 2l v(dz)
K

Then, we can get that

(40) E[f(Yunor-)] = ELf Xinor-)]
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(\2

tC
AP0l )| o fK e vids) + L2 fK 2P v(d2)
1 1

ot mf| Corns [ via
K

Car | 2 v(dz)
x{ =Vt + K ,
2ot if| Corns [ v(a
K

which is strictly positive.

Now, let us return the proof on the assertion in Theorem 3. Suppose that the laws of the
processes X and Y are equivalent. Then, since those any finite-dimensional distributions are
also equivalent, it holds that

dw(f(Yino-)s fXiner-)) =0

for 0 < ¢t < T, which is the contradiction to the strict positivity on the lower estimate (40).
O

RemARk 3. In [5, 16], a similar study to Theorem 3 has been already discussed. Our
strategy to attack Theorem 3 can be also regarded as completely different approach to their
results.
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