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A B S T R A C T

The small-scale failure process around a plane strain mode I crack in nacre-like materials is analyzed. The
displacement increments of boundary nodes are specified by the analytical solutions based on the orthotropic
linear elasticity to conduct an incremental finite element analysis. We set up a structural model composed of
staggered arranged brittle aragonite tablets and cohesive zones within a process window surrounding the crack
tip to investigate the toughness as well as the deformation mechanism in the fracture process zone. The results
obtained by the parametric studies of different geometries and mechanical properties in the microstructure of
the materials show that the aspect of failure in the near-tip fields can be categorized into four distinct fracture
mechanisms. These mechanisms significantly affect the fracture toughness with differences of hundreds of
times. We show a failure-mechanism map in which these fracture mechanisms can be divided into regions of
geometry and mechanical properties in microstructure. Findings obtained in this study about the toughening
mechanisms give us the useful knowledge to design novel materials with specific microstructures to control
fracture mechanisms.
. Introduction

Recently, researchers have attempted to uncover the underlying
orrelations between the macroscopic properties and microstructural
eatures of biological materials, such as nacre-like materials, to provide
ew inspiration and design guidelines for engineering applications.
acre-like materials are a class of natural composites that exhibit simi-

ar microstructure and mechanical properties, including nacre, osteon,
entin, and others. For example, nacre is a natural material found in
he inner layer of the shells that protects the underlying soft tissue from
xternal threats and attacks. Nacre comprises approximately 95 wt%
f staggered arranged brittle aragonite tablets and 5 wt% of proteins
hat connect adjacent tablets (Wang et al., 2001; Wang and Gupta,
011; Barthelat et al., 2006). Distinctive deformation of nacre occurs
hrough relative sliding between tablets when subjected to tensile
oading parallel to the tablets (Barthelat et al., 2007). Notably, a mere

wt% of proteins in nacre results in a remarkable enhancement in
racture toughness, ranging from 40 to 3000 times higher than that
f pure aragonite, when exposed to tensile loading parallel to the
ablets (Mayer, 2006), which is accompanied by a minor reduction
n strength and stiffness (Sun and Bhushan, 2012). Similar findings
ave been reported for other types of nacre-like materials with simi-
ar staggered microstructures, including osteon (Vashishth, 2004) and

∗ Corresponding author.
E-mail address: nakatani@mech.eng.osaka-u.ac.jp (A. Nakatani).

dentin (Kruzic et al., 2003). This remarkable balance has attracted re-
search attention, resulting in investigations on the connection between
the macroscopic mechanical properties and microstructure.

Numerous toughening mechanisms have been identified for nacre-
like materials in recent years. At the nanoscale, nanoasperities on the
surfaces of aragonite tablets (Wang et al., 2001; Barthelat et al., 2006),
mineral bridges (Meyers et al., 2008), the interlocking effect (Barthelat
et al., 2007), and the deformation strengthening of proteins (Ji and
Gao, 2004) have been identified as toughening mechanisms of nacre-
like materials. These features restrain the relative sliding between the
tablets, increasing energy dissipation during crack propagation and
enhancing toughness. Additionally, microscale toughening mechanisms
are significant. Significant energy dissipation occurring in the sizable
nonelastic region of a process zone near the crack tip during crack
propagation is recognized as the crucial origin of toughness (Barthelat,
2010; Barthelat and Rabiei, 2011). Crack morphology is also related
with toughening, e.g. crack deflections (Menig et al., 2000; Abid et al.,
2019; Xie and Yao, 2014), crack branches (Wang et al., 1995), and mi-
crocracks (Sarikaya et al., 1989). The artificial design and activation of
these toughening mechanisms to achieve optimal toughness in artificial
nacre-like materials remain challenging.

Computer simulations are crucial for in-depth investigation of the
toughening mechanisms of nacre-like materials. Various simulation
vailable online 15 May 2024
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methods have been used, including the finite element analysis (Rabiei
et al., 2010; Maghsoudi-Ganjeh et al., 2021; Yan et al., 2022), phase-
field method (Tsai et al., 2021), and Monte Carlo annealing (Yan and
Nakatani, 2019a, 2020). Most simulations can only be performed on
tens to hundreds of tablets because of the problematic computational
costs posed by the complex staggered microstructure and nonlinear
interface properties. Such a model scale is insufficient for studying the
dynamic failure process, because it fails to completely capture the me-
chanical behavior within the process zone near the crack tip. Therefore,
reducing the computational costs becomes an unavoidable challenge
when delving deeper into the study of toughening mechanisms. In
studies by Abid et al. (2018, 2019), the discrete element method was
employed to upscale the model to hundreds of thousands of tablets,
investigating the influence of tablet overlap and the randomness of the
microstructure on the mechanical properties. The effects of interface
properties and tablet orientation on the near-tip field and crack initi-
ation in nacre-like materials is studied by Pro et al. (2015a) using a
GPU-based Monte Carlo annealing method and scaled up the model to
hundreds of thousands of tablets.

Nevertheless, many aspects of the toughening mechanisms in nacre-
like materials remain elusive. Fracture process under small-scale yield-
ing (SSY) conditions is crucial for understanding and predicting the
behavior of materials (Nakatani et al., 2003; Roychowdhury and Dodds,
2003). However, most of the previous studies for nacre-like materials
have been conducted using simplified models, such as uniaxial tensile
loading, assumption of rigid tablets, periodic boundary condition etc.,
for the sake of computational efficiency. These simplified models are
sophisticated and effective to investigate an ideal strength coming from
the intrinsic microstructure, but they are not directly applicable to the
study of highly concentrated stress field near the crack tip, in which
mesoscopic fracture mechanisms are closely related to the origins of
the exceptional mechanical properties of nacre-like materials.

In this study we adopt the finite element method to investigate
the deformation and failure behavior near the crack-tip field of nacre-
like materials under SSY conditions. First, an SSY model combining
structural and continuum-homogenized models is proposed. We focus
on the near-tip field and fracture process in the process zone while
homogenizing the elastic region far from the crack tip as an orthotropic
material. The proposed model balances the retained analysis accuracy
near the crack tip and it is a surrogate model of large scale model
composed of millions of tablets. Furthermore, we identify four dis-
tinct fracture mechanisms by varying the aspect ratio of the tablets
and interface properties. These mechanisms exhibit different sizes and
shapes of the process zone, diverse crack morphologies, various near-tip
fields, and hundreds of times differences in overall toughness. We also
discuss the design principles of microstructure that induce specific frac-
ture mechanisms and activate specific toughening mechanisms. This
research reveals how microstructure affects the fracture mechanisms
and overall toughness of nacre-like materials and provides valuable
insights for designing artificial nacre-like materials.

2. Model and methods

2.1. Periodic microstructure

In this study, we model a two-dimensional periodic structure in-
spired by the staggered structure of natural nacre-like materials, as
shown in Fig. 1. The uniaxial tension parallel with the vertical axis
is dominant in stress field under the plane strain condition, as mode
I crack is set along the horizontal axis in this study (see 2.3). The
specimen consists of tablets which are simplified as isotropic elastic
material specified by Young’s modulus 𝐸 and Poisson’s ratio 𝜈, whereas
the crystal orientation, nanoasperities, and mineral bridges are ne-
glected. The tablets have a length of 𝑙 and a width of 𝑤, resulting in
an aspect ratio of 𝑘 = 𝑙∕𝑤. Furthermore, we define the characteristic
angle 𝜃′ = arctan 𝑘∕2 . Geometrically, 𝜃′ denotes the angle between the
2

( )
Fig. 1. Schematic diagram of the periodic staggered microstructure used in the finite
element analysis. Each tablet is modeled using a four-node bulk element, while each
interface is modeled by several four-node cohesive zone elements.

half-tablet diagonal and the 𝑥1-axis and physically corresponds to the
shortest crack path passing through a layer of the staggered structure,
as shown in Fig. 1. For simplicity, the influence of tablets’ overlap is not
considered in this study, indicating that the end of any tablet coincides
with the midpoint of the tablet in adjacent layers.

The interfaces can be categorized into two types based on their
positions (i.e., intralayer and interlayer interfaces) to investigate the
influence of interface properties more thoroughly, as shown in Fig. 1.

The finite element method is utilized to simulate both deformation
and failure in the model. Considering the deformation process of nacre-
like materials, the deformation of the tablets is significantly limited
(Abid et al., 2019), in this study, each tablet is considered as an integral
unit and represented by a four-node bulk element. The interfaces are
modeled using the cohesive zone model (see 2.2), where each interface
is segmented into several four-node cohesive zone elements.

2.2. Cohesive zone model and damage parameter

Experimental observations reveal the restraining effect of a com-
plicated staggered structure on the crack propagation path in nacre-
like materials (Wang et al., 1995). Rather than propagating through
the tablets, cracks tend to follow the tortuous interfaces between the
tablets, leading to the failure of the protein matrix. The cohesive zone
(CZ) model is well-suited for cases where the crack path is predeter-
mined in materials like nacre. Hence, the CZ model has been widely
used in studies on nacre-like materials (Yan and Nakatani, 2019a,b; Pro
et al., 2015b). Therefore, in this study, we neglect the fracture of the
tablets and employ the CZ model to analyze the fracture of both the
interlayer and intralayer interfaces.

According to the CZ model, the constitutive relationship of the
interfaces is defined in terms of the nonlinear relationship between the
traction 𝑻 and separation 𝜟, called the cohesive law. The tangential
and normal components of separation and traction are divided as 𝜟 =
(𝛥t , 𝛥n) and 𝑻 = (𝑇t , 𝑇n), denoted by the subscripts ‘t’ (tangential) and
‘n’ (normal), respectively. A sophisticated cohesive law is proposed by
Xu and Needleman (1994), in which the cohesive law can be derived
from a potential function 𝜙(𝜟), and it is utilized with following its
fundamental concept in our present formulation. However, we neglect
the coupling effect between tangential and normal separations for the
sake of simplicity, and assume the potential functions as follows:

𝜙t (𝛥t ) =

[

1 − exp

(

−
𝛥2
t

𝛥cr
t
2

)]

𝜙0,

𝜙n(𝛥n) =
[

1 − exp
(

−
𝛥n
cr

)(

1 +
𝛥n
cr

)]

𝜙0

(1)
𝛥n 𝛥n
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Fig. 2. The cohesive law employed in this study.

Fig. 3. Unloading behavior of the cohesive law: (a) Tangential direction. (b) Normal
direction.
3

For the simplicity, we adopt a commonly used assumption in the
formulation of unified potential-based cohesive laws, in which the
fracture energies in the tangential and normal directions are considered
equivalent and denoted by the symbol 𝜙0 (Xu and Needleman, 1994;
Zavattieri et al., 2008). Then we obtain the cohesive law on the
fundamental path for increasing separation as follows:

𝑇t (𝛥t ) =
d𝜙t
d𝛥t

= 2
𝜙0
𝛥cr
t

𝛥t
𝛥cr
t

exp

(

−
𝛥2
t

𝛥cr
t
2

)

,

𝑇n(𝛥n) =
d𝜙n
d𝛥n

=
𝜙0
𝛥cr
n

𝛥n
𝛥cr
n

exp
(

−
𝛥n
𝛥cr
n

)

(2)

where 𝛥cr
t and 𝛥cr

n are critical separations in the tangential and normal
directions, respectively. The cohesive law normalized by 𝜙0∕𝛥cr

t , 𝜙0∕𝛥cr
n

and 𝛥cr
t , 𝛥cr

n are presented in Fig. 2. The traction changes nonlinearly
with increasing separation, initially increasing and then steadily de-
creasing, approaching zero, mimicking the nonlinear failure behavior
of the interface. The maximum tractions in the tangential and normal
directions are expressed as follows:

𝑇max
t =

√

2
𝜙0
𝛥cr
t

exp
(

−1
2

)

,

𝑇max
n =

𝜙0
𝛥cr
n

exp (−1)
(3)

Now we can rewrite the cohesive law Eq. (2) using three parameters,
𝛥cr
t , 𝛥cr

n , and 𝑇max
n explicitly as

𝑇t (𝛥t ) = 2 𝑇max
n

𝛥cr
n

𝛥cr
t

𝛥t
𝛥cr
t

exp

(

1 −
𝛥t

2

𝛥cr
t
2

)

,

𝑇n(𝛥n) = 𝑇max
n

𝛥n
𝛥cr
n

exp
(

1 −
𝛥n
𝛥cr
n

)

(4)

The history dependence of the cohesive zone such as damage effect
must be considered due to the widespread occurrence of protein un-
loading during crack propagation in nacre-like materials (Rabiei et al.,
2010). Under a linear unloading assumption of the cohesive zone as
shown in Fig. 3, the traction-separation relationship during unloading
process is expressed as

𝑇 unload
t (𝛥t) =

𝛥t

𝛥H
t
𝑇t(𝛥H

t ) (𝛥t < 𝛥H
t ),

𝑇 unload
n (𝛥n) =

𝛥n

𝛥H
n
𝑇n(𝛥H

n ) (𝛥n < 𝛥H
n )

(5)

where 𝛥H
t and 𝛥H

n denote the experienced maximum (historically
largest) separations in the tangential and normal directions, respec-
tively. As the experienced maximum separation increases, a portion of
the work done by the external forces is stored as elastic energy, denoted
by 𝜙E

t and 𝜙E
n ,

𝜙E
t (𝛥

H
t ) =

1
2
𝛥H

t 𝑇t(𝛥H
t ),

𝜙E
n (𝛥

H
n ) =

1
2
𝛥H

n 𝑇n(𝛥H
n )

(6)

whereas the other portion is dissipated because of irreversible damage,
denoted by 𝜙D

t and 𝜙D
n . 𝜙E

t and 𝜙E
n is represented by the triangular

region between the unloading line and the horizontal axis, as shown in
Fig. 3. The region between the loading and unloading lines represents
the irreversible energy dissipation per unit area of the cohesive zone
caused by the historical loading. We define a damage factor 𝐷 to quan-
tify the level of damage in the CZ, where 𝐷 is the ratio of the dissipation
energy to the fracture energy 𝜙0. Specifically, the dissipation energy
corresponds to the area denoted by the symbols 𝜙D

t and 𝜙D
n in Fig. 3,

and the damage factors for the tangential and normal CZ are estimated
as follows:

𝐷t (𝛥H
t ) =

𝜙D
t

𝜙0
= 1

𝜙0

[

𝜙t (𝛥H
t ) − 𝜙E

t (𝛥
H
t )
]

,

𝐷n(𝛥H) =
𝜙D
n = 1 [

𝜙n(𝛥H) − 𝜙E(𝛥H)
]

(7)
n 𝜙0 𝜙0
n n n
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Fig. 4. Mode I small-scale yielding framework for modeling near crack-tip field in nacre-like materials. (a) Schematic illustration of mode I specimen. (b) Schematic illustration
of analysis model composed of structural model and surrounding continuum model specified by stress intensity factor 𝐾I.
For interlayer interfaces CZinter, 𝐷 = 𝐷t (𝛥H
t ) and intralayer inter-

faces CZintra, 𝐷 = 𝐷n(𝛥H
n ), because shear deformation predominates

on interlayer interfaces, whereas tensile deformation predominates on
intralayer interfaces in this study as shown schematically in Fig. 1.

For any given direction, 𝐷 is equal to 0 when the CZ does not
experience any loading. The damage accumulates and 𝐷 gradually
approaches 1 as the experienced maximum separation increases. From
Fig. 3, it is apparent that the variable 𝐷 exhibits a bounded range of
0 ≤ 𝐷 < 1. In this study, we consider 𝐷f = 0.99 as the criterion for CZ
fracture. Given that the traction of both directions becomes negligibly
small when 𝐷 reaches 1, the sensitivity of 𝐷f = 0.99 influence to results
is sufficiently small. When one direction fractures, traction in the other
direction is released, and the stiffness is set to 0.

2.3. Model of crack tip field under small-scale yielding condition

We focus on the mechanical response of nacre-like materials near
crack-tip field. As shown in Fig. 4(a), we consider a semi-infinite plate
with staggered microstructure and an edge crack of length 𝑎0 that is
perpendicular to the tablet direction and located in the center. Defor-
mation occurs under a uniform remote tensile stress 𝜎0 parallel to the
tablet direction. We assume singular stress field under SSY conditions
of mode I crack in plane strain condition in which the stress intensity
factor 𝐾I predicts the near crack-tip stress field. To be precise, inelastic
failure near crack-tip in the nacre-like materials is not expressed as
‘yield’. From a viewpoint of the fracture mechanics, however, small-
scale failure assumption near the crack tip can be regarded as the SSY
condition. We select a circular region centered at the pre-crack tip as
the analysis region for this study. More details are shown in Fig. 4(b).

For the SSY model, the analysis region should be significantly larger
than the process zone. Considering the size of the process zone observed
in nacre-like materials (Barthelat and Espinosa, 2007), the analysis
region should be extremely large. However, the finite element model
frequently possesses an extremely large bandwidth due to the complex
staggered structure of nacre-like materials, which poses challenges for
large-scale simulations. To reduce the computational costs, we divide
the analysis region into two parts: the structural model (SM) inside a
process window surrounding the crack tip and the continuum model
(CM) away from the crack tip, as shown in Fig. 4(b). The fracture
process zone is assumed to be confined the SM, inside the process
window, in the same way to the discrete dislocation analysis of crack
growth by Cleveringa et al. (2000) and Nakatani et al. (2003). The
staggered structure is retained only in the SM, whereas the CM is
homogenized into an orthotropic linear elastic material (Bertoldi et al.,
4

2008). The finite element mesh used in this study is shown in Fig. 5.
The protein matrix filling between tablets is simplified as a four-node
interface element.

The SM is adopted for a rectangular region surrounding the crack tip
with a length of 𝑙SM and a width of 𝑤SM, preserving the microstructure
shown in Fig. 1.

We examine the different microstructures of the nacre-like mate-
rials in a variety of two parameters that address both the geometric
and mechanical characteristics. First, we set the width of the tablets,
𝑤, to be constant, whereas the geometric characteristics of the mi-
crostructure are specified by the aspect ratio 𝑘. In addition, different
cohesive laws are employed to describe the intralayer and interlayer
interfaces to comprehensively investigate the influence of the interfaces
on the fracture behavior of nacre-like materials. We define a ratio,
𝑝 = 𝑇max

n, intra∕𝑇
max
n, inter, in which 𝑇max

n, intra and 𝑇max
n, inter denote the maximum

normal tractions of intralayer interface and of interlayer interface,
respectively. For simplicity, we maintain equal values of 𝛥cr

t and 𝛥cr
n

for both intralayer and interlayer interfaces. This assumption allows
us to characterize the interface properties of the model using a single
parameter 𝑝. Note 𝑝 also represents the ratio of the normal stiffness
between the intralayer and the interlayer interfaces. Because 𝑇max

n, inter
is set to a nonzero constant, as shown in Table 1, a higher value of
𝑝 indicates a stronger intralayer connection. The model contains only
interlayer connections when 𝑝 = 0, similar to the widely used shear-lag
model (Gao et al., 2003). For 𝑝 > 0, intralayer connections are also
considered, resulting in the classical brick-and-mortar model (Begley
et al., 2012).

In contrast, for the CM, we simplify the periodic microstructure
shown in Fig. 1 as a homogenized orthotropic linear elastic continuum.
The components of homogenized compliance matrix, 𝑏𝐼𝐽 for the CM are
obtained from trial simulations, as shown in Appendix A. Under the
SSY assumption, the boundary of the CM is dominated by the mode
I stress intensity factor 𝐾I. The boundary condition is given by the
displacement increments of the boundary nodes, which are obtained
from the theoretical displacement field of a linear elastic orthotropic
material (Sih et al., 1965; Nejati et al., 2021).

𝑢1 = 𝐾I

√

2𝑟
𝜋
Re

[

1
𝜇1 − 𝜇2

(

𝜇1𝑝2
√

cos 𝜃 + 𝜇2 sin 𝜃

− 𝜇2𝑝1
√

cos 𝜃 + 𝜇1 sin 𝜃
)]

,

𝑢2 = 𝐾I

√

2𝑟
𝜋
Re

[

1
𝜇1 − 𝜇2

(

𝜇1𝑞2
√

cos 𝜃 + 𝜇2 sin 𝜃

− 𝜇2𝑞1
√

cos 𝜃 + 𝜇1 sin 𝜃
)]

(8)



Mechanics of Materials 195 (2024) 105034X. Ye and A. Nakatani
Fig. 5. Typical finite element mesh used in this study. From left to right, there is a continuous decrease in the magnification factor: (a) Homogenized continuum model. (b)
Transition from outer circular continuum model to near-tip rectangular structural model inside the process window. (c) Structural model containing the staggered structure.
Fig. 6. Boundary value problem of a continuum body with a cohesive interface.

where (𝑟, 𝜃) represent the polar coordinates of the node, as shown in
Fig. 4(a). The complex or purely imaginary number, 𝜇1 and 𝜇2, as well
as their complex conjugates, 𝜇̄1 and 𝜇̄2, are the roots of the following
equation:

𝑏11𝜇
4 − 2𝑏16𝜇3 +

(

2𝑏12 + 𝑏66
)

𝜇2 − 2𝑏26𝜇 + 𝑏22 = 0 (9)

𝑝𝑗 and 𝑞𝑗 are given by

𝑝𝑗 =𝑏11𝜇2
𝑗 + 𝑏12 − 𝑏16𝜇𝑗 ,

𝑞𝑗 =𝑏12𝜇𝑗 +
𝑏22
𝜇𝑗

− 𝑏26
(10)

where 𝑗 = 1, 2. For the orthotropic material in the present coordinates,
𝑏16 = 𝑏26 = 0. Similarly, we can obtain a linear elastic stress field for
orthotropic materials.

𝜎11 =
𝐾I

√

2𝜋𝑟
Re

[

𝜇1𝜇2
𝜇1 − 𝜇2

(

𝜇2
√

cos 𝜃 + 𝜇2 sin 𝜃

−
𝜇1

√

cos 𝜃 + 𝜇1 sin 𝜃

)]

,

𝜎22 =
𝐾I

√

2𝜋𝑟
Re

[

1
𝜇1 − 𝜇2

(

𝜇1
√

cos 𝜃 + 𝜇2 sin 𝜃

−
𝜇2

√

cos 𝜃 + 𝜇1 sin 𝜃

)]

,

𝜎12 =
𝐾I

√

2𝜋𝑟
Re

[

𝜇1𝜇2
𝜇1 − 𝜇2

(

1
√

cos 𝜃 + 𝜇1 sin 𝜃

− 1
√

cos 𝜃 + 𝜇2 sin 𝜃

)]

(11)

The key parameters are chosen based on experimental observa-
tions (Barthelat et al., 2006; Li et al., 2004; Shao et al., 2014; Lin and
Meyers, 2009), and the parameters of the model and simulation are
listed in Table 1.
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Table 1
Parameters of the model and simulation.
Parameters of tablet
Dimensions Width 𝑤 [nm] Length 𝑙 [nm]

400 400 𝑘
Material Young’s modulus Poisson’s ratio
parameters 𝐸

[

GPa
]

𝜈
80 0.3

Parameters of interfaces
Cohesive zone parameters of 𝛥cr

t [nm] 𝛥cr
n [nm] 𝑇max

n
[

MPa
]

Interlayer interface CZinter 5 5 30
Intralayer interface CZintra 5 5 30 𝑝

Boundary condition
Displacement components at boundary nodes
of the model for the updated 𝐾I are specified by Eq. (8)

Key parameters for parametric study
𝑝: ratio of maximum normal tractions varied in range of 0 to 30
𝑘: aspect ratio of tablets varied in the range of 2 to 40

The analysis model involves an SM region comprising a total of 70
layers, each consisting of 50 tablets, which have a size of 50 × 70, and
the size of the CM, 𝑟CM, is more than 100 times larger than that of
the SM. From trial simulations as shown in Appendix B, we understand
that the fracture behavior within the process zone of the characteristic
length, 𝑟PZ, remains independent of the SM size at this scale, and the
chosen dimensions of models ensure that the influence of nonlinear
deformation near the crack tip on the boundaries of the CM is negligible
and validating the SSY conditions.

3. Computational implement and post-processing

3.1. Incremental finite element method

In this study, the boundary value problem of a continuum body 𝛺
involving the CZ interface 𝑆CZ as shown in Fig. 6 is solved using the
finite element method based on the incremental form of the principle
of virtual work. The displacement 𝒖 and the external load 𝑷 are
specified on the boundaries 𝑆u and 𝑆P, respectively. The rate form of
the principle of virtual work at time 𝑡

∫𝛺
𝜎̇𝑖𝑗𝛿𝜀𝑖𝑗d𝑉 = ∫𝑆CZ

(

𝑇̇n𝛿𝛥n + 𝑇̇t𝛿𝛥t
)

d𝑆 + ∫𝑆P

𝑃̇𝑖𝛿𝑢𝑖d𝑆 (12)

holds, where ( ̇ ) is the material time derivative, 𝜎𝑖𝑗 is the stress tensor,
𝜀𝑖𝑗 is the strain tensor, 𝑢𝑖 is the displacement vector, and 𝑃𝑖 is a
component of external force 𝑷 . For the crack problem, traction free
condition 𝑃𝑖 = 0 is set on the pre-crack surface. Increment of the nodal
displacement under loading can be specified for the boundary condition
of the incremental finite element calculation based on Eq. (12).
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Fig. 7. Failure-mechanism map: fracture mechanism transition induced by microstructural changes. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 8. The characteristics of the process zone and the energy dissipation within it, as represented by the 𝐷. (a) Delamination cracking mechanism (𝑘 = 2, 𝑝 = 20,
𝐾I = 14.5 GPa

√

nm, 𝑤SM = 28 000 nm, 𝑙SM = 40 000 nm). (b) Longitudinal damage zone mechanism (𝑘 = 2, 𝑝 = 1, 𝐾I = 41.7 GPa
√

nm, 𝑤SM = 28 000 nm, 𝑙SM = 40 000 nm).
(c) Crack bifurcation mechanism (𝑘 = 15, 𝑝 = 1, 𝐾I = 151.6 GPa

√

nm, 𝑤SM = 28 000 nm, 𝑙SM = 300 000 nm). (d) Transverse damage zone mechanism (𝑘 = 15, 𝑝 = 13,
𝐾I = 209.4 GPa

√

nm, 𝑤SM = 28 000 nm, 𝑙SM = 300 000 nm).
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Fig. 9. Four distinct failure mechanisms shown as the normalized crack morphology: (a) Delamination cracking mechanism (𝑘 = 2, 𝑝 = 20, 𝐾I = 14.5 GPa
√

nm). (b) Longitudinal
damage zone mechanism (𝑘 = 2, 𝑝 = 1, 𝐾I = 41.7 GPa

√

nm). (c) Crack bifurcation mechanism (𝑘 = 15, 𝑝 = 1, 𝐾I = 151.6 GPa
√

nm). (d) Transverse damage zone mechanism (𝑘 = 15,
𝑝 = 13, 𝐾I = 209.4 GPa

√

nm). Typical microcracking mechanisms on the cohesive zones within square regions denoted as A, B, C, D are schematically illustrated on the right side
of the figure. A: Straight shear cracks, B: Shear microcracks, C: Stair-step cracks, D: Debond microcracks.
3.2. Evaluation of toughness and effects of process zone

The J–integral (Rice, 1968)

𝐽 = ∫C

(

𝑊 𝛿𝑗1 − 𝜎𝑖𝑗
𝜕𝑢𝑖
𝜕𝑥1

)

𝑚𝑗𝑑𝑠 (13)

is used to assess the fracture toughness of the nacre-like materials. The
path C represents a contour surrounding the crack tip, 𝑊 is the strain
energy density, and 𝛿𝑖𝑗 is the identity tensor and 𝑚𝑗 is the outward
normal vector of the integration path C. The integration path is set
within the homogenized CM to ensure that all the energy dissipation
occurs within the contour. Furthermore, the equivalent domain integral
(EDI) method facilitates the implementation of J–integral in finite
element analysis (Li et al., 1985). Because there is no energy dissipation
within the CM, the J–integral is theoretically path-independent in the
CM, which is confirmed through computational experiments, as shown
in Fig. B.1. Moreover, the computational solutions agree with the
theoretical solution of energy release rate for the orthotropic elasticity
(Sih et al., 1965)

𝐺I = 𝐾2
I

√

𝑏11𝑏22
2

[
√

𝑏22
𝑏11

+
2𝑏12 + 𝑏66

2𝑏11

]

1
2

(14)

This validates the use of the remote J–integral for evaluating the
toughness of nacre-like materials.
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4. Result and discussion

4.1. Fracture mechanism transition attributed by microstructure

In the first part of this section, we describe the impact of microstruc-
ture on the fracture mechanisms of nacre-like materials. Tankasala et al.
(2017) study the fracture mechanism with competition between crack
penetration and crack kinking depends on the orthotropic elasticity
even in homogeneous solids. The microstructure of nacre-like materials
not only specifies overall anisotropic elasticity but also confines the
geometrically admissible paths of microcracks. The influence of the
microstructure is examined by controlling the aspect ratio 𝑘 and the
CZ strength ratio 𝑝, and we set 𝑝 in the range from 0 to 30 and 𝑘
in the range from 2 to 40. The results using finite element analy-
sis show that different microstructures lead to four distinct fracture
mechanisms: longitudinal damage zone (LDZ) mechanism, crack bifur-
cation (CB) mechanism, transverse damage zone (TDZ) mechanism, and
delamination cracking (DC) mechanism. These fracture mechanisms
are indicated on a failure-mechanism map as shown in Fig. 7. The
parameter ranges corresponding to the four fracture mechanisms are
illustrated using different color blocks, while the plotted symbols of
the corresponding color represent the examined parameters. The char-
acteristics of each fracture mechanism are summarized in schematic
diagrams around the map. Furthermore, the actual process zone and
crack morphology of the four typical combinations of 𝑝 and 𝑘 (red
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Fig. 10. Variation of the stress field near the crack tip in the DC mechanism with
loading 𝑟eval = 2 000 nm. (a), (c), (e): Heatmap of stress field. (b), (d), (f): Variation of
stress with loading at crucial angles.

circles in Fig. 7) are illustrated in Figs. 8 and 9 to provide more
details on the difference between fracture mechanisms. In Fig. 8, the
deformation behavior of the process zone is illustrated by the damage
factor 𝐷. Therefore, the shape, size, and compactness of the process
zone can be visually confirmed by referring to Fig. 8. In Fig. 9, we show
the crack morphology by drawing damaged CZs with line segments. The
dimensions for 𝑥1 and 𝑥2 axes are scaled based on the geometric dimen-
sions of the tablet, 𝑥′1 = 𝑥1∕𝑤, 𝑥′2 = 2𝑥2∕𝑙, to expose the topological
characters of the crack morphology unaffected by difference of tablets’
aspect ratio. Consequently, any arbitrary staggered structure is mapped
onto an ideal isometric grid with the crack tip fixed at (0, 0). In addition,
typical microcracking mechanisms on the cohesive zones within square
regions denoted A, B, C, D are schematically illustrated, in which A, B,
C, D correspond to straight shear cracks, shear microcracks, stair-step
cracks, debond microcracks, respectively.

The characteristics of all four fracture mechanisms can be summa-
rized as follows, based on Figs. 8 and 9:

• Longitudinal damage zone (LDZ) mechanism
Within the yellow parameter range in the map’s bottom left
corner in Fig. 7, where both 𝑘 and 𝑝 are small, the model shows
the LDZ mechanism. This fracture mechanism is the one that
occurs the most frequently in natural nacre-like materials. In
Fig. 8(b) and Fig. 9(b), the distinctive feature is a fan-shaped
sizable process zone before the crack tip. Furthermore, the dam-
age in the region between 𝜃′ and −𝜃′ is significantly higher
8

Fig. 11. Variation of the stress field near the crack tip in the LDZ mechanism with
loading 𝑟eval = 2 000 nm. (a), (c), (e): Heatmap of stress field. (b), (d), (f): Variation of
stress with loading at crucial angles.

compared to other regions. This suggests that the nacre-like mate-
rials’ staggered microstructure helps prevent stress concentration
at the crack tip, delaying crack propagation. This observation
aligns with the experimental results reported by Rabiei et al.
(2010). At the macroscopic level, the crack propagation direction
parallels the pre-crack. However, the crack continues to deflect
and develops a zigzag-like crack path. These deflections can
significantly increase the material’s toughness, as stated by Song
et al. (2018) and Abid et al. (2019). Furthermore, many microc-
racks are observed near the main crack, indicating more energy
dissipation (Rabiei et al., 2010; Song et al., 2018).

• Crack bifurcation (CB) mechanism
A sizable process zone is observed surrounding the crack tip in
this mechanism, as shown in Fig. 8(c) and Fig. 9(c). However,
the region in front of the crack tip is protected, and 𝜃′ and −𝜃′
directions are where the process zone develops. The presence of
stair-step cracks that branch along the 𝜃′ and −𝜃′ directions is the
main characteristic of this fracture mechanism. This phenomenon
of crack bifurcation was similarly observed in the experimental
study conducted by Yahyazadehfar and Arola (2015). The exis-
tence of sub-cracks parallel to the main crack but unconnected
is another distinguishing feature. These sub-cracks significantly
increase the material’s toughness (Schmahl et al., 2012).

• Transverse damage zone (TDZ) mechanism
The TDZ mechanism appears when the model has a large aspect
ratio 𝑘 and improved strength of the interlayer connections, mak-
ing crack propagation along the direction perpendicular to the
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Fig. 12. Variation of the stress field near the crack tip in the CB mechanism with
loading 𝑟eval = 8 000 nm. (a), (c), (e): Heatmap of stress field. (b), (d), (f): Variation of
stress with loading at crucial angles.

tablet extremely difficult. The process zone in the TDZ mechanism
is divided into two symmetric parts, just similar to the CB mech-
anism. However, the process zone in the TDZ mechanism further
concentrates between 𝜃′ and 𝜋 − 𝜃′, as shown in Fig. 8(d) and
Fig. 9(d). The TDZ mechanism’s highly complex crack morphol-
ogy is characterized by transverse cracks connected to the main
crack and parallel sub-cracks. Additionally, a significant number
of microcracks are also observed.

• Delamination cracking (DC) mechanism
If the influence of parameters 𝑘 and 𝑝 on fracture mechanisms ob-
served above can be generalized to the parameter range shown in
the top left corner of Fig. 7, then the mechanism within this region
should exhibit characteristics between LDZ and TDZ. However,
the results obtained from the finite element analysis do not sup-
port this conjecture. The crack transversely propagates through
the protein matrix, leading to the DC mechanism with a single
straight crack parallel to the tablet, as shown in Fig. 8(a) and
Fig. 9(a). No spread process zone is observed around the crack tip,
compared with the other three fracture mechanisms, indicating
that almost all energy dissipation is used to propagate the single
straight crack. The commonly observed toughening mechanisms
in nacre-like materials, such as microcrack and crack bifurcation,
are ineffective within this parameter range. The potential risks
caused by this loss of process zone and toughening mechanisms
will be illustrated in the following discussion on toughness.
9

Fig. 13. Variation of the stress field near the crack tip in the TDZ mechanism with
loading 𝑟eval = 8 000 nm. (a), (c), (e): Heatmap of stress field. (b), (d), (f): Variation of
stress with loading at crucial angles.

We highlight the transition of fracture mechanisms controlled by the
microstructure and confirm that larger aspect ratios and stronger in-
tralayer connections can induce crack deflection away from the pre-
crack direction. However, the influence of the microstructure on the
fracture behavior extends beyond these observations. When both 𝑘
and 𝑝 are small, the model exhibits the LDZ mechanism. The CB
mechanism obtained by increasing 𝑘 and the TDZ mechanism obtained
by increasing both 𝑘 and 𝑝 exhibit features similar to those of the basic
LDZ mechanism. These features include a large process zone, complex
crack morphology, and activation of multiple toughening mechanisms,
although there are some differences in the details, such as different
shapes of the process zone and different activated mechanisms. In
contrast, a unique DC mechanism is generated when 𝑝 is increased,
where no toughening mechanisms are activated and no process zone
is observed.

4.2. Stress field near the crack tip

Then, the stress field of each fracture mechanism near the crack
tip is presented. The stress fields evaluated at a distance 𝑟eval from
the crack tip in the Cartesian coordinate system for the four fracture
mechanisms as they change with loading are shown in Figs. 10–13. We
normalize the stress field using

√

𝑟eval to eliminate the influence of the
radius. However, as shown in Figs. 14–17, the relationship between
stress and angle under specific loading is presented to illustrate the
transition from an elastic stress field dominated by 𝐾 to a stress field
I
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Fig. 14. Stress field near the crack tip and damage distribution in the DC mechanism, under specific loading (𝑟eval = 2 000 nm).
dominated by nonlinear deformation with more details. Moreover, the
state of the process zone is presented. In Figs. 14–17, the stress fields
are normalized by

√

𝑟eval∕𝐾I and compared with the theoretical crack
tip stress field for linear elastic orthotropic materials, as shown in
Eq. (11). The stresses are obtained by interpolating the stresses at the
integration points of the tablet elements. We set 𝑟eval = 2 000 nm for
the models with aspect ratios of 2 (LDZ, DC) and 𝑟eval = 8 000 nm for
the models with aspect ratios of 15 (TDZ, CB) to ensure an adequate
number of points to describe the near-tip field, owing to the significant
influence of the aspect ratio on the size of the tablet. The distribution
of the process zone under a specific load is also presented to establish
the relationship between nonlinear deformation behavior and the stress
field.

As shown in Figs. 10–17, the different microstructures result in
distinct linear elastic fracture mechanical stress fields for the four
fracture mechanisms. However, they exhibit similar shape character-
istics. In the early stages of loading, the computational solutions of
the stress fields in all mechanisms closely match the theoretical solu-
tions, indicating that the initial stress field is dominated by 𝐾I. This
consistency demonstrates the validity of simplifying the remote CM as
orthotropic material. However, the nonlinear deformation of the inter-
faces near the crack tip results in deviations between the computational
and theoretical solutions as the loading increases. A nonlinear region
gradually replaces the singularity-dominated region described by 𝐾 .
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I

Moreover, the different process zone characteristics of different fracture
mechanisms result in distinctly different stress fields near the crack tip.

In the DC mechanism, the damage is highly concentrated in the
matrix on both sides of the crack tips. Consequently, the stress field, or
stress gradient field exhibits discontinuities at 𝜃 = ±𝜋∕2, as shown in
Fig. 14. Furthermore, rapid crack propagation accompanied by rapid
stress redistribution is observed when 𝐾I exceeds 12 GPa

√

nm, as
shown in Fig. 10. Within the range of −𝜋∕2 to 𝜋∕2, both 𝜎11 and
𝜎12 decrease and approach zero after the crack propagation, with a
temporary reversal observed in 𝜎12. In addition, 𝜎22 becomes nearly
constant within this range.

In the LDZ mechanism, a distinct process zone is formed within
a sector at the crack tip with increasing loading. This results in a
reduction in the stress concentration near the crack tip, manifested
by a significant decrease in 𝜎11 and 𝜎12 within this range. The tablets
within this range experience a similar stress state, as shown in Fig. 15.
Despite the generation of the process zone, 𝜎22 remains higher than
the theoretical elastic solution and significantly higher than the other
mechanisms within the range of −𝜃′ to 𝜃′, leading to crack propagation
within this range. In addition, a discontinuity in the stress field along
±𝜃′ is observed, which is consistent with the findings of Pro et al.
(2015a).

In the CB mechanism, the process zone is primarily concentrated
near −𝜃′ and 𝜃′, resulting in a significant discontinuity of stress near
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Fig. 15. Stress field near the crack tip and damage distribution in the LDZ mechanism, under specific loading (𝑟eval = 2 000 nm).
±𝜃′ due to the separation between the tablets. Within the range −𝜃′ to
𝜃′, both 𝜎11 and 𝜎12 are almost constant and maintain at low levels,
whereas 𝜎22 still closely matches the elastic solution, as shown in
Fig. 16.

In the TDZ mechanism, the process zone is primarily distributed
between 𝜃′ and 𝜋 − 𝜃′, and a stress discontinuity is observed in this
range, as shown in Fig. 17. However, because of the large aspect ratio,
𝜃′ approaches 𝜋∕2, and the difference in the stress field between TDZ
and CB mechanisms is insignificant.

4.3. Toughening attributed by microstructure

The influence of the fracture mechanisms on the toughness is re-
vealed by the fracture resistance (R–curve) of the four typical pa-
rameter combinations mentioned above, as shown in Fig. 18. Crack
propagation 𝑎 is commonly chosen as the variable of the horizontal axis
in the R–curve plot. In this study, however, we extend the conventional
R–curve plot to a 3D plot to clarify the mechanism of toughening due
to the staggered structure. Considering that the staggered structure
constrains the crack path to the matrix, the crack path can be divided
into segments parallel to 𝑥1 or 𝑥2 direction, as shown in Fig. 9. The
minimum unit of crack propagation corresponds to the width 𝑤 of the
tablet in the 𝑥1 direction and corresponds to the length of the half-
tablet 𝑙∕2 in the 𝑥 direction. Therefore, we define dimensionless crack
11

2

propagation 𝑏1 and 𝑏2, and the crack propagation can be described as
the crack propagates through 𝑏1 layers in the 𝑥1 direction and 𝑏2 half-
tablets in the 𝑥2 direction. Then we extend the original two-dimensional
R–curve to a three-dimensional R–curve, as shown in Fig. 18(a), where
the 𝑧-axis represents the fracture toughness 𝐽 , and the 𝑥1-axis and 𝑥2-
axis represent dimensionless crack propagation components 𝑏1 and 𝑏2,
respectively. This plot demonstrates the variation in fracture toughness
associated with crack propagation in a staggered structure. Figs. 18(b)
and (c) show the projections of Fig. 18(a) onto the 𝐽–𝑏2 and 𝐽–
𝑏1 planes, respectively, and indicate the crack resistance in the 𝑥2
and 𝑥1 directions. Considering the application scenarios of nacre-like
materials, preventing crack propagation perpendicular to the tablets
is necessary. Thus, we consider the resistance of cracks propagating
along the 𝑥1-direction, as shown in Fig. 18(c), as the fracture toughness
of nacre-like materials. Fig. 18(d) shows the projection of Fig. 18(a)
onto the 𝑏1–𝑏2 plane, illustrating the crack propagation process as the
trajectory of moving point (𝑏1, 𝑏2).

Fig. 18 demonstrates that the LDZ, CB, and TDZ mechanisms all
exhibit excellent fracture toughness, with rising R–curve as the crack
propagates. This rising resistance can prevent unstable crack prop-
agation and catastrophic failures. The highest fracture toughness is
observed for the TDZ mechanism. Distinct large stairs can be observed
in the crack resistance curve, as shown in Fig. 18(c). For instance,
the value of 𝐽 must increase from 38.0 J∕m2 to 566.2 J∕m2, implying
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Fig. 16. Stress field near the crack tip and damage distribution in the CB mechanism, under specific loading (𝑟eval = 8 000 nm).
that crack propagation along the 𝑥1 direction encounters significant
resistance, to increase 𝑏1 from 1 to 2. These large stairs can be deduced
from Figs. 18(b) and (d), which are the result of the crack’s transverse
propagation. The energy input is dissipated during the generation of the
surface of the transverse cracks, significantly delaying the propagation
in the 𝑥1 direction and improving the toughness. Furthermore, the CB
mechanism produces a higher fracture toughness than the LDZ mecha-
nism because of the increased crack surface area caused by the larger
aspect ratio and complex crack morphology, such as bifurcation and
sub-cracks. Notably, even the LDZ mechanism, which had the lowest
toughness among the three, still exhibits a notable overall toughness
compared to both interfaces.

Fig. 18 shows a significant decrease in fracture toughness in the DC
mechanism. The DC mechanism exhibits zero 𝑥1-direction crack prop-
agation, indicating infinite crack resistance in this direction. However,
this is meaningless because extremely poor toughness immediately re-
sults in a catastrophic failure in the 𝑥2 direction, as shown in Fig. 18(b).
This low toughness can be attributed to several factors, as shown
in Figs. 8 and 9, including the absence of a process zone, evident
stress concentration, straight crack path, and deactivated toughening
mechanisms. Therefore, in the design of artificial nacre-like materials,
increasing the strength of intralayer connections should be avoided
because this may lead to the occurrence of the DC mechanism and
extremely poor toughness.
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In conclusion, our research highlights the fracture mechanisms of
nacre-like materials and their pronounced sensitivity to microstructural
variations, particularly with respect to levels of anisotropy and the me-
chanical properties of interfaces. These findings demonstrate that tran-
sition of fracture mechanisms significantly influences the macroscopic
toughness of the materials.

5. Conclusions

This study investigated the small-scale failure process of nacre-like
materials, and established a connection between microstructures and
macroscopic mechanical properties. We demonstrated that alterations
in the microstructure of nacre-like materials significantly affected the
fracture mechanisms and stress fields near the crack tips, resulting in a
significant impact on the overall toughness. The near-tip field behavior
of nacre-like materials is investigated using finite element analysis. The
key conclusions are summarized as follows.

In this study, we employed a homogenized model to achieve simu-
lations at the scale of millions of tablets while balancing accuracy and
computational cost. This method can easily be applied to other soft and
hard materials.

Furthermore, under small-scale failure assumption, the nacre-like
materials exhibited four distinct fracture mechanisms as the microstruc-
ture changed. These fracture mechanisms exhibit different process zone
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Fig. 17. Stress field near the crack tip and damage distribution in the TDZ mechanism, under specific loading (𝑟eval = 8 000 nm).
characteristics, crack morphologies, and near-tip fields, resulting in
significantly different levels of toughness that differed by hundreds of
times in magnitude. A failure-mechanism map that would be a chart
for material design is proposed to indicate the fracture mechanisms.

This study deepens the understanding of how the microstructure
of nacre-like materials influences their overall mechanical properties.
A new design strategy for artificial nacre-like materials is presented,
involving the design of the microstructure to induce specific fracture
mechanisms and activate specific toughening mechanisms to achieve
optimal toughness.

It is noteworthy that, for simplicity, in this study, several assump-
tions regarding the interface were adopted. While these assumptions
facilitated the research process, they may have also overlooked cer-
tain factors critical to understanding the nacre-like materials’ fracture
mechanisms. Further investigation in this area remains valuable and
necessary.
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Appendix A. Evaluation of homogenized elasticity property

In the planar problem of orthotropic materials, the relationship
between strain 𝜀11, 𝜀22, 𝛾12 = 2𝜀12 and stress 𝜎11, 𝜎22, 𝜎12 can be
expressed as

⎡
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⎣

𝜀11
𝜀22
𝛾12

⎤

⎥

⎥

⎦
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𝑏11 𝑏12 0
𝑏21 𝑏22 0
0 0 𝑏66
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⎤

⎥
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(A.1)

In this study, the compliance matrix 𝑏𝐼𝐽 of orthotropic materials un-
der plane strain conditions is obtained by subjecting a model with
a staggered structure to three independent deformation components,
as shown in Fig. A.1. The subscripts 𝐼𝐽 of the matrix denote Voigt
notation, and the matrix components 𝑏11, 𝑏12, 𝑏21, 𝑏22, 𝑏66 in Eq. (A.1)
correspond to the tensor components 𝑏1111, 𝑏1122, 𝑏2211, 𝑏2222, 𝑏1212(=
𝑏1221 = 𝑏2112 = 𝑏2121), respectively. The strains are specified within a
small range, allowing CZ to be approximated as linear elastic response.
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Fig. A.1. Three deformation modes of the trial experiment used to determine the elastic
constants: (a) Uniaxial stretching loading along the 𝑥1-direction, 𝜎22 = 𝜎12 = 0; (b)
Uniaxial stretching loading along the 𝑥2-direction, 𝜎11 = 𝜎12 = 0; (c) Pure shear loading,
𝜎11 = 𝜎22 = 0.

Upon uniaxial stretching along the 𝑥1-direction, as shown in Fig. A.1(a),
𝜎22 = 𝜎12 = 0, we obtain the value of 𝑏11, 𝑏12 by

𝑏11 =
𝜀11
𝜎11

, 𝑏12 =
𝜀22
𝜎11

(A.2)

Similarly, the values of 𝑏21, 𝑏22, 𝑏66 are evaluated.

Appendix B. Validation of small-scale yielding model

The path independence of the J–integral in CM is shown in Fig. B.1,
and the computational solutions agree with the theoretical solutions,
demonstrating that using the remote J–integral to assess material
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Fig. B.1. The J–integral remains path independent within the CM throughout the entire
loading process (𝑘 = 2, 𝑝 = 1). 𝑟J denotes the radius of the circular J–integral path.

Fig. B.2. Fracture mechanism and process zone showing the independence of the
SM size (𝐾 = 40 GPa

√

nm): (a) 18 × 50 (𝑤SM = 20 000 nm, 𝑙SM = 14 400 nm). (b)
50×70 (𝑤SM = 28 000 nm, 𝑙SM = 40 000 nm). (c) 70×80 (𝑤SM = 32 000 nm, 𝑙SM = 56 000 nm).

toughness is appropriate in the SSY model. 𝑟j represents the distance

from the integrated path to the pre-crack tip.
15
Fig. B.3. Models with different SM sizes exhibiting similar rising resistance curves.

Additionally, we assume that all nonlinear deformations occurred
within the SM while simplifying the elastic region far from the crack
tip as a homogeneous orthotropic material to reduce computational
costs. However, this approximation introduces errors. To ensure the
validity of the SSY model, we confirm that the fracture mechanisms
and toughness are independent of the SM size, as shown in Figs. B.2
and B.3. We select three model sizes: 18 × 50, 50 × 70, and 70 × 80.
The first number represents the number of tablets in each layer and
the second number represents the number of layers within the SM.
The parameters 𝑘 = 2 and 𝑝 = 1 are kept constant in all the models,
whereas the other parameters are listed in Table 1. According to
Figs. B.2 and B.3, we can observe that the three models with different
sizes of SM all exhibit the same LDZ fracture mechanism and display
similar toughness and rising resistance curves. Notably, in the 18 × 50
model, the development of the process zone is noticeably influenced
by the homogenized boundaries, indicating that the influence of the
homogenized boundary is limited to the vicinity of the boundaries and
did not have a significant impact on the fracture behavior at the crack
tip. Furthermore, from Fig. B.2(b) and (c), we can observe that the
damage of the CZs near the homogenized boundary can be neglected,
confirming the validity of the results for these SM sizes. In conclusion,
the validity of the results obtained for the SM with size 50 × 70 used
in this study is demonstrated.
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