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On a Two-Dimensional Space of Projective Connection
Associated with a Surface in R,

By Matsuji TSuBoKO

Denote by R, an.n-dimensional space of projective connection.
First, in this paper, we treat the development of a curve in R, by a
method analogous to the theory on an ordinary projective plane curve.
Next, we associate R, with a surface S in R; by a method of projection
and investigate some properties of R, and other relations between R,
and R,.

1. Let R, be an n-dimensional space of projective connection, in
which a moving point is determined by a system of coordinates (u*).
If a natural frame” of reference [A4,4, .- 4,] is associated with the
moving point A, in the tangential space of » dimensions at 4, of R,,
the infinitesimal displacement of the frame is given by

(1) dszngB) wg_—:l]skduk,
and .
(2) (=0, e=du,
”gk:o’ ”go’—_ﬂgs_’—_-sﬁy

where we denote by Greek letters «, 8, etc. the indices which take the
values 0,1,---,%, and by Latin letters i, j, etc. those which take
1,2, ,m.

Consider a curve C passing through 4, of R,, where u* are func-
tions of a parameter £. Then we have along C

(3) e —pea,, of =i,
and
a4 dpg
Dl = viptd, + (B0 +pipt) Ay,
diA d dpg Rk
e ={ar 0w+t +oint)} 4,

d [ dp: aps
+{W (% +p3‘p,i) +pép3p2+p£( e +p6p,’i>} A,
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diaA, d d dp} inp0 4 dp n ) z]
WI;DA — { dt [ dt ( dto + poph) +p0p0ph < di? +p0p;: pk
. d d
+[d—t (p3p2)+< d’;" +poph> pk] 04
d k dp}
+[W (—d—fti +p8p;i) + DoDoPh + ( é’t +pom) pz]m} A,
+( V4, .

Consequently the point on the image I' of C corresponding to t+dt is
given by

4y 940 gy, 1 04

dt or de (dt)2 = p(4+2'A)),

where

(4) o' =pidt +—§—(d§; +popj) dty
(15 { d (dft" +p{‘m> 2pop m+(dp° +p6‘p§i)p£} (aty .
9} { [ dt (iﬁ" +p3pi)+pép8p,‘i (‘2’? +p:;p;;)p,g]

d d
< dﬁ" +poph>+pophpo ( d’;" +pom>pz]m

aE
d
dt
[ .
[ dt (pom)+<‘f§-‘;i +p8p’:) p%] D
p

—6 zpz(dcg’ +p3p,a)} (dty +

2. In the case of n =2, by means of (4), the image I' can be
expressed by the equation, referred to the frame [A4,4,4,] of reference,

(5 ) g m! (pl)m (a'l)m
where
a’l - p(2) ’
dp? d
62 = _dpto‘ +pgp§.__‘ ( dpto +pgp){> ’

d [ dp? d
My = (7;;"- +pom) + DIDLDY+ ( Ps +popn>

t dt
2 d
_Ds [~~ ( cilpto +pom> +Pipips + ( dps +p8pn) pk]

ps L dt dt
1
-3 pL}) (%T;L +p3pk) @y
d dp}
N
dpo dpd

dt Popi— At po’”n}’



On a Two-Dimensional S pace of Projective Connection Associated with a Sur face in R; 103
d [ d ( dp2 < dpk
@ —=_ & 0 AP
4 dt ai dt +popn> +pineos + dt >Z)rs]
aps

[ ( Ii +poph)+2oopoph ( 7i +p’5p’,i>pk]p%
d d [d
p“ { [ ( Do +pom) +DipiDn + (‘ilpt“ +p’5p;’i)p%]

dt L dt \dt
d
+[ < Do +popn)+popom+<cilt Y )m]p}
d
_6 ( d’;" +pom)

_G dps.
(5272 (345 +oimn)

+apy[ -4 (P8 +pip} _1 popﬁpn D5 | prpk Pk} -
at \'dt 2 dt

If we denote by K the osculating conic at 4, of I' on the plane
AAA;, K, is expressed by the equation

2
Po* —piat = ?;1 Ci's’ (Cyy=0Cy),

where

Cu inazT (8 (@ [3 (@)~ 20,0, ] +(00 [Bes0,—4 @11}

Cp = 18( )3 {a3 [3(a,)? —alaa] a [30,20&4 §(a3)2]} ,

022 -

We put
B, =A4,, B, =1pi4,, :
_30,0,— 5(a,)? PG5 3 (az) N
By =gy A3, Nt 3, A
The points B, and B, lie on the tangent and the osculating conic K,
at A, of I' respectively and the line By B, is the polar of B, with

respect to K, .
If we associate the frame constituted by the points B,, B,, B,
with the point A(= B,) of the development I’ of C, we get by means

of (3)

—IS—(W— {3 aéa4 (a3)2}

B, _
dt _Bl’

(6) %L_w +hB,+B,,
dcgz — @B, +kB, +2hB, ,
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where
_ 5 L(dpo )
h = Ba, + gt +Dipi )
— orm0 _ 3%2®— 5 (@3
7 £ =ik 18 (@ '’
(D (Bostu—5r)_dma 5@
dt 18(a,)? 9(a,)
——3%3: YD +DY0s -
Thus. we get the equation for I
2 — 1 2 1\5 d® > 16 -
(8) 2= (g @F+ 5 (L2 —3h0) ()
1 7 (d6 bl RS
T {3@K+ o ( 3h®> }v(z ¥+ |
__dh 2 { 1 d*8_ 7 (L d_@))’}
det (h) ® di¥ 6 \O dt ’

2!, 22 being the nonhomogeneous coordinates of a point referred to the
frame [B,B,B,].
3. When we make the transformation of coordinates®

(9)  w=w, ), (r=5Enterlyo,

we have the following relations for the vertices of the natural frame
and the parameters of connection :

A, =vQ%4,, vA,=PEAP,
(10) 78, = P2 (Q"Q* y, 098 )
l wi A A ot ’
I15. = It = PRI, = 8%,
where. we put , :
. _ y Ology i au

P3=1, Pi=-21%» = pi_o, Pi= au,, |
0 __ »__ O logv i

Qo—ly Qz —_‘*—”ai_ti ’ QO_O’ Ql au_;'

Hence we have for the vertices of the frame [B,B,B,] and the
quantities %, &, ®, K

/el
ll

1n

VB, ,
_ ( % p, +Bl>,
{2 %

1 _ <4lo&> B, L& log v ”BI+B}
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7 _ g _dlogyv, 1 (dlogu>2 d?logv
b=k——g—t— g ) *—a&

B,=B,, E:_fl,_Bl, Bz_(fi,-)ng,
— " — 1
az) b (=) E= iy
_ 1 = 1
o=y F=geX

Therefore (11) and (12) show that ©(dt)® and K (dt)? are invariant for
the transformation of coordinates (9) and the change of parameter
t = f(t).

By means of (8), the osculating conic K, is represented by

22 = -;— (Y.
The projective normal® at B, of I' is the line joining B, with the

point

de
( 18 3h@) B,+30B,.

The cubic K; which has a contact of the sixth order with I' at B,
and meets the projective normal at B, of I' at the conjugate pomts
with respect to K, is represented by the equation

{22——;— (zl)z}(l a2 +b2?) = % 2P+ { 115 ( LS —3h®) +% @a}(z2)3

o, b satisfying the relation

1 ( d® _3h@> +a(d£ —3h®>+3®b =0,

60 dt
from which we get
2 __ __ 1\2 1% 1 ae _ > 1\6
2= 5 (g (g (42 —3h0) (2
1 — 1 7 LR
+720®< 3h®> (z)+» .

Hence we can say as follows.
Let B be a point which does not lie on the tangent B,B, of I, and
P, P,, P,, P, be the points of intersection of a line passing through B
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with B,B,, I, K,, K, respectively in the neighbourhood of B,. Then the
principal parts of the anharmonic ratios [BPP,P,], [ BPP,P;] are

® 3 £ 2
10 8¢ 7 (@)
respectively.® » .

By means of (11) and (12), we can choose the system of coordinates
(u', w*) and the parameter ¢ in such a way that we have h=k=0
for C. Then we have from (7)

d (dpt R ' dpt |
13) ~dt—< s +pa‘m)+p3p$p2+( (ﬁ" +p£‘p;’:> P =0,
(=1,2)
4. Consider another two-dimensional space R,’ of projective con-

nection, where the mﬁnltesnnal dlsplacernent of the natural frame is
given by

dA, = a)p’AB s

and the coordinates of a moving point are (#'). Suppose that the
corresponding points of R, and R, have the same value of «', the
corresponding curve C, C' in R,, R,' are defined by «' = u!(t), and the
homologous points A, and A,/ correspond to (u'), =w'(0)=0. Then
we have

ww—m+1d“a?

We develop R,, R, along C, €', such as A0 , 4,/ have a common image
P and the frames [4,4,4,], [4,/4,'4,"] take a common initial position,
and take, in the neighbourhood of P, the image @, Q' of the homo-
logous points on C, C' respectlvely By means of (4), the. écart [QQ']

is given by
1 du du*

2
143 2
excepting the terms of higher orders.
If we have

(14) [T+ 1% = 115+ 1155
[QQ'] is an infinitesimal of the third order at least with respect to
the écart [PQ]. In this case, it is said that R, and R,’ are projectively
deformable.>
In the case that (14) is not satisfied, [QQ'] is an infinitesimal of
the third order with respect to [PQ] along the two curves defined by

(15) (Il — T30 B 2 —o,
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if we have o :
(T + I =T+ 118 = p {(T+ [T8) ~UT 2+ 1T} -

5. Consider a surface S passing through 4, in R,. Suppose that
S is defined by «* =0, this being possible, for, if S is expressed by an
equation f(u', u?, %®) =0, we can choose a new system of coordinates
@' such as #* = f(u!, »?, u?). Along a curve C on S, we have

dA, =du'A,,
6 4, = [[. i A, +[[4 A, + ] dur A,
( A, — []3% dut Ao+ [ A, + [ du*A, |

(47, k=1,2; du®* =0).
Take a point _ S
Ay = EOA0+51A1+A3 ’

in the tangential projective space E, at A, of R;. Then (16) becomes

dA, = duiA, ,
an dA, = ]Lk dukA + 1],@ dur A+ T3 dur A,
ad, =

= tkff]]ik (C(:O,I,Z;Z,k=1,2).
The images of the tangents of curves passing through A, on S lie

on the plane A,4,4,. Now we consider the two-dimensional space R,
of projective connection defined by the connections [1% dv* relating to
S. It may be supposed that the tangential projective plane E, at A4,
of R, coincides with the plane A,4,4,, the frame of reference associated
with R, has the common initial position with [4,4,4,], and the infini-
tesimal displacement of the frame is given by the projections of the
variations of [4,4,4,4;] on the plane A 4,4, from A,. Namely we
get for R, from (17) ;

(18) [ oa =dw'd,,

dA, = [[%. du*A, .

If we choose £ in such a way that

(19) E T =—[% (,k=1,2),
the frame [A4,4,A,] is mnatural, for, since the frame [A A 4,4, is
natural, we have the condition

2 2
2[x=214%=0.
i=1 =1

The point 4; in this case lies on the line

N [h=0 (k=1,2)
i=1
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in E;, when the rank of the matrix

( 1/ 63 1]31)

[Z §2 ]] 32 ” 32
is two, z' being the coordinates of a point referred to the frame
[A0A1A2A3]’

6. Project the development 1' of a curve C [u' = u'(f), u® = 0] on
S on the plane A 4,4, from A;, and we have by (4)
o = widt+— (9P [] pipt) @tp + o
(ptg):O’ 7::1,2),

while the image I' of the curve C[«' =i(t)] of R, mentioned in the
preceeding paragraph is expressed by
# =it (4 [Jheoipt) @ty - (i=1,2).

Consider a point-correspondence between S anq R, , the homologous
points having the same values of «'. Let @ and @ be the homologous
points in the neighbourhood of A4, on I' and I’ respectively. Then,
similarly as n°4, the écart [QQ] is an infinitesimal of the third order
with respect to [4,Q], when the equation equivalent to (15) is satisfied.
Then we have by means of (17)

(20) E [l dwdut =0 (i=1,2).

On the other hand, [/} du'du® = 0 defines the asymptotic curves® of S.
If & =0, (20) is an identity. Hence we can say as follows:

Let S be a surface in R,, C be a curve passing through a point A,
on S, [A,4,4,4;] be a natural frame in the tangential projective space
E, at A, of R;, and the plane A,A A, be the image of the tangent plane
at A, of S. Denote by I' the projection of the development of C on the
planed A1A, from A,. Associate with S the two-dimensional space R,
of projective conmnection in which the infinitesimal dispacements of the
frame [A,A,A,] are defined by the projections of the variations of the
frame [A,A1A, A5 on the plane A A,A, from a point A, whick does not
lie on the plane A A A, in E,. Consider o point-correspondence between
S and R, in such o way that the homologous points on them correspond
to the same values in the system of coordinates determining points of R,
and let C,1' be the figures with respect to R, homologous to C, . Take
the homologous points Q, Q in the neighbourhood of A, on C, C. If the
écart [QQ] for the images is an infinitesimal of the third order with
respect to [A,Q], C is an asymptotic curve of S. If A, lies on the line




On a Two-Dimensional S pace of Projective Connection Associated with a Surface in R 109

AA; , R, is projectively deformable to the space similar to R, with A,
as the centre of projection.

If the relations (20) is identically satisfied for any values of & and
any curve, we have

[Ix+[45=0 (,k=1,2),
which is the condition that S is totally geodesic.” Hence it is neces-
sary and sufficient that S is totally geodesic, in order that the spaces R,
corresponding to the different centres A, of projection are projectively
deformable to . each otlher.

7. The displacement associated with an infinitesimal closed cycle
on S of R, is given by Rf.[du"du*] with du® =0, where
(21) Ri = 2l BIT% 1y, 10— 120 172,
(C(, 18: >\‘—O! 1:293’ h,k=1,2),
and [du"du”] represents the exterior product. On the other hand, R,
(n°5) associated with S, under the condition (19), has the tensor of
curvature and torsion
_ 778 778 o A
Rgnk = gng'#"— aa],l{:k +[]2h []fk—”“k ”fn
(C(,B,X—-—'O, 192, h,k:'-l, 2).
Reducing this by means of (17), we get

B
(22) Raﬂbk = Rwhk—f R; whk+ l]uh 2 _QE_F

+([Tox I8~ [T H}Jc) &
+ 1% =113 1%
(C(,B,XZO, 1)2, h9k=1,2),

so that
(23) R = Ry — &R .
Hence if R, is the space of zero torsion, the space R, associated with

the surface S in R, by projection (n°5) is so, too.
If S is totally geodesic, we have

I+ 18 =0 (5, k=1,2),
so that from (22) we have
Ruz - Rilz SBR?IZ

—8 7% (o~ I e —11%)
3l (6 — 1% 8~ I1%) -
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If the tensor of torsion for R, is zero, moreover, we have

]]glc - 0 ’
and accordingly by (21)
R =0 (i,hk=1,2).

Thus if R, is a space of zero torsion and S is a totally geodesic surface
in R,, we have for R, associated with S

Rsnk-——me (a, 3=0,1,2; h k=1, 2).

Also, the relation (23) shows that, the tensor of torsion for R, is
equal to the components of the tensor of torsion associated with an infini-
tesimal cycle on S of R;, when

R%hkz (h,k:l,Z), ,

which is the necessary and sn]ﬁciént condition in order that the conjugate
tangents at A of S are in involution.®

8. Now we con31de1 as an example a surface S in a projective
space E; of three dimensions. The displacement of the Darboux frame
[4,4,4,A4;] associated with a moving point 4, of S is given by

J dA, = wi4,,
dA, = 0}A)+0lA,+ 034, ,
1 dA4; = 0l +wld,,
where ,
wi=du', o)=M,dw (M,=M,),
Coz —(K g+ du (K =_Klji » 'ty =1%, Ki; =0),
= H,dv’ (H, = sz) ’
and the indices i, 7, 1, etc. take the values 1, 2.

By projecting the variations of A, on the plane 4,4,4, from the

point £*A,+ A, (¢ =0,1, 2), we get the two-dimensional space R, of

projective connection associated with S, in which the displacement is
defined by

{ d4, = wl4,,
dA; = (i —E%7) A, .
The frame [4,4,4,] is natural, if £(i =1, 2) satisfy o!— o} =0, which
becomes £H,, =1, or & = HYI',.
Since the parameters of connection of R, are

=1 =8,
]]U ‘_‘Mij—g ng:
[, =K,,+1',—8H,,,
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these quantities are symmetric with respect to the lower indices.
Hence R, is o space of torsion zero. This follows from the result of
the preceeding paragraph, for E, is the space in which the tensor of
curvature and torsion is zero.

Since the tensor of torsion of R, is zero, R, is applicable on the
tangent plane 4,4,4, of S, exceptmg an infinitesimal of the fourth order,
by the equation

(24) ol =ul+ %* ' v
1 { 9]¢ ) k
+>_6— (~£{k + [ ”iz) wuul —-—% 1% wutu®

which defines the point-correspondence between the points (a') on the
plane A,4,4, and (') on R,. If we make 2=k =0 for a curve
Clu* =u¥(t)] in R,, the relations (13) are satisfied. By expanding w(t)
into a power series of d¢ by making use of (13), and substituting the
expansion in place of %' of (24), we obtain the equation of the curve
C' on the plane A,4,4, corresponding to C. On the other hand, the
development I' of C on A4,4,4, is given by (4).

If the development I' has a contact of the fourth order with the
curve C' corresponding to C with respect to the correspondence (24),
we have

Rl dt p"p‘=0.

If this relation is satisfied, whatever the curve C may be, the appli-,
cability of R, on A,A4,4, is of the fourth order. Then we have
R =0.

Hence the space R, is normal,” if R, admits an applicability of the
fourth order on A,A,A,.
The tensor of curvature and torsion of R, is in general

Rl = -0 (Kt D 8 How)— o (Kb + D —EH,)
+(th—Elo,k) 85_(Mhz_§0an) 81%
+ (K4 Vie—E H,) (K + 1y —EHy,) -
—(Kj,+1'y,—&H,,) (Kiu+—EHy),
and consequently we have for R,
Rikl =0.
By means of Bianchi’s identity in the case of torsion zero
Rzikn + R;ﬁhl + Rli;lk = 0 ’



112 M. TSUBOKO

and
Rin; = _R;:rih ’

we get
Rilch = Rfm—RfcM ’

which reduces to
Rfm = Rf-m .

Therefore the tensor R, is symmetric for the space R, , putting
By =Ryu.

(Received February 29, 1952)
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