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ABSTRACT This paper proposes a novel beam-domain channel estimation (CE) algorithm via sparse
Bayesian learning (SBL) using complex t-prior for massive multi-user multiple-input multiple-output
(MIMO) systems. Due to the sidelobe leakage and insufficient observation resolution resulting from
physical constraints, the equivalent channel after digital beamforming at the receiver has a structure
with many small but non-zero elements, which cannot be modeled strictly as a sparse signal. To fully
capture this pseudo-sparse structure characterized by the signal strength variations among elements, we
design a novel SBL algorithm that incorporates a complex t-distribution using a hierarchical Bayesian
model. By utilizing a high degree of adaptability of this heavy-tailed prior, it is possible to efficiently
learn the signal strength, accounting for elements with non-zero but small values, which is verified by
the regularization analysis based on an equivalent optimization problem. The efficacy of the proposed
CE algorithm is confirmed by numerical simulations, which show that the proposed method not only
significantly outperforms the state-of-the-art (SotA) sparse signal recovery (SSR)-based algorithms but
also achieves the performance of a genie-aided scheme over a wide signal-to-noise ratio (SNR) range in
both sub-6 GHz and millimeter-wave (mmWave) wireless communication scenarios.

INDEX TERMS Massive MIMO, channel estimation, sparse Bayesian learning, hierarchical Bayesian
model, complex t-distribution, beam-domain signal processing.

I. INTRODUCTION

MASSIVE multiple-input multiple-output (MIMO)
systems, where a base station (BS) is equipped with

a massive number of antenna arrays, have been considered
as one of the essential technologies in the fifth generation
(5G) advanced and future sixth generation (6G) networks
[1], [2], [3]. To take full advantage of the significant amount
of spatial degrees of freedom (DoF) offered by massive
MIMO antenna arrays, it is necessary to acquire highly
accurate channel state information (CSI). However, reliable
channel estimation (CE) using orthogonal pilot sequences
inherently requires a large number of pilot/training symbols
proportional to the number of antenna elements in the
massive MIMO system, which increases the communication
overhead required for CSI acquisition [4], [5], [6]. To tackle
this issue, various beam-domain CE schemes that leverage

the statistical structure of the massive MIMO channel have
been proposed [7].
By using an appropriate basis as a digital beamformer, the

beam-domain massive MIMO channel exhibits sparsity due
to the enhanced spatial resolution provided by a large number
of antenna elements mounted on a BS [8], [9]. For instance,
in massive multi-user MIMO communications to accommo-
date a large number of wireless terminals [10], [11], it is
well-known that the angular spread of the received signal
from each user equipment (UE) as viewed from a BS is
small as a result of local scatterers around the UE and high
placement of the BS receiver, so that the wireless channel
in the angular domain has a sparse-like structure even in the
sub-6 GHz band [12], [13]. Therefore, by using a discrete
Fourier transform (DFT) basis for full digital beamforming
at the receiver [14], a similar structure can be found in
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the equivalent beam-domain massive MIMO channel, which
may be exploited to reduce pilot overhead [15].
Such a preferable structure in the beam-domain channel

is particularly prominent in the millimeter-wave (mmWave)
band, where there is no scattering and signals propagate
through a small number of path clusters from the trans-
mitter to the receiver [16], [17], [18]. Many low-overhead
mmWave massive MIMO CE schemes that take advantage of
this statistical property have been investigated. For instance,
when the resolution of a small number of paths is sufficiently
high and a low-rank representation of the wireless channel
based on the steering vector is possible, the tensor-based CE
via physical parameter estimation enables highly accurate
estimation [19], [20]. In addition, a pilot overhead reduction
method that exploits the sparsity of the MIMO channel
in the virtual angular domain is proposed in [21], a CE
method based on two-stage compressed sensing that exploits
both the sparsity and low-rank structure of the angular
domain channel is studied in [22], whereas in [23], the
authors propose a beam-based statistical channel model
(BSCM)-based method for estimating long-term statistics
of the mmWave MIMO channel without knowledge of
instantaneous CSI. Most of these existing studies have
achieved a significant amount of reduction in pilot overhead
while maintaining CE accuracy by solving problems induced
by approximating the beam-domain CE as a sparse signal
recovery (SSR) problem (or by modeling a beam-domain
channel as a sparse signal).
However, in practice, it is not always possible to accurately

replace the beam-domain channel by a strictly sparse signal
model. Due to physical constraints on the size, weight, and
especially power consumption of massive MIMO arrays, it
may not be practical to set the number of radio frequency
(RF) chains equal to that of antenna elements; hence, the
actual observation resolution that can be achieved via a
digital signal processor (DSP) unit may not be very high [24].
Consequently, in multi-user MIMO systems operating below
6 GHz, there are not many small beam-domain channel
coefficients that can be treated as zeros with high accuracy
due to angular spread and attenuated sidelobe leakage [13].
Even in mmWave MIMO systems, when the spatial sampling
resolution is not sufficient, it is often inaccurate to apply
a sparse signal model to the beam-domain channel since
signal energy does not concentrate on the beam coefficient
corresponding to the angle of arrival (AoA), but rather leaks
into multiple beams in the surrounding region. The effect
is more pronounced in multi-user MIMO scenarios where
many UEs communicate with a BS simultaneously.
In light of the above, the beam-domain channel may not be

precisely characterized by an explicit sparse model consisting
of zero/non-zero elements, but by a model having differences
in signal strength among elements with many small but non-
zero elements, and such a statistical structure is henceforth
referred to as pseudo-sparsity in this paper. The resulting
distributions are usually difficult to define analytically,
making it difficult to apply convex optimization via the

fast iterative shrinkage thresholding algorithm (FISTA) [25],
the gradient method [26], the primal-dual method [27],
and/or Bayesian inference using message-passing algorithms
[28], [29], [30]. Therefore, for the purpose of pseudo-sparse
CE that cannot be attributed to the SSR problem, this
paper designs a CE algorithm based on the framework of
sparse Bayesian learning (SBL) [31], which can improve
the estimation accuracy while estimating (learning) the prior
distribution of unknown signals.
The SBL framework, which models the prior distribution

of unknown signals and estimates them while learning the
model parameters, was first proposed in [31] as a method
for solving the SSR problem and has been used in various
fields due to its broad applicability. A notable method that
employs the SBL framework is the Bayesian compressive
sensing algorithm proposed in [32], which is designed using
the fact that maximum a-posteriori (MAP) estimation under
Gaussian observation is equivalent to least absolute shrinkage
and selection operator (LASSO) regression when a Laplace
distribution is chosen as the prior distribution of the unknown
signal. While the objective of [32] is the demonstration of
the effectiveness of SSR based on the SBL framework in
the context of image processing, another major contribution
is the presentation of a systematic procedure for introduc-
ing a provisional prior distribution when designing SBL
algorithms. Specifically, a hierarchical Bayesian modeling
was proposed to represent the desired prior distribution by
cascading multiple distributions based on the chain rule
so that the relationship between the observation likelihood
and the conjugate prior distribution can be maintained.
As a result, in addition to SBL algorithm design based
on classical Gaussian modeling [33], [34], there has been
active research on improving performance by incorporating
in the algorithm design a provisional prior distribution that
can better reflect the statistical properties of the unknown
variables, and in physical layer signal processing for wireless
communications, the SBL algorithms have been applied
mainly to CE [35], [36], channel tracking [37], [38], and
direction of arrival (DoA) estimation [39], [40].
In light of the above literature, this paper proposes a novel

SBL-based beam-domain massive MIMO CE algorithm that
incorporates a complex t-distribution tailored for pseudo-
sparse signal recovery via regularization analysis [41], [42]
as a provisional prior distribution. To clarify the contribution
of this paper, in the following paragraphs, we will describe
the motivation for proposing this method and its novelty
compared to the state-of-the-art (SotA) alternatives.
Turning to the literature dealing with CE that is closely

related to this paper, relevance vector machine (RVM) [31],
which is a classical Gaussian modeling-based SBL algorithm
without explicitly setting a provisional prior distribution,
was applied to mmWave massive MIMO CE in [33], [34].
In particular, it has been shown in [43] that accurate
estimation performance can be achieved using a beam-
domain massive MIMO CE algorithm designed based on
RVM, with a problem setting almost identical to that of this
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paper. On the other hand, there are many studies that aim
to improve estimation accuracy by introducing a provisional
prior distribution that reflects the statistical properties of the
wireless channel, but the ones that are particularly closely
related to this study are [35] and [36]. Although the problem
setting and algorithm derivation methods are different in
these studies, they have designed SBL algorithms that use the
complex t-distribution [44] as a provisional prior distribution,
similar to the CE algorithm proposed in this paper, and their
performance has been shown to outperform the conventional
alternatives.
At this point, it should be important to note that all the

above SBL algorithms have been proposed as a means of
solving the SSR problem, regardless of the provisional prior
distribution. In designing the SBL algorithm for solving the
SSR problem, it is natural to use the Laplace prior, but in
fact, the t-distribution is also used as a prior for solving
the SSR problem. Indeed, it is common practice to set the
hyperparameters of the Gamma distribution to extremely
small values (e.g., 0, 10−4 in [31] and 10−6 in [36]) in
the second layer of the hierarchical Bayesian model that
constitutes the t-distribution, which is equivalent to setting
the kurtosis of the t-distribution as large as possible. In other
words, the complex t-distribution is currently only used as
a provisional prior distribution for solving SSR problems.
Motivated by the current limited use of the provisional

prior distributions, we hypothesize that it may be possible
to design an SBL algorithm that achieves high estimation
accuracy by taking advantage of a high degree of adaptability
of the complex t-distribution, even for the CE problem
that cannot be strictly formulated as an SSR problem. The
complex t-distribution is a heavy-tailed distribution with
DoF as a parameter, which is known to represent a wide
range of probability distributions by appropriately adjusting
the parameter [44]. Therefore, in this paper, we design a
complex t-distribution with an appropriately adjusted DoF
parameter so that it can reflect the pseudo-sparsity of the
beam-domain massive MIMO channels that appears under
realistic constraints. If we can construct a hierarchical
Bayesian model using the resultant complex t-distribution as
a provisional prior distribution and derive an SBL algorithm,
it should be able to design a novel beam-domain massive
MIMO CE scheme that can capture the pseudo-sparsity.
The contributions of the paper from an algorithmic

perspective are summarized as follows:

• A novel CE method is designed based on an SBL
algorithm that uses a complex t-distribution as the prior
distribution, and this distribution is appropriately pre-
adjusted via the regularization analysis so that it can
capture the pseudo-sparsity of the beam-domain massive
MIMO channel under realistic constraints. The two-
layer hierarchical Bayesian model is constructed by
assigning a complex Gaussian distribution to each chan-
nel coefficient and an inverse-Gamma distribution to its
variance parameter, and then the MAP criterion-based

estimation is performed by alternating between posterior
estimation and approximate likelihood maximization of
the distribution parameters. It should be noted that this
hierarchical Bayesian modeling differs from the existing
method (proposed in [31] and adopted in [35], [36])
that uses a Gamma distribution for the precision of
the Gaussian distribution in the first layer. In addition,
the proposed method derives an update formula for
the distribution parameters based on maximizing the
marginal distribution as in [45], which is also different
from the cost function used in [31].

• To analyze the behavior of the proposed method, the
regularization (i.e., penalty term) in the optimization
problem equivalent to the designed SBL algorithm is
derived, and its variation with respect to (w.r.t.) the
DoF parameter is investigated. Consequently, we clarify
what statistical properties of unknown variables can be
assumed by changing the DoF parameter.

• To confirm the efficacy of the proposed CE algo-
rithm via SBL using the complex t-prior in massive
MIMO systems, we compare the performance of the
conventional and proposed methods in both sub-6 GHz
and mmWave wireless communication scenarios. For
comparison with the SotA SBL schemes that operate
based on SSR, we also design an SBL algorithm
using complex Laplace prior [46], [47] by recasting the
compressive sensing algorithm in [32] on the complex
domain.1 Simulation results show that for all the system
parameters evaluated, the proposed method outperforms
the SotA alternatives and approaches the performance
of the idealized scheme in which long-term channel
statistics are perfectly known.

To the best of our knowledge, this is the first paper
that focuses on the pseudo-sparse structure of beam-domain
massive MIMO channels under realistic constraints and
designs an SBL algorithm that uses a complex t-prior
with appropriately adjusted hyperparameters, i.e., the DoF
parameter, for the purpose of utilizing a high degree of
adaptability of the t-distribution rather than as a prior
distribution for solving an SSR problem.

II. PRELIMINARIES
A. MATHEMATICAL NOTATIONS
The following notation is adopted throughout this paper,
unless otherwise specified. Sets of real and complex numbers
are denoted by R and C, respectively. Vectors and matrices
are denoted in lower-and upper-case bold-face fonts, respec-
tively. The transpose and conjugate transpose operators are
denoted by ·T and ·H, respectively. The complex Gaussian
distribution with a mean vector a and a covariance matrix A
is denoted by CN (a,A). The Gamma and inverse-Gamma
distribution with a shape parameter a and a scale parameter
b is denoted by �(a, b) and �−1(a, b), respectively. The

1This method is one of the original contributions of this paper, but its
detailed description is placed in Appendix-B for the sake of readability.
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expected value of a random variable is denoted by E[ ·]. The
a× a square identity matrix is denoted by Ia. The diagonal
matrix constructed by placing the elements of a vector a on
its main diagonal is denoted by diag[a]. The vector formed
by stacking the column vectors of a matrix A vertically is
denoted by vec[A]. The determinant of a matrix A is denoted
by |A|. �0-, �1-, and �2-norms are denoted by || · ||0, || · ||1,
and || · ||2, respectively. The Kronecker product operation is
denoted by ⊗. The Dirac delta function is denoted by δ(·).
The Gamma function is denoted by �(·), which is different
from the Gamma distribution defined above. The imaginary
unit is denoted by j �

√−1.

B. ANTENNA-DOMAIN SIGNAL MODEL
Consider an uplink multi-user MIMO system composed of
a BS, having N receive (RX) antennas and M UE devices
equipped with a single transmit (TX) antenna. The UE sends
the known pilot (training) symbol matrix X ∈ C

K×M over
a discrete time slot k (1 ≤ k ≤ K) via an antenna-domain
MIMO channel expressed as H̃ ∈ C

M×N and is observed as
the RX symbol matrix, which is given as

Ỹ = H̃X + W̃, (1)

where W̃ ∈ C
K×N is the additive white Gaussian noise

(AWGN) matrix, each column vector of which follows
CN (0,N0IN), and N0 corresponds to the spectral density of
AWGN, which is assumed to be known at the BS receiver.
For later convenience, we define the precision as β � 1

N0
.

C. BEAM-DOMAIN SIGNAL MODEL
At the receiver, full digital beamforming is performed. Using
the DFT beamforming with the DFT matrix D ∈ C

N×N , the
RX symbol matrix in the beam domain can be expressed
as [13], [48]

Y = DHỸ = DHH̃X + DHW̃ = HX +W, (2)

where H � DHH̃ and W � DHW̃ are the beam-domain
channel matrix and noise, respectively. Using the identity
vec[ABC] = (CT ⊗A)vec[B], the vector form of (2) can be
expressed as

y �
[
y1, . . . , yKN

]T

= vec(Y) =
(
XT ⊗ IN

)
vec(H)+ vec(W),

= Sh+ w, (3)

where S, h, and w are respectively defined as

h � [h1, . . . , hMN]T = vec(H) ∈ C
MN×1, (4a)

S �
(
XT ⊗ IN

)
∈ C

KN×MN, (4b)

w � [w1, . . . ,wKN]T = vec(W) ∈ C
KN×1. (4c)

Based on (3), the goal of this paper can now be stated
concisely: Design a novel CE algorithm that enables the
BS receiver to accurately estimate the beam-domain channel
vector h, given the effective observation matrix S and the
beam-domain RX vector y.

D. PSEUDO-SPARSITY OF BEAM-DOMAIN CHANNELS
Before moving on to the specific derivation of the CE
algorithm, we describe the statistical structure of the beam-
domain channels based on the two massive MIMO channel
models corresponding to sub-6 GHz and mmWave wireless
communications.

1) GEOMETRICAL ONE-RING MODEL

As a model to represent the spatial correlation among
fading coefficients of wireless channels in a massive multi-
user MIMO system operating in sub-6 GHz bands, we use
the geometrical one-ring model [8], [49], without loss of
generality in (3). The wireless channels between the BS and
UE exhibit a small angular spread from the perspective of
the BS as a result of local scatterers around the UE and the
high placement of the BS antennas. Assume that isotropic
scatterers exist uniformly on the two-dimensional (2D) plane
around each UE and waves from the m-th UE arrive within
an angular spread of �ψm � ψmax

m − ψmin
m , where ψmax

m
and ψmin

m are the maximum and minimum angles of arrival
of the signal from the m-th UE. When the antenna element
spacing is fixed to half the wavelength, the (i, j)-th element
in the RX correlation matrix of the m-th UE Θm ∈ C

N×N
is expressed as

[Θm]i,j �
1

�ψm

∫ ψmax
m

ψmin
m

ejπ(i−j) cos(ψ)dψ, (5)

which denotes the correlation coefficient between the i-th
and j-th RX antenna elements. The m-th column vector of
H̃ can be expressed as

h̃m = Θ1/2
m εm, (6)

where εm ∼ CN (0, IN) represents small-scale fading for the
m-th UE.

2) FINITE PATH MODEL

In mmWave wireless communications, where diffraction and
scattering rarely occur, the number of paths arriving at
the receiver is limited [16], [17], [18]. To represent such
wireless channels, we use the finite path model [50], [51],
where H̃ is given by a geometrical model with L scatters
with each scatter corresponding to a single propagation
path between the BS and UE. Following the literature, we
have

h̃m =
L∑

l=1

ζm,lam,l
(
ωm,l

)
, (7)

with the antenna steering vector

a
(
ωm,l

)
�
[
1, ejωm,l , . . . , ej(N−1)ωm,l

]T
, (8)

where ζm,l ∼ CN (0, 1) represents the complex path gain
along the l-th path of the m-th UE on the basis of slow
TX power control [50], [52], and ωm,l � π sin θm,l with θm,l
denoting the azimuth angle of the l-th path of the m-th UE.
The antenna element space is fixed to half the wavelength.
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FIGURE 1. Intensity of the elements in the beam-domain channel H, where the
MIMO configuration is set to (M, N) = (32, 64).

3) STATISTICAL STRUCTURE OF BEAM-DOMAIN
CHANNELS

Fig. 1 visualizes the intensity of the elements of the
MIMO channel generated according to the respective channel
models, where the MIMO configuration is set to (M,N) =
(32, 64). The receiver is equipped with a uniform linear array
(ULA) of sectors partitioned by a 120-degree opening, and
the UE devices under slow TX power control are randomly
and uniformly distributed inside the area.
Fig. 1(a) shows the beam-domain channel following the

one-ring model with an RX angular spread of 15 degrees
from each UE. In addition to the beam coefficients cor-
responding to the angular spread taking large values, the
coefficients around them are also found to have non-zero
values due to sidelobe leakage. Consequently, it can be seen
that the number of elements that are as negligible as zero,
shown in dark blue, is not very large.
Fig. 1(b) shows the beam-domain channel following the

finite path model, where the number of effective clusters
is set to L = 6 [50], [51]. Even in the absence of
angular spreading, energy is also distributed around the beam
coefficients corresponding to the AoA of each arrival path,
confirming the pseudo-sparsity of the beam-domain channel
in finite-dimensional observations. Obviously, it is infeasible
to accurately replace these beam-domain MIMO channels

by a strictly sparse signal model. Motivated by these results,
in this paper, we consider a stochastic inference method to
capture this statistical structure.

III. SBL USING COMPLEX STUDENT’S t-PRIOR
In this section, we construct a hierarchical Bayesian model
that allows the complex t-distribution with DoF as a param-
eter to be incorporated as a provisional prior distribution and
derive a novel SBL algorithm based on the resultant model.
The complex t-distribution can represent a wide range of
distributions depending on the DoF parameter and is used
in the context of source separation of single-channel audio
signals as a tractable model for distributions with heavy tails
and high kurtosis [44]. This statistical feature is quite suitable
for capturing pseudo-sparsity, in which small values close to
zero occur frequently and the strength and weakness between
realization values are pronounced. For later convenience, our
proposed CE algorithm is hereafter referred to as complex
t-distribution-based SBL (Ct-SBL).

A. HIERARCHICAL BAYESIAN MODEL
In this subsection, we construct the hierarchical Bayesian
model of the complex t-distribution with DoF as a parameter.
From (1)–(3), the observation likelihood can be modeled

by CN (Sh,N0IKN) as follows:

p(y|h) = 1

(πN0)
KN

e
− ‖y−Sh‖2

2
N0

=
(
β

π

)KN
e−β‖y−Sh‖2

2 , (9)

where the complex t-distribution [44] is not conjugate to the
Gaussian distribution in (9), making algorithm design infea-
sible if used directly as a provisional prior distribution for h.
To avoid this inconvenience, consider replacing the complex
t-distribution with a hierarchical model represented by a
cascade connection of multiple distributions, as in [31], [32].
First, the prior distribution of h given λ follows CN (0,Λ),

i.e.,

p(h|λ) = 1

πMN |Λ|e
−hHΛ−1h

= 1

πMN

(
MN∏

i=1

1

λi

)

e
−∑MN

i=1
|hi|2
λi , (10)

where λ � [λ1, λ2, . . . , λMN]T is the variance vector and
Λ � diag[λ] is the covariance matrix.

Next, using the fact that the inverse-Gamma distribu-
tion [53] is the conjugate prior to the Gaussian distribution,
we assume that each element of λ, given the DoF parameter
ν, has the inverse-Gamma distribution, i.e.,

p(λ|ν) =
MN∏

i=1

p(λi|ν)

=
MN∏

i=1

((
ν
2

) ν
2

�
(
ν
2

)

)

λ
−( ν2 +1)
i e

− ν
2

∑MN
i=1

1
λi , (11)
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FIGURE 2. Two-layer hierarchical Bayesian model based on the complex
t-distribution.

where ν is a DoF parameter. This hierarchical structure
differs from that in [31], which uses a Gamma distribution
for the precision of the Gaussian distribution in the first
layer.
Finally, from (10) and (11), the constructed hierarchical

Bayesian model is expressed as

p(y,h,λ|ν) ∝ p(y|h)p(h,λ|ν) ∝ p(y|h)p(h|λ)p(λ|ν). (12)

Fig. 2 shows the relationship among variables in (12), where
each node represents a variable and the directed edges
represent dependencies between variables. It is found that
the probability distribution of the unknown variables hi,∀i ∈
I � {1, 2, . . . ,MN}, is represented by a graphical model
consisting of two layers each corresponding to the variables
λi,∀i ∈ I, and ν, namely, a two-layer hierarchical Bayesian
model.
To confirm whether the constructed hierarchical Bayesian

model is able to represent the desired distribution, the joint
probability density function (PDF) conditioned on the DoF
parameter ν is marginalized by the intermediate variable λ,
yielding

p(h|ν) =
∫
p(h,λ|ν)dλ (13a)

= 1

(πν)MN

MN∏

i=1

(
2

ν
|hi|2 + 1

)−( ν2 +1)
, (13b)

where for the sake of readability the detailed derivation
of (13b) is given in Appendix-A. The PDF given by (13b) is
in fact a complex t-distribution[44]; thus, from (10)–(12), the
desired prior distribution is constructed via the intermediate
variable λ while maintaining the relationship between the
conjugate prior distributions.
Fig. 3 visualizes the PDFs of the complex t-distributions

drawn with several different DoF parameters ν, showing
that the probability mass in the tails is controlled by ν. For
ν → ∞, it becomes a Gaussian distribution with thin tails,
and for ν = 1, it becomes a Cauchy distribution with fat
tails, from which the kurtosis increases as ν approaches 0.
When ν is set to extremely small values (ν = 10−4 as
in [31]), the kurtosis of the complex t-distribution becomes
extremely large, confirming that the distribution assumes

FIGURE 3. PDFs of the complex t-distributions for various DoF parameters ν.

the sparsity of the unknown variables. Because of this
flexibility in the shape of the distribution, as we will show
in the regularization analysis in Section IV, one can find
a provisional prior distribution that captures the pseudo-
sparsity by appropriately adjusting the DoF parameter ν.

B. DERIVATION OF SBL ALGORITHM
In this subsection, we derive the SBL algorithm from
the hierarchical Bayesian model presented in Section III-A
using the evidence procedure (type-II maximum likelihood
approach) in [32]. As is widely known, Bayesian inference
is performed based on the posterior distribution, i.e.,

p(h|y) =
∫
p(h,λ|y)dλ

=
∫
p(h|y,λ)p(λ|y)dλ. (14)

Since it is difficult in general to solve (14) analytically, the
PDF of the intermediate variable, i.e., the PDF of the variance
vector λ, is approximated by the Dirac delta function as
follows [31]:

p(h|y) ≈
∫
p(h|y,λ)δ

(
λ − λ̂

)
dλ = p

(
h|y, λ̂

)
, (15)

where λ̂ denotes the MAP estimate of λ, given y. This
approximation is based on the assumption that the approx-
imated PDF using λ̂ is nearly identical to that obtained by
sampling from the full posterior distribution[54]. Since the
posterior distribution of λ has only one peak and the MAP
estimation is equivalent to a point estimate of that peak, the
posterior distribution calculated by fixing the value of λ to
λ̂ can be regarded as a highly accurate approximation of
the posterior distribution obtained by marginalizing the joint
posterior distribution by λ.
Fig. 4 shows a block diagram of our proposed scheme,

where the estimation is performed by iterative processing
of posterior estimation based on (15) and variance vector
update based on (12). The iterative process starts from the
posterior estimation step based on the RX vector y. Let λ̌

be the variance vector obtained in the previous iteration, and
Λ̌ � diag[λ̌] be its diagonal matrix representation. At the
first iteration (t = 1), the variance vector is appropriately
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FIGURE 4. Block diagram of proposed channel estimation scheme.

initialized. From (9) and (10), the approximated posterior
distribution in (15) can be expressed by a multivariate
complex Gaussian distribution CN (μ,Σ) as

p(h|y) ≈ p
(
h|y, λ̌

)
∝ p(y|h)p

(
h|λ̌
)

(16)

= 1

πMN |Σ |e
−μHΣ−1μ (17)

with

μ = βΣSHy, (18a)

Σ =
[
βSHS+ Λ̌

−1]−1
. (18b)

Next, let us describe the estimation process for updating
λ. From (10)–(12), the joint PDF after being marginalized
for h, i.e., marginal distribution [45], is expressed as

p(y,λ|ν) =
∫
p(y|h)p(h|λ)p(λ|ν)dh

= A ·
(
MN∏

i=1

λ
−( ν2 +1)
i

)

e
− ν

2

∑MN
i=1

1
λi

· |Λ|−1|Σ | exp[−ξ ], (19)

with

ξ � β||y− Sμ||22 + μHΛ−1μ, (20a)

A � βKN

πN
2

(
ν
2

ν
2

�
(
ν
2

)

)MN
(20b)

where we use the complex Gaussian integral [55].
In [31], the log distribution of the parameters is incor-

porated into the cost function, whereas in our method, the
logarithm of the marginal distribution in (19) is used as the
cost function as in [45]. By taking the logarithm of (19), we
define the cost function L for λ as follows:

ln p(y,λ|ν)

= lnA−
(ν

2
+ 1

) MN∑

i=1

ln λi − ν

2

MN∑

i=1

1

λi

− ln |Λ| + ln |Σ | − ξ

= −
(ν

2
+ 2

) MN∑

i=1

ln λi − ν

2

MN∑

i=1

1

λi
+ ln |Σ | + C (21)

= −
MN∑

i=1

{(ν
2

+ 2
)

ln λi +
(ν

2
+ |μi|2

) 1

λi

}
+ ln |Σ |

︸ ︷︷ ︸
�L(λ): Cost function

+C

= L(λ)+ C (22)

where we use in (21) the following relationship:

ln |Λ| =
MN∑

i=1

ln λi, (23)

and the terms that are not dependent on λ are summarized
as the constant C in (22).
Assuming that the elements of λ are independent of each

other, we can estimate λ1 through λMN separately so that
the cost function in (22) is maximized. Thus, we consider
the following partial derivative w.r.t. λi:

∂L(λ)
∂λi

= −
MN∑

i=1

{(ν
2

+ 2
)∂(ln λi)

∂λi
+
(ν

2
+ |μi|2

) ∂

∂λi

(
1

λi

)}

+ ∂

∂λi
ln |Σ |

= −
(ν

2
+ 2

) 1

λi
+
(ν

2
+ |μi|2

) 1

λ2
i

+ Σi,i

λ2
i

, (24)

where μi and Σi,i denote the i-th element of μ and the i-th
diagonal element of Σ . By solving for ∂L(λ)

∂λi
= 0 and taking

into account the fact that λi > 0, the update formula can be
obtained by

λ̌i =
ν
2 +Σi,i + |μi|2

ν
2 + 2

, ∀i ∈ I. (25)

For the sake of completeness, the pseudo-code of the
proposed Ct-SBL algorithm described above is given in
Algorithm 12

IV. REGULARIZATION TERM ANALYSIS
In this section, we analyze how the designed Ct-SBL algo-
rithm learns the distribution parameters and searches for the
solution according to the provisional prior distribution. More
specifically, as in [41], [42], we focus on the optimization
problem that the proposed algorithm attempts to solve via
the iterative process and investigate its regularization term
(i.e., penalty term) in order to gain insight into the statistical
properties of the solution obtained.

2The proposed method can be extended to time-varying channel estima-
tion by appropriately modifying the algorithm. For instance, an extension
method is proposed in [37] to modify the Bayesian model using a first-order
auto-regressive (AR) model to capture the dynamic characteristics of the
MIMO channel. A simpler method is proposed in [38], which incorporates
a Markov process describing time variation into a hierarchical Bayesian
model. These methods can be directly applied to our algorithm as well.
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Algorithm 1 Proposed Ct-SBL Algorithm
Input: y, S, β, ν, T (Num. of iterations)
Output: ĥ

/* —————- Initialization —————- */
1: Λ̌ = IMN

/* ————– Iterative process ————– */
2: for t = 1 to T do
3: Σ =

[
βSHS+ Λ̌

−1]−1

4: μ = βΣSHy
5: for i = 1 to MN do
6: λ̌i = ν

2 +Σi,i+|μi|2
ν
2 +2

7: end for
8: λ̌ =

[
λ̌1, λ̌2, . . . , λ̌MN

]T

9: Λ̌ = diag
[
λ̌
]

10: end for
11: ĥ = μ

/* —————- Termination —————- */

First, the minimization problem solved by the approximate
posterior estimation using the knowledge of estimated
parameters in (25) can be expressed from (16) as

μ = arg min
h

Fh(h), (26a)

with

Fh(h) � β||y− Sh||22 + hHΛ̌
−1
h, (26b)

where μ is given by (18a).
Similarly, the minimization problem solved by the type-II

maximum likelihood approach using the knowledge of the
MAP estimates in (18) can be expressed from (21) as

λ̌ = arg min
λ

Fλ(λ), (27a)

with

Fλ(λ) � β||y− Sμ||22 + μHΛ−1μ

+
NM∑

i=1

{(ν
2

+ 2
)

ln λi + ν

2λi

}
− ln |Σ |. (27b)

From the above, the proposed algorithm, in effect, performs
estimation by solving the minimization problems of (26)
and (27) in an iterative manner.
Next, further formulating the two minimization problems

as a nested optimization problem, we obtain

ĥ = arg min
h

Gh(h) (28a)

with

Gh(h) � β||y− Sh||22 +Φ(h), (28b)

where Φ(h) is the penalty term of the optimization problem
for h. From (27b), this term is expressed as

Φ(h) = min
λ
(Gλ(λ,h)), (29a)

with

Gλ(λ, h) �
(
MN∑

i=1

{(ν
2

+ 2
)

ln λi +
(ν

2
+ |hi|2

) 1

λi

}
− ln |Σ |

)

.

(29b)

Accordingly, the statistical properties of the solution to be
estimated can be evaluated by analyzing the behavior of
Φ(h) w.r.t. h.

It should be noted here that if one attempts to solve the
minimization problem in (29) directly, the derivatives are
expressed in a form that includes the diagonal elements of
Σ , as shown in (24). In order to evaluate the penalty term
Φ(h) as a function of h, the minimum value must also
be calculated by considering λ contained in this Σ , which
significantly complicates the analysis.
To deal with this, we assume the column vectors of

the observation matrix S to be orthonormal to each other,
i.e., [41], [42],

− ln |Σ | =
NM∑

i=1

(
β + 1

λi

)
. (30)

Substituting (30) into (29b) yields

Gλ(λ,h) (31)

=
MN∑

i=1

{(ν
2

+ 2
)

ln λi +
(ν

2
+ |hi|2

) 1

λi
+ ln

(
β + 1

λi

)

︸ ︷︷ ︸
�Gλi (λi,hi)

}
,

and its partial derivative w.r.t. λi can be expressed as

∂Gλ(λ,h)
∂λi

=
(ν

2
+ 2

) 1

λi
−
(ν

2
+ |hi|2

) 1

λ2
i

+ β

βλi + 1
. (32)

Solving for ∂Gλ(λ,h)
∂λi

= 0 and taking into account the fact
that λi > 0, the solution is given by

λ̌i =
−α +

√
α2 + β(ν + 2)

(
ν + 2|hi|2

)

(ν + 2)β
, ∀i ∈ I, (33)

with

α �
{(ν

2
+ 1

)
−
(ν

2
+ |hi|2

)
β
}
. (34)

From (33), the penalty term of (29a) can be expressed as

Φ(h) = Gλ
(
λ̌,h

)
, (35)

where from (31) we may define the element-wise penalty as

φ(hi) � Gλi
(
λ̌i, hi

)
. (36)

Fig. 5 shows the behavior of φ(hi) as a function of |hi|
for different DoF parameters ν = 10, 1, 1/2, 1/8, and
10−4, with SNR = 36 dB. Note that in order to clarify
the behavior of the penalty term, we are focusing here on
the high SNR region with the aim of reducing the effect
of noise. As reference properties, we also show results for
the case where the �0-, �1-, and �2-norms are used as the
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FIGURE 5. The penalty term φ(hi ) as a function of |hi |, where the SNR was set to
36 dB.

FIGURE 6. The penalty term φ(hi ) with different values of SNRs, where ν = 1/8.

penalty terms. The shape of the curve changes significantly
as the DoF parameter ν changes. Specifically, for large
values of ν, the curve is convex like the �2-norm, and
as the value of ν decreases, the curve approaches the �1-
norm, indicating that the penalty term works to promote
solution sparsification. Furthermore, with the conventional
extremely small parameter settings (i.e., ν = 10−4 [31]),
the shape of the curve becomes concave and approaches
the �0-norm, confirming that the resultant algorithm is
functioning as an SSR method. It is noteworthy here that
the penalty for values in the vicinity of zero is relaxed in
the proposed method compared to the �1-norm even when
ν is quite small (i.e., ν = 1/8). This property is precisely
what facilitates the estimation of the pseudo-sparse signal
described in Section II-D, which suggests that the intended
algorithm design can be achieved by using the complex
t-distribution with ν appropriately adjusted, e.g., ν = 1/8,
as the provisional prior distribution.
Next, we focus on the effect of β. Fig. 6 shows the

behavior of φ(hi) with ν = 1/8 as a function of |hi| when
the SNR is set as 0, 12, 24, and 36 dB. As expected, it is
found that the shape of the curve is less sensitive to SNR,

which suggests that the DoF parameter ν should be adjusted
according to the statistics of the unknown variables.

V. NUMERICAL RESULTS
Computer simulations were conducted to demonstrate the
performance of the proposed CE algorithm via SBL using
the t-prior in massive MIMO systems. Simulated results
are offered in terms of the normalized mean square error
(NMSE) of the estimated channel vector, defined by

NMSE(h) � E

⎡

⎢
⎣

∥∥∥h− ĥ
∥∥∥

2

2

‖h‖2
2

⎤

⎥
⎦. (37)

The MIMO configuration was set to (M,N) = (32, 64).
Without loss of generality, we used simple Gaussian pilots,
each element of which follows CN (0, 1) [56], [57].
The two channel models described in Section II-D, i.e.,

the geometrical one-ring model [8], [49], and the finite
path model [50], [51], were used, and the parameters of
each model are the same as those employed in Fig. 1. As
described in Section II-D, the receiver is equipped with a
ULA of sectors partitioned by a 120-degree opening, and the
single-antenna UE devices under slow TX power control are
randomly and uniformly distributed inside the area. In the
geometrical one-ring model, the RX angular spread was set
to 15 degrees from each UE. Let θUEm be the azimuth position
of the m-th UE, where its spatial frequency is defined
as Ωm = π sin(θUEm ). Assuming time-frequency resource
allocation, we enforced a minimum separation in spatial
frequency between any two users, i.e., |Ωi − Ωj| ≤ 2.783

N
for ∀i, j ∈ {1, 2, . . . ,M}, to avoid the excessive interference
among UEs [58]. In the finite path model, the number of
effective clusters was set to L = 6, as in Section II-D.

A. ASSESSMENT OF CHANGES IN THE DOF
PARAMETER ν

We first investigate how the estimation accuracy of the
proposed Ct-SBL algorithm changes for different DoF
parameters ν = 10, 1, 1/2, 1/8, and 10−4 used in Fig. 5.
Fig. 7 shows the NMSE performance as a function of the
pilot length K for the two channel models described above.
From the results, it is found that the order of NMSE
performances for both channel models is very consistent
with what we would expect from the behavior of the penalty
term in Fig. 5. For ν = 10, where the shape of the curve
is similar to the �2-norm, the estimation accuracy is poor
because the value of the solution cannot be suppressed to
a small value. As the value of ν decreases, the estimation
accuracy improves, and as expected, it can be confirmed that
the best NMSE performance is achieved at ν = 1/8, which
most reflects the pseudo-sparsity. It is also worth noting
here that the performance deteriorates when the proposed
method is run as an SSR algorithm with ν = 10−4. This is
because, as shown in Fig. 5, as the penalty term approaches
the �0-norm, it becomes difficult to take into account the
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FIGURE 7. NMSE performances w.r.t. the pilot length K for various DoF parameters
ν, where (M, N) = (32, 64) and SNR = 36 dB.

existence of many small but non-zero elements and the
difference in strength among them. The results clarify the
performance degradation that occurs when the beam-domain
CE is approximated by the SSR problem and imply the
importance of designing the provisional prior distribution
appropriately according to the statistical properties of the
unknown variables.
Based on the above results, in the subsequent simulation

results, the NMSE performance of the proposed Ct-SBL
algorithm is evaluated with the value of ν = 1/8.

B. CONVERGENCE ANALYSIS
Next, we briefly analyze the convergence behavior of the
SBL algorithms. In the following simulations, the NMSE
performances of the following schemes are compared:

• MMSE: Baseline linear minimum mean square error
(LMMSE) filtering, providing a reference performance
to verify the gain achieved by considering the statistical
structure of the beam-domain channel.

• SBL [31]: Baseline CE scheme based on the classical
and well-known SBL using t-prior [31], providing a
performance comparison with the existing SBL-based

FIGURE 8. NMSE performances of the SBL-based CE algorithms w.r.t. the number of
iterations, where (M, N, K ) = (32, 64, 32).

method that has been cited in numerous related studies
as the SSR algorithm.

• RL-SBL: SotA CE scheme via SBL using real Laplace
prior [32], providing a reference performance of the
SSR approach based on the real-domain LASSO. After
transforming the beam-domain signal model given
by (3) into a real-valued double-size equivalent model
[29], a hierarchical Bayesian model is constructed using
the real Laplace distribution as a provisional prior
distribution for both �{h} and �{h}.

• CL-SBL: SotA CE scheme via SBL using complex
Laplace prior [46], [47] derived by recasting “RL-
SBL” on the complex domain, providing a reference
performance of the SSR approach based on the
complex-domain LASSO. The detailed derivation is
given in Appendix-B. This performance allows accurate
verification of the gain achieved by considering the
pseudo-sparsity of the beam-domain channel.

• Ct-SBL: Proposed CE scheme (Algorithm 1).
• MAP: Idealized genie-aided scheme in which the perfect
variance vector is known at the receiver, providing an
absolute lower bound that can only be achieved if
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FIGURE 9. NMSE performances of massive MIMO systems in correlated channels following the geometrical one-ring model, where (M, N) = (32, 64).

FIGURE 10. NMSE performances of massive MIMO systems in correlated channels following the finite path model, where (M, N) = (32, 64).

the model parameters (e.g., variance and precision) are
estimated without error using the SBL algorithm.

In “SBL [31],” the DoF parameter ν was set to 0 as in [31].
In both “RL-SBL” and “CL-SBL,” the initial value of γ was
set to 0.6 from preliminary simulations.

Since the stopping criterion for the SBL algorithm
operating in the complex domain is not yet clear [47],
the appropriate number of iterations T must be determined
from preliminary simulations. Fig. 8 shows the NMSE
performances of “SBL [31],” “CL-SBL,” and “Ct-SBL” as
a function of the number of iterations with SNR = 4 dB
and 12 dB. Based on the results, the number of iterations
for the three algorithms was henceforth fixed as T = 8 to
allow for sufficient iterative convergence, even though other
criteria could also be employed.

C. NMSE PERFORMANCE
Figs. 9 and 10 show the NMSE performance of massive
MIMO systems as a function of SNR, for the two channel
models described above. The pilot lengths were set to K = 28
and 24 (corresponding to compression ratios ρ � K

M = 0.875
and 0.75, respectively).

As expected, the SBL-based CE algorithms, which can
improve estimation accuracy while learning the prior dis-
tribution of the beam-domain channel coefficients, can
significantly improve estimation accuracy compared to clas-
sical “MMSE,” which cannot exploit the statistical structure
of the beam-domain channel. It is worth noting here that
the performance varies greatly among them depending on
the provisional prior distribution. First, “CL-SBL,” which
takes into account the correlation between real and imaginary
parts of h, can improve performance over conventional “RL-
SBL” using the conventional real Laplace prior [32]. This
improvement is due in part to the fact that “RL-SBL,”
which requires separate estimation of the variance of
the real and imaginary parts, has more variables to be
estimated, making the distribution learning unstable. Indeed,
the performance of “RL-SBL” deteriorates in the low
SNR region, where distribution learning is more chal-
lenging. In addition, “SBL [31],” which operates as an
SSR algorithm similar to these methods, achieves better
performance than “RL-SBL” but is slightly inferior to
“CL-SBL.” However, due to errors in approximating the
CE problem to SSR, the performance gap between these
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FIGURE 11. NMSE performances w.r.t. K in correlated channels following the geometrical one-ring model, where (M, N) = (32, 64).

FIGURE 12. NMSE performances w.r.t. K in correlated channels following the finite path model, where (M, N) = (32, 64).

SSR methods and “MAP” remains large, leaving room for
performance improvement.
In contrast, the proposed “Ct-SBL” achieves improved

performance by mitigating the approximation error by using
the complex t-prior that accounts for pseudo-sparsity. The
improvement from “CL-SBL” is more pronounced in the
geometric one-ring model of Fig. 9, where many small
nonzero elements due to the angular spread occur, but an
improvement of about 2 dB can also be seen in the finite path
model of Fig. 10, especially in the high SNR region. The
performance degradation from the genie-aided performance
of “MAP” is suppressed to less than 4 dB at NMSE = 10−1

in any simulation configuration.

D. ASSESSMENT OF CHANGES IN THE PILOT
LENGTH K
Finally, we focus on the NMSE performance to changes in
the number of pilot symbols K in order to demonstrate the
efficacy in terms of overhead reduction. Figs. 11 and 12
show the NMSE performance as a function of K. The SNR

is fixed at either 4 dB or 12 dB, and the other system
parameters are the same as those in Figs. 9 and 10.

Clearly, the SBL-based CE algorithms can significantly
reduce the number of pilot symbols required to achieve the
same level of estimation accuracy compared to “MMSE.” In
addition, it is found that at SNR = 4 dB, the performance
gap between the SBL schemes and the ideal genie-aided
reference “MAP” becomes very large since the noise hinders
the learning process of the prior distribution, while at
SNR = 12 dB, the performance gap decreases significantly
as K increases. The most attractive feature is that the
proposed “Ct-SBL” outperforms the SotA alternatives over
all K ranges, regardless of SNR and channel model,
which suggests that the proposed method is quite robust
against changes in system parameters. This contrasts with
“SBL [31],” which cannot find a sparse solution due to
increasing noise and has a significant drop in performance
in the low SNR region. The results above show that the
proposed method, which uses the adaptability of the complex
t-distribution, is effective for inference problems that cannot
be strictly reduced to the SSR problem.
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VI. CONCLUSION
In this paper, we proposed a novel beam-domain CE
algorithm for practical massive MIMO systems. In the
proposed SBL algorithm, a complex t-distribution with
an appropriately adjusted DoF parameter is pre-designed
as a provisional prior distribution so that the pseudo-
sparsity of the beam-domain massive MIMO channels that
appears under realistic constraints can be reflected. As a
framework for adjusting the DoF parameter, we presented the
regularization analysis that investigates the penalty term of
the equivalent optimization problem solved by the proposed
SBL algorithm. A hierarchical Bayesian model is constructed
to represent the designed prior distribution by cascading
the Gaussian distribution and inverse-Gamma distribution,
and a parameter update formula is derived based on the
type-II maximum likelihood method. The efficacy of the
proposed algorithm is confirmed by computer simulations
for both sub-6 GHz and mmWave wireless communication
scenarios, which show that the proposed method not only
significantly outperforms the SotA alternatives using Laplace
prior but also outperforms the existing SSR algorithm based
on SBL using t-prior. These results clarify the performance
degradation that occurs when the beam-domain CE is
unreasonably approximated as an SSR problem and show
the importance of designing provisional prior distributions
that take into account the statistical properties of unknown
variables in SBL design.

APPENDIX
A. DERIVATION OF EQUATION (13b)
From (12), (13a) can be rewritten as

p(h|ν) =
∫
p(h|λ)p(λ|ν)dλ. (38)

Substituting (10) and (11) into (38) yields

p(h|ν) =
∫
p(h|λ)p(λ|ν)dλ

=
( (

ν
2

) ν
2

π�
(
ν
2

)

)MN ∫ (MN∏

i=1

1

λi

)(
MN∏

i=1

λ
−( ν2 +1)
i

)

·e−
∑MN

i=1
|hi|2
λi e

− ν
2

∑MN
i=1

1
λi dλ

=
( (

ν
2

) ν
2

π�
(
ν
2

)

)MN MN∏

i=1

∫
λ

−1−( ν2 +1)
i e

−|hi|2+ ν
2

λi dλi

=
( (

ν
2

) ν
2

π�
(
ν
2

)

)MN MN∏

i=1

�
(
ν
2 + 1

)

(|hi|2 + ν
2

) ν
2 +1

∫
λ

−1−( ν2 +1)
i

(|hi|2 + ν
2

) ν
2 +1

�
(
ν
2 + 1

) e
−|hi|2+ ν

2
λi dλi, (39a)

where we note that the integrand in (39a) is the PDF of the
inverse-Gamma distribution with shape parameter ν2 +1 and

scale parameter |hi|2 + ν
2 . Using the fact that the integral of

a PDF equals 1, we obtain the following result:

p(h|ν) =
((

ν
2

) ν
2�
(
ν
2 + 1

)

π�
(
ν
2

)

)MN

·
MN∏

i=1

(
|hi|2 + ν

2

)−( ν2 +1)
.

(39b)

Using the property of the Gamma function:

�
(ν

2
+ 1

)
= ν

2
�
(ν

2

)
, (40)

Eq. (39) can be rewritten as

p(h|ν) =
((

ν
2

) ν
2 +1

�
(
ν
2

)

π�
(
ν
2

)

)MN MN∏

i=1

(
|hi|2 + ν

2

)−( ν2 +1)

= 1

(πν)MN

MN∏

i=1

(
2

ν
|hi|2 + 1

)−( ν2 +1)
. (41)

B. DERIVATION OF CL-SBL ALGORITHM
In order to accurately validate the efficacy of the proposed
method considering pseudo-sparsity against the SotA SBL
algorithm based on SSR, we design a novel CE algorithm
via SBL using complex Laplace prior [46]. The method is
designed by recasting the RL-SBL algorithm [32] on the
complex domain with the use of a hierarchical Bayesian
model for complex-valued SSR proposed in [47].

1) HIERARCHICAL BAYESIAN MODEL

First, the conditional distribution of h, given the variance
vector λ, is set as in (10), which is the first layer of a
hierarchical Bayesian model.
Next, as the second layer of the hierarchical Bayesian

model, we assign the Gamma distribution to each variance,
i.e., λi,∀i ∈ I, separately as follows: [47]

p(λ|γ ) =
MN∏

i=1

λ
1
2
i

( γ
4

) 3
2

�
(

3
2

) e−
γ
4 λi

=
⎛

⎝
( γ

4

) 3
2

1
2�
(

1
2

)

⎞

⎠

MN(
MN∏

i=1

λ
1
2
i

)

e−
γ
4

∑MN
i=1 λi

=
(
γ

3
2

4
√
π

)MN(MN∏

i=1

λ
1
2
i

)

e−
γ
4

∑MN
i=1 λi , (42)

where �( 1
2 ) = √

π and γ is a scaled rate parameter.
Finally, using the fact that the Gamma distribution is

conjugate prior to the Gamma distribution w.r.t. the rate
parameter, the third layer of the hierarchical Bayesian model
is constructed as

p(γ |c) = γ c1−1cc1
2

�(c1)
e−c2γ , (43)

where c � [c1, c2]T is a predetermined constant parameter.
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FIGURE 13. Three-layer hierarchical Bayesian model based on the complex Laplace
distribution.

From (10), (42), and (43), the constructed hierarchical
Bayesian model is expressed as

p(y,h,λ, γ |c) ∝ p(y|h)p(h|λ)p(λ|γ )p(γ |c). (44)

Fig. 13 shows the relationship among variables in (44). It is
found that the probability distribution of h = [h1, . . . , hMN]T

is represented by a graphical model consisting of three layers
corresponding to the three variables λ = [λ1, . . . , λMN]T, γ ,
and c, namely, a three-layer hierarchical Bayesian model.

To confirm the provisional prior distribution, the joint PDF
conditioned on γ is marginalized by λ, yielding

p(h|γ ) =
∫
p(h,λ|γ )dλ =

∫
p(h|λ)p(λ|γ )dλ. (45)

Substituting (10) and (42) into (45) yields

p(h|γ ) = Á
∫ (MN∏

i=1

1

λi

)(
MN∏

i=1

λ
1
2
i

)

·
(

e
−∑MN

i=1
|hi|2
λi

)(
e−

γ
4

∑MN
i=1 λi

)
dλ

= Á
MN∏

i=1

∫
1√
λi
e
−
(

|hi|2
λi

+ γ
4 λi

)

dλi
︸ ︷︷ ︸

�D(hi|γ )

, (46)

with Á � ( 1
4 (
γ
π
)

3
2 )MN . Noticing that 0 < λi < ∞,∀i ∈ I,

we have

D(hi|γ ) =
∫ ∞

0

1√
λi
e
−
(

|hi|2
λi

+ γ
4 λi

)

dλi

= e−
√
γ |hi|

·
∫ ∞

0

1√
λi
e
−
(√

γ

2

√
λi− |hi|√

λi

)2

dλi (47a)

= 2e−
√
γ |hi|

·
∫ ∞

0
e
−
(√

γ

2 t− |hi|
t

)2

dt (47b)

= B
∫ ∞

−∞

⎛

⎝e−u2 + u
√
u2 + 2

√
γ |hi|

⎞

⎠du, (47c)

with

B � 2e−
√
γ |hi|

√
γ

, (48)

where the following variable transformations were per-
formed:

√
λi = t in (47b) and

√
γ

2 t − |hi|
t = u in (47c).

Noticing that the second term in (47c) is an odd function,
we obtain

D(hi|γ ) = B
∫ ∞

−∞
e−u2

du
︸ ︷︷ ︸

=√
π

= 2

(
π

γ

) 1
2

e−
√
γ |hi|. (49)

Substituting (49) into (46) yields

p(h|γ ) =
{

1

4

(γ
π

) 3
2
}MN MN∏

i=1

{

2

(
π

γ

) 1
2

e−
√
γ |hi|

}

=
( γ

2π

)MN
e−

√
γ ‖h‖1 . (50)

The PDF given by (50) is a complex generalized Gaussian
distribution presented in [46], and we employ this as a
complex Laplace distribution as in [47].

2) DERIVATION OF SBL ALGORITHM

From the hierarchical Bayesian model presented in the
previous subsection, the CL-SBL algorithm is derived using
the evidence procedure as in Section III-B. The posterior
distribution of h can be expressed as

p(h|y) =
∫ ∫

p(h,λ, γ |y)dλdγ

=
∫ ∫

p(h|y,λ, γ )p(λ|γ, y)p(γ |y)dλdγ. (51)

Similar to the derivation of (15), (51) is approximated by [31]

p(h|y) ≈
∫ ∫

p(h|y,λ, γ )δ
(
λ − λ̂

)
δ
(
γ − γ̂

)
dλdγ

= p
(
h|y, λ̂, γ̂

)
, (52)

where λ̂ and γ̂ denote the MAP estimates of λ and γ ,
respectively, given y. Similar to (16), from (9), (10), and (52),
the approximated posterior estimate and its covariance matrix
are given by (18).

Next, from (10), (42), and (43), the joint PDF after
marginalization of h is expressed as

p(y,λ, γ |c) =
∫
p(y|h)p(h|λ)p(λ|γ )p(γ |c)dh

= C′ · γ c1−1

�(c1)
−1

(
MN∏

i=1

λ
1
2
i

)

e
−
(
γ
4

∑MN
i=1 λi+c2γ

)

·|Λ|−1|Σ |e−ξ , (53)

with

C′ �
cc1

2 β
KN

πN
2

(
γ

3
2

4
√
π

)MN

. (54)

Following [32], the update formula for λ and γ can be
obtained by

λ̌i = − 1

γ
+ 1

γ

√
1 + 4γ

(
Σi,i + |μi|2

)
, ∀i ∈ I, (55)
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Algorithm 2 CE Algorithm via CL-SBL
Input: y, S, β, γini (Initial value of γ ), T (Num. of

Iterations)
Output: ĥ

/* —————- Initialization —————- */
1: Λ̌ = IMN , γ̌ = γini

/* ————– Iterative process ————– */
2: for t = 1 to T do
3: Σ =

[
βSHS+ Λ̌

−1]−1

4: μ = βΣSHy
5: for i = 1 to MN do
6: λ̌i = − 1

γ
+ 1

γ

√
1 + 4γ

(
Σi,i + |μi|2

)

7: end for

8: γ̌ = 3
2MN+c1−1

1
4

∑MN
i=1 λi+c2

9: Λ̌ = diag
[
λ̌
]

10: end for
11: ĥ = μ

/* —————- Termination —————- */

and

γ̌ =
3
2MN + c1 − 1
1
4

∑MN
i=1 λi + c2

, (56)

respectively. The parameter c was set to 0 in our simulations
since it is empirically known that a small value of c
is sufficient and that its variation will hardly affect the
performance [31], [32].
For the sake of completeness, the pseudo-code of the

CE algorithm described above, named complex Laplace
distribution-based SBL (CL-SBL), is given in Algorithm 2.
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