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Abstract
In the article we establish the existence of solutions of a system of integro-differential equa-
tions in the case of the double scale anomalous diffusion. Each equation of the system con-
tains the sum of the two negative Laplace operators raised to two distinct fractional powers in
RY, d = 4,5. The proof of the existence of solutions relies on a fixed point technique. We use
the solvability conditions for the non-Fredholm elliptic operators in unbounded domains.

1. Introduction

The present article is devoted to the studies of the existence of stationary solutions of the
following system of the integro-differential equations in RY, d = 4,5

Oty
(1.1) o D=8+ (=8 + jﬂ;i Kon(x = )gm(uly, 0)dy + fin(x),

o
3 d L .

wherel <m <N, 0 < sy, < s, < land = — — < 55, < 1 appearing in the cell population
dynamics. The results of the work are obtained in these particular ranges of the values
of the powers of the negative Laplacians, which is based on the solvability of the linear
Poisson type equations (1.13) and the applicability of the Sobolev inequality (1.7) for the
fractional Laplace operator. The solvability of the system analogous to (1.1) containing
a single fractional Laplacian in the diffusion term of each equation was covered in [29].
Note that the space variable x in our problem corresponds to the cell genotype, the functions
u,(x, t) describe the cell density distributions for various groups of cells as functions of their
genotype and time,

u(x, 1) = (uy(x, 1), ua(x, 1), ..., un(x, 1)) .

The right side of system (1.1) describes the evolution of cell densities by virtue of the cell
proliferation, mutations and cell influx or efflux. The double scale anomalous diffusion terms
with positive coefficients D,, correspond to the change of genotype due to small random
mutations, and the integral production terms describe large mutations. Functions g,,(u) stand
for the rates of cell birth depending on u (density dependent proliferation), and the kernels
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618 V. VOUGALTER

K,,(x — y) express the proportions of newly born cells changing their genotype from y to x.
Let us assume that they depend on the distance between the genotypes. The functions f,(x)
designate the influxes or effluxes of cells for different genotypes.

The fractional Laplace operator describes a particular case of the anomalous diffusion ac-
tively studied in the context of the various applications in plasma physics and turbulence [7],
[24], surface diffusion [19], [22], semiconductors [23] and so on. The anomalous diffusion
can be understood as a random process of the particle motion characterized by the probabil-
ity density distribution of the jump length. The moments of this density distribution are finite
in the case of the normal diffusion, but this is not the case for the anomalous diffusion. The
asymptotic behavior at the infinity of the probability density function determines the value
of the power of the negative Laplacian (see [20]). Weak error for continuous time Markov
chains related to fractional in time P(I)DEs was estimated in [17]. In the present article

5—%Z<s2,m< I, 1<m<Nandd=4,5. The
necessary conditions of the preservation of the nonnegativity of the solutions of a system of
parabolic equations in the situation of the double scale anomalous diffusion were obtained
in [13]. In the work [15] the authors consider the simultaneous inversion for the fractional
exponents in the space-time fractional diffusion equation.

We set here all D,, = 1 and demonstrate the existence of solutions of the system of

equations

we discuss the case of 0 < 51, < 52 < 1,

(1.2) —[(=A)" " + (=AY Juy + L [ Knlx = Pgmuy))dy + fn(x) = 0,

where 0 < s1,, < 2.0 < 1, E - %1 <sm<1,1<m<Nandd =4,5. Let us treat the case
when the linear parts of the operators involved in our system fail to satisfy the Fredholm
property. Consequently, the conventional methods of the nonlinear analysis may not be
applicable. We use the solvability conditions for the non-Fredholm operators along with the
method of contraction mappings.

Consider the problem

(1.3) —Au+V(x)u—au = f,

where u € E = H>(RY) and f € F = L*(RY), d € N, a is a constant and the scalar po-
tential function V(x) is either zero in the whole space or tends to O at the infinity. Such
model equation is discussed here in order to illustrate certain features of the problems with-
out the Fredholm property, the techniques used to solve them and the preceding results. If
a > 0, the essential spectrum of the operator A : E — F, which corresponds to the left
side of equation (1.3) contains the origin. Consequently, such operator does not satisfy
the Fredholm property. Its image is not closed, for d > 1 the dimension of its kernel and
the codimension of its image are not finite. The present article deals with the studies of
the certain properties of the operators of this kind. The elliptic equations containing non-
Fredholm operators were studied actively in recent years. Approaches in weighted Sobolev
and Holder spaces were developed in [2], [3], [4], [5], [6]. The Schrédinger type operators
without Fredholm property were treated with the methods of the spectral and the scattering
theory in [12], [25], [30], [33]. The nonlinear non-Fredholm elliptic equations were covered
in [12], [13], [29], [31], [32], [35]. The significant applications to the theory of reaction-
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diffusion type equations were developed in [9], [10]. Fredholm structures, topological in-
variants and applications were considered in [11]. The works [14] and [21] are important
for the understanding of the Fredholm and properness properties of the quasilinear elliptic
systems of the second order and of the operators of this kind on RY. The non-Fredholm
operators arise also when considering the wave systems with an infinite number of localized
traveling waves (see [1]). In particular, when a = O the operator A is Fredholm in some
properly chosen weighted spaces (see [2], [3], [4], [5], [6]). However, the case of a # 0
is significantly different and the method developed in these articles cannot be applied. The
front propagation equations with the anomalous diffusion were treated actively in recent
years (see e.g. [26], [27]).
Let us set K,,(x) = &,,H,,(x), where g, > 0, so that

(1.4) £ 1= MaX|<m<NEm, 2 1= MAX| <N S2ms

d
where 371 < s, < 1 and assume the following.

d
Assumption 1.1. Let 1 <m <N, 0<s1,, < S2m <1, = — 1 < Snm <1, where d = 4,5,

2
the functions f,, : RY — R do not vanish identically for some m, such that
fu € L'®Y),  (~A) 7, € P2(RY).

Let us also assume that H,, : RY — R, so that

H, e L'(RY), (=A):»H, e [ARY).

Moreover,
N

(1.5) H? = Z Il oy > O
m=1

and

(1.6) Z =)= Hl 2 >

We choose here the space dimensions d = 4, 5. This is related to the solvability conditions
for the linear Poisson type equation (4.1) stated in Lemma 4.1 below. For the practical
applications, the space dimensions are not limited to d = 4,5, because the space variable
here corresponds to the cell genotype but not to the usual physical space. Let us apply the
Sobolev inequality for the fractional negative Laplacian (see Lemma 2.2 of [16], also [18]),
namely

2-s
(1.7) Il fmll < o, dll(=A)2 72 finll 2 (ra)s

Ld 6+4s2 1 (R d)

3 d
with - —— <5, <1, d=4,5and 1 < m < N. By virtue of the Assumption 1.1 above
along with the standard interpolation argument, we arrive at

(1.8) fne LXRY, d=4,5, 1<m<N.

Let us use the Sobolev spaces for the technical purposes, namely
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(1.9) H*r (R = (¢ : R > R| ¢ € LR, (-8)*"¢ € L’RI),

3 d
whereE—Z<s2,m<1, 1<m<N,d=4,5.

Each space (1.9) is equipped with the norm

(1.10) 1B s gty 1= N2 gty + =) Bl .

For a vector function

u(x) = (l/ll(X), MZ(X)9 ey MN(-X))T,

throughout the article we will use the norm

N
2 TV 2 : 3R
(L.11) ”u”]_].%(Rd’RN) = ||u||L2(Rd’RN) + ”(_A)Zum”Lz(Rd)’

m=1

withd = 4,5 and

N
2 . 2
||u||L2(R‘I,RN) = Z ||um”L2(R‘1)'
m=1

We recall the Sobolev embedding in Re, d=4,5, namely

(1.12) 1Bl ey < CellPll s mays

where ¢, > 0 is the constant of the embedding. When all the nonnegative parameters &,, are
trivial, we arrive at the linear Poisson type equations

(1.13) [(=A)* + (=A™ Jup(x) = fin(x), 1 <m<N.

By virtue of Lemma 4.1 below under the stated assumptions each problem (1.13) admits a
unique solution

3 d

o € H*>(RY), 5 =2

and no orthogonality conditions for the right side of (1.13) are required here. Obviously, for
1<m<N,

<sm<l, 1<m<N,

(1.14) [(=A)> =525 1 (=AY Jug = (=AY f,, € LA(RY)

via Assumption 1.1. It can be easily derived from (1.14) using the standard Fourier transform
(2.1) that

(=A) ug,, € L2RY, 1 <m < N.

Hence, each linear equation (1.13) possesses a unique solution ug,, € H>(R?). By means of
the definition of the norm (1.11), we have

o(x) 1= (10,1 (x), o2 (%), -ors o n()) € H(RY,RY),
Let us look for the resulting solution of the nonlinear system of equations (1.2) as

(1.15) u(x) = up(x) + u,y(x),
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where

Up(X) 1= (Up 1 (X), tp2(X), oy thy (X))

Evidently, we easily obtain the perturbative system of equations

(1.16) (A + (=AY Jup (X)) = € fR (X = y)gmCuo(y) + up(y))dy,

3 d
where 0 < s1,, < s < 1, §_Z<S2’m<1’ 1<m<N,d=4,5.

We introduce a closed ball in our Sobolev space
(1.17) B, = {ue H*RYRY) | |ullgpgapyy <p), 0<p< 1.

Let us seek the solution of problem (1.16) as the fixed point of the auxiliary nonlinear system

(1.18) [(=A)"" + (=A)*" Jup(x) = & y Hy(x = y)gm(uo(y) + v(y)dy,

3 d
withO <s;,, <som <1, 2 —=<su <1, 1<m<N,d=4,5inball (1.17). For a given
vector function v(y) this is a system of equations with respect to u(x). The left side of the
mth equation in (1.18) involves the operator which fails to satisfy the Fredholm property

(1.19) Ly := (<A + (=AY : H*n(RY) - L>(RY), 1<m<N.

We have (1.19) defined via the spectral calculus. It is the pseudo-differential operator with
the symbol |p|>*i» + |p[>>», such that for 1 <m < N
1

(2m)?
with the standard Fourier transform defined in (2.1). The essential spectrum of (1.19) fills
the nonnegative semi-axis [0, +0). Thus, this operator does not have a bounded inverse. The
similar situation appeared in articles [31] and [32] but as distinct from the present case, the
equations studied there required the orthogonality relations. The fixed point technique was
applied in [28] to evaluate the perturbation to the standing solitary wave of the Nonlinear
Schrodinger (NLS) equation when either the external potential or the nonlinear term in the
NLS were perturbed but the Schrédinger operator involved in the nonlinear problem there
had the Fredholm property (see Assumption 1 of [28], also [8]). Let us introduce the closed
ball in the space of N dimensions as

lm¢(x) =

f P +1pPF ) dp,  p € B,
R

(1.20) I:={z € RN | |zlav < celluollppgapyy + cch.  d =4,5.

Here and below |.|zv will denote the length of a vector in RY. The closed ball Dy, in the
space of C2(I,RV) vector functions is given by

(1.21) {9(2) := (91(2), 922), - gn(2) € C* UL, RY) [ llgllcor vy < M),

where M > 0. Here the norms

N
(1.22) ligllc2 ryy = Z gmllc2ys

m=1
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N
3G
N o
c Z 02,0z
n,l=1
where ||gmllcay 1= max e/lgm(z)|. We make the following technical assumption on the nonlin-

ear part of the system of equations (1.2). From the perspective of the applications in biology,
gm(z) can be, for example the quadratic functions, which describe the cell-cell interactions.

OGm
0z,

N
(1.23) lgmllcza = llgnllca + 3| .
n=1

Assumption 1.2. Let 1 <m < N. Suppose that g,, : R¥ — R is such that g,,(0) = 0 and
Vg, (0) = 0. We also assume that g € Dy, and it does not vanish identically in the ball I .

We use the technical Assumptions 1.1 and 1.2 above in the proofs of our main theorems. It
is not clear at the moment if there is a more efficient way to analyze our system of equations
which would enable us to weaken these conditions.

Let us introduce the operator T, such that u = T,v, where u is a solution of the system of
equations (1.18). Our first main statement is as follows.

Theorem 1.3. Let Assumptions 1.1 and 1.2 hold. Then for every p € (0, 1] system (1.18)
defines the map T, : B, — B, which is a strict contraction for all

(SIS

(1.24) O<e<

8s 452 -
o H2(||MO||H3(R“,RN) + 1)72_2d(|Sd|) ¢ + QZ] .

X i
M(lluol| 3 e vy + 1)? (d — 45,)(2m)4S: 48,

The unique fixed point u,, of this map T, is the only solution of problem (1.16) in B,,.

Note that &, 5o, H, Q and S, are defined in formulas (1.4), (1.5), (1.6) and (2.6). Here
and further down S¢ stands for the unit sphere in the space of d = 4,5 dimensions centered
at the origin and |S“| denotes its Lebesgue measure.

Clearly, the resulting solution u(x) of the system of equations (1.2) given by (1.15) will not
vanish identically because the influx/efflux terms f,,(x) are nontrivial for some 1 < m < N
and all g,,(0) = 0 as we assume. Let us make use of the following elementary lemma.

Lemma 1.4. Let R € (0, +00) and d = 4,5. We consider the function

1 3 d
QD(R) :=C¥Rd_4s+ﬁ, §—Z<S<1, a > 0.

1
4 d
It attains its minimal value at R* := B , which is given by
ald —4s)

N
¢(R*)=(41) —
S/ (d—4s) 4

Our second main proposition deals with the continuity of the resulting solution of the sys-
tem of equations (1.2) given by formula (1.15) with respect to the nonlinear vector function
g. Let us use the following positive auxiliary expression

2(“ ” 1)8;2 - |Sd| 4Sl2 %
H u 3(REIRNY T d R
Ol H3(R4,RN) ( ) Qz} ‘

1.25 o = M(||lu 3 v+ 1)- R
(1.25) (luoll 3 e mvy + 1) { d— b3y 20y

45,
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Theorem 1.5. Let j = 1,2, the assumptions of Theorem 1.3 are valid, such that u, ; is
the unique fixed point of the map Ty, : B, — B, which is a strict contraction for all the
values of € satisfying (1.24) and the resulting solution of the system of equations (1.2) with
9(2) = g(2) is

(1.26) uj(x) = up(x) + up_j(x).

Then for all the values of &, which satisfy inequality (1.24), the bound

(1.27) oy — ol 3 e gy < (luoll gz re rvy + Dllgt = gallc2rmy

eo
M(1 — eo)
holds.

Let us turn our attention to the proof of our first main result.

2. The existence of the perturbed solution

Proof of Theorem 1.3. We choose arbitrarily a vector function v € B, and designate the
terms involved in the integral expressions in the right side of the system of equations (1.18)
as

Gu(x) := gu(up(x) + v(x)), 1<m<N.

Let us use the standard Fourier transform throughout the article, namely

(2.1) &(p) = ! y d(x)e"Pdx, d=4,5.
2m)2 Jrd

Obviously, the estimate from above

— 1
(2.2) Pl oo ey < ~ Al (rery
(2m)2
is valid. We apply (2.1) to both sides of system (1.18) and arrive at
H,u()Gn(p)

—_— d
Mm(P) = gm(27'()7 P YR
ploim + |l

3 d
where 0 < s1,, < s2.,n < 1, 371 <sm<l1,1<m<N,d=4,5 We obtain the expres-
sion for the norm given by
|Hu(p)P1Gn(p)P
23 il = 2162 f .
( ) ||u ||L2(Rd) ( 7T) 8m » [|p|231,m + |p|23‘24m]2 p

As distinct from works [31] and [32] with the standard Laplacian in the diffusion term, here
we do not try to control the norms
‘ H,(p)

, 1<m<N.

|p|2sl"" + |p|2s2”” Lm(Rd)

Instead, we estimate the right side of (2.3) using the analog of bound (2.2) applied to func-
tions H,, and G,, with R € (0, +00) as
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Hou(P)PIG (PP
re [|plPstr + [ pP2n]?

Hm 2 ’; 2 IEI; 2 ’;1 2
< Qn'el f PG | f HnDPGnp)Y
IpI<R | pl*s2m IpI>R | p|*52m

(2.4) Qnyle?

-4 ||IGull?
P 151 R mllp2(gd)
S SmlleHLl(Rd){(z )dHGm”Ll(Rd)d 4 + R452,m }

By means of norm definition (1.11) along with the trlangle inequality and using the fact that
v € B, we easily derive

lleto + vll2ra vy < lluollgprapyy + 1, d =4,5.

Sobolev embedding (1.12) yields
luo + vipny < co(lluollp3 e gy + 1).
Let the dot stand for the scalar product of two vectors in RV, Clearly,
Gnu(x) = f: Vg (t(up(x) + v(x))).(uo(x) + v(x))dt, 1<m<N.
We use the ball / introduced in (1.20). Hence,
IGm(0)] < sup_;[Vgm(@)lrrluo(x) + v(X)rry < Mlug(x) + v(xX)lrN,
so that
G mll2mey < Mllug + vllr2we mvy < M(|luol| g3 e rvy + 1).

Evidently, fort € [0, 1] and 1 < m, j < N, we can write

OGm L Ogm
ai(r(uom T+ o(x) = f V™ (20 (x) + 0(x))). (o (x) + v(x))dlT.
Zj 0 aZj

This implies that

|uo(x) + v(X)|py.

i0() + o)y < Z |Z

Ogm
2 (1(atg(x) + v()))| < sup,|V

aZJ aZn j“C(I)

Therefore,

luo_(x) + v;(X)] < Mlug(x) + v(x) 2.

N (92 -
IGm(0)] < luo(x) + v(X)lp¥ n;I ||8znazj “C(I)

Thus,

(2.5) NGl rey < Mlug + ull? < M(|luoll 3 ra gy + 1)%.

[2(R4RV)
This allows us to derive the upper bound for the right side of (2.4) given by

|Sd|(||MO||H3(Rd’RN) + l)sz—4sz,m . 1
2m)A(d — 4s2,) R [

27202 2 2
EnM N Hpll7 gy (ltoll s e vy + 1) - {

with R € (0, +00). Lemma 1.4 yields the minimal value of the expression above, such that
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52,
852.m ISdl S d
m2 <m2M2Hm2 . +12+d .
”Lt ||L2(Rd) S € || ”L](Rd) (||u0||H3(Rd,RN) ) 4s2,m (d _ 4sz,m)(27r)4S2~m
We define
d ﬁ J 4&2’"1
ISy ¢ 1 N R 1
2.6 — = s
26) (452 Q) T 1Smen\dsam)  Qr)ten
3 d .
where 371 < S, < 1. Hence, we obtain
45y
2 210212 282 d 1S9\ 1
2.7 2 pa vy < € MZH(lluol | e vy + 177 d—4sz(4_Sz s

By means of (1.18),

[(=A)> 52500 4 (=AY [ty (X) = Epy(—A)> ™ fR Hy(x = )G (y)dy

d

3 d
with 0 < 51, < s2n < 1, §_Z<s2’m<1’ 1<m<N, d=4,5.

We use the standard Fourier transform (2.1), the analog of upper bound (2.2) applied to
function G,, along with (2.5) to derive

32 2 2 352 2
||(_A)2um”L2(Rd) < 8m||Gm”Ll(Rd)||(_A)2 2 Hm”LZ(Rd)

< &M? DHI=A)F 2 H,, |2
=€ (||u0||H3(Rd,RN)+ )”( ) ’"”LZ(R‘J)‘

Thus,

N
3
(238) D8 gy < M2t oy + 1) Q2

m=1
Let us recall the definition of the norm (1.11). Bounds (2.7) and (2.8) give us that
(2.9)

H2(|luoll g ra vy + 1)8%_261 19| 7 2 :
’ +07 <p

(d — 457)(2m)*s: 48,

2
el g3 re mvy < eM((luol| g3 e rvy + 1) - [ 1S
2

for all the values of &, which satisfy (1.24). Hence, u € B, as well.

Suppose that for a certain v € B, there exist two solutions u;, € B, of system (1.18).
Clearly, their difference w(x) = u;(x) — us(x) € H*(RY,R") satisfies the homogeneous
system of equations

[(=A)"" + (=A)*" Jwp(x) = 0,

where 0 < s7,, < S2.n < 1, 5—%<s2,m< 1, 1<m<N, d=4,5.

Each operator [, : H>>»(RY) — L*(R?) introduced in (1.19) does not have any nontrivial
zero modes. Thus, w(x) vanishes in R?. Therefore, problem (1.18) defines a map T,:B, —
B, for all & satisfying bound (1.24).

Our goal is to show that this map is a strict contraction. Let us choose arbitrarily vy, v, €
B,. By virtue of the argument above, w1, = Tyvi» € B, as well if ¢ satisfies (1.24).
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Obviously, by means of (1.18) we obtain for | <m < N

(2.10) [(=A)"" + (=D Jur (%) = &n | Hu(x = Y)gm(uo(y) + v1(y))dy,
R4

(2.11) [(=A)"" + (=A)*" Jup (x) = & fR S Hn(x = 1)gm(uo(y) + v2(y))dy.

3 d
with 0 < 51, < $2m < 1, 371 <som<1,d=4,5 Wedefine
G1m(X) 1= gm(uo(x) + v1(x),  Gom(X) 1= gm(uo(x) + v2(x)), 1<m<N
and apply the standard Fourier transform (2.1) to both sides of systems (2.10) and (2.11).
This gives us

H,(p)Go.n(p)
|P|2S"’" + |p|2s2v'" :

Hp(p)G1m(p)

— d
o 1 |ppen” 2n(P) = En(27)?

m(p) = En(2m)*

Evidently,
s [ HaPPIGL(p) = Gam(p)P
@12 =l = ! [ FEL R ST,

Clearly, the right side of (2.12) can be estimated from above by means of inequality (2.2) as

Hp(P)PIG 1 m(p) = Gam(P)I2 Hp(P)PIG 1 (p) = Gam(P)I2
> dp + 2 dp
IPI<R |p|*s2m IpI>R |p|*s2m

”Gl,m - G2,m||12‘1(R¢1) |Sd|Rd’4s2~m N ”Gl,m - G2,m”iz(Rd)
(27T)d d- 4S2,m R4s2m

8,2,[(27r)d

2 2
<& ||Hm“Ll(Rd) : {

with R € (0, +00). Obviously, we can express for | <m < N

1
Gim(x) = Gy u(x) = f Vg (up(x) + tv1(x) + (1 = Ha(x)).(v1(x) — v2(x))dt.
0
For t € [0, 1], we have

lloa + #(v1 — v)ll3ra Yy < o1l R RN + (1 = Dllv2]lg3RaRN) < PO

Hence, vy + #(v) — v2) € B,. We easily obtain the upper bound

G 1m(%) = Gom(X)] < SUp [Vgm(2lry|v1(x) = v2(X)ry < Mlv1(x) = 02(X)[rr,

zel
so that
G 1 — Gomllizwey < Moy — v2ll2ga gyy < Mllvr — V2|l 3R RN -
.. 0gn .
Let us write a—(uo(x) + tv1(x) + (1 — Hva(x)) for 1 <m, j < N as
Zj

1

a m

fo v agz. (tluo(x) + 11(x) + (1 = D)) .[ug(¥) + 01 (x) + (1 = Du2(W)]dl7.
J

Thus, for r € [0, 1]
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|égﬂ(uo(x) + t1(x) + (1 = Hva(x))
7
G

<
07,0z;

(luo(O)|rwy + o1 (O)|ry + (1 = D]v2(X)[ry),
)

M=~

Il
—_

n

so that
1 1
G1n(x) = Gon(] < Mig () = 02l (Jao Gl + 5101 (Ol + Sla(0)le).
By virtue of the Schwarz inequality, we derive the estimate from above for the norm |Gy, —
Gomllrey as
1 1
(2.13) Mo, - Uz||L2(Rd,RN)(||u0||L2(Rd,RN) + Slorllzagazy) + §||Uz||L2(Rd,RN))
< Mllor = vallgs e vy (ol 3 e gy + 1.

Therefore, the upper bound for the norm |, — uz,mlli2 &) is given by

20 |2 2 2
ENHull}) gy M ot = vall {

(ol 3 re vy + 1)2|S4|R~452m 1
LY(RY) H3(RIRN)

+
QCm)4d - 4s2m) R4s2m

Let us minimize the expression above over R € (0, +0) using Lemma 1.4, such that

2 2 2 2 2
||u1,m - u2,m||L2(Rd) <& ”HmHLl(Rd)M ”U] - UQ||H3(Rd’RN)

452.m

s l o 159\ " d
HOIH: RRY) A5rm)  QrFon(d =45y
Then
(2.14) lltr = a2 o gy < & H>MP |01 = 03l s v,
45
x (luol P2 15) *
U 3 —_— | — .
OlHRERY) (270)%52(d — 457)\ 4S5

By means of (2.10) and (2.11) with 1 < m < N, we have
[(—A)2 720510 4 (=AY (a1 (%) = 2 (X))
= en(-8)17 [ H(x = IG1A0) = Gl
R

Let us use the standard Fourier transform (2.1) along with upper bounds (2.2) and (2.13).
Hence,

3 2 2 2 3= H |12
||(_A)2(ul,m - u2,m)||L2(Rd) <& ||G1,m - Gz,m”Ll(Rd)H(_A)z 2 Hm”LZ(Rd)
< 2 Mo — volI2 D2I(=A)3 =52 {12
S € ||U1 v2||H3(Rd’RN)(I|u0||H3(R‘l,]RN) + ) ”( ) '"||L2(Rd)'
Therefore,

N
3
@15) D =AY @1 = 2 ) oy < & M0t = 02l o o (ol oy + 17 Q%

m=1

Inequalities (2.14) and (2.15) imply that the norm |[{u; — us||g3re vy can be estimated from
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above by the expression

(2.16)

1

2
>
+0 } lor = vall 3 e mY).-

2 22 7
H(lJuol| g3 ga gy + 1)74 d(|S_d|) ¢
(d — 45,)(2n)*5> 45,

It can be trivially checked that for all the values of & satisfying (1.24) the constant in the
right side of (2.16) is less than one. Hence, the map T, : B, — B, defined by the system
of equations (1.18) is a strict contraction. Its unique fixed point u, is the only solution of
system (1.16) in the ball B,,. The resulting u € H 3(RY,RV) given by (1.15) solves problem
(1.2). Obviously, by virtue of (2.9), u,, converges to zero in the H*(R?,R") norm as & — 0.

O

eM(|luoll g3 wa gy + 1) - {

Let us proceed to the proof of the second main proposition of the work.

3. The continuity of the resulting solution
Proof of Theorem 1.5. Clearly, for all the values of € satisfying (1.24)
up1 = Tgup1, upr =Tyupo,
such that
up1 —upy = Tgupy —Tyups+ Tyupr —Tyupo.
Thus,
||Mp,1 - ”p,2”H3(Rd,RN) < ”Tg1 Up1 — Tg1 up,2||H3(Rd,RN) + ”Tg] Upos — ngup,2||H3(Rd,RN)-
Upper bound (2.16) gives us
1Ty up1 — Toupallgsgagyy < E07llup1 — up2llpsee zyys

where o is introduced in (1.25). We have g0~ < 1 because our map T, : B, — B, is a strict
contraction under the stated assumptions. Hence,

(3.1) (1- 80')||Mp,1 - Mp,2||H3(Rd,RN) < HTy] Upos — ngup,2||H3(Rd,RN)-

Evidently, for the fixed point we have Ty,u,> = u,>. We denote n(x) := T4 u,>(x). For
1 <m < N, we obtain

(3.2) [(=A)"" + (=A)>" In(X) = & fR (X = Y)g1m(uoy) + up2(y))dy.

(B3 [EAY + (A upom(x) = &m fR (X = ) gom(uo(y) + up2(y))dy.

3 d
with 0 < s1,, < 2. < 1, 571 <sm <1, d=4,5. Let us designate

G1om(%) := grm(uo(x) + up2(x)),  Grom(X) 1= gom(uo(x) + up2(x)).

We apply the standard Fourier transform (2.1) to both sides of systems (3.2) and (3.3) and
arrive at



SOLVABILITY OF SOME INTEGRO-DIFFERENTIAL SYSTEM

Hou(p)G12m(p)
|pPsim + |l

Hp(p)Gram(p)

. d
7 = g,(2n):2 .
P> ,m(p) m( ) |p|2514’m + |p|252.m

m(p) = En(2m)*

Then,

IH(D)PIG 1 2(P) = Gaam(p)P
3.4 = Up2mll; =22df . = dp.
( ) “77 up,2, ”Lz(Rd) 8m( ﬂ) - [|p|2sl$m + |p|252.m]2 P

Let us derive the upper bound on the right side of (3.4) via (2.2) as

629

Ho(p)PIG 1 am(P) = Goam(p)P Ho(0)PIC 1o (0) = Car(p)P
8%1(2ﬂ)d[ f |Hu(P)I1G 1 2m(P) = G22m(P) dp+ f |Hu(P)I1G 1 2m(P) = G22m(P) dp]
IPI<R Ipl>R

|p|452.m |p|4sz"m
5 . ) |Sa'| ||G1’2’m—Gz,z,m”il(Rd)Rd_“z’m ||G1,2,m _G2,2,m”iz(Rd)
< .
s€ ” m”Ll(Rd) (Zﬂ)d d_4s2,m + R452,m ?

where R € (0, +c0). Obviously, we can write

1
Giom(x) = Gagm(x) = f VIgim — g2.m](t(uo(x) + up2(x))).(uo(x) + 1y 2(x))dt.
0

Hence,

IG12m(X) = G22m(X)] < g1.m = g2mllc2luo(x) + 1y 2(X)|ry.

This yields

IG12.m — G22mllz2rey < 1G1m — G2mllc2pllio + wp2llr2re myy
< Mgrm = g2mllexay(luoll g3 @a myy + 1).
Let us use another representation formula with 1 < m, j < N and ¢ € [0, 1], namely
0

72 (G1.m = G2,m) (A (uo(x) + up2(x)))

' o

= fo VI3, @1 = 9200 |(r(w () + 45 200 (t0(0) + 242 (0
J

Thus,

82 (gl,m - gZ,m)

g N
52,01 = 92000 + 2] < Z; H St

cu
Clearly,
2
1G12m(X) = G22m(O| < g1.m = G2mllc2yltro(x) + up 2 ()|,
so that
2
(3.5) 1G12m = G22mllLirey S Ng1m = G2mllc2aplluo + up 272 ga gy

2
< Mg1m = g2mllc2ay (luoll g3 e gy + 1)7.

This allows us to obtain the estimate from above for the norm ||, — up,z,mlli2 (Rdy 3

2 2 2
& |IHm“Ll(Rd)(|IMOIIH3(R‘[,RN) + 1)

luo(x) + up2(X)[rr.
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d| pd—452
X Ng1m — gZ,m||C2([) (luollp3raryy + 1)

+ .
QO —453,)  Rio

We minimize this expression over R € (0, +oc0) via Lemma 1.4 and arrive at the inequality

d52.m 2
|Sd| ) d d”gl,m - g2,m|lc2([)

852.m
2 2 2 24 22m
— < d
W = wp2mlli2gay < ENHmllp) gy (ol 3 a pyy + 1) ( oy n(d = A5y )’

4Sz,m

so that

2 48y
859 d”gl - g2”C2([’RN)

d)\ d
2 2.2 2452 5]
”77 - up’2||L2(Rd,RN) <& H (||u0||H3(Rd,RN) + 1) ? (d _ 4S2)(27T)4S2 (E) :

By virtue of formulas (3.2) and (3.3) with 1 <m < N, we derive

[(—A)2 752750 4 (=AY [7(X) = Eu(=A)F 520 f Hu(x = 9)Gran(y)dy.
R

[(A)3725 4 (=) it 2,n(0) = (D)2 f Hy(x = )Gaan(y)dy.
R

3 d
where 0 < 81 <$om <1, = —=<su<1,d=4,5.

By means of the standard Fourier transform (2.1) along with (2.2) and (3.5), the norm
||(_A)% (N — ”p,2,m)”iz ey €N be bounded from above by

2 2 3 Som 2
& ||G1,2,m - G2,2,m||L1(Rd)||(_A)2 2. Hm”LZ(Rd)

2 2 4 3 om 2
< &Mg1m = Gamllcz gy (mollmearmy + DAY Hyll 2 g -

Then
N 3
D A2 Ot = tp 2 agzey < g1 = G2lEagy ) Uttollpcea oy + 1)* Q7.
m=1
Therefore,

17 = up2ll3eeryy < €llgr — gallc2ary)

2(” “ 1)8;2 - |Sd| 422 %
3(RA4 RN
H*(||uo|| g3 pe gvy + d( ) QZ] ‘

(d — 45,)(2m)*5: 48,

2
X (|luoll g3 ge gy + 1)

By virtue of (3.1), the norm ||up, 1 — u>|lg3@e ryy can be estimated from above by

1
2
llg: — gallc2 rmy-

8 4‘3_2
H2 (ol + 1 7 2d (1S9 7 o
(d — 457)(2m)*S> 45,

; (luoll g3 g vy + 1 - [
— ET

Let us use formulas (1.25) and (1.26) to complete the proof of the theorem. ]

4. Auxiliary results

We establish the solvability conditions for the linear Poisson type equation with a square
integrable right side in the situation of the double scale anomalous diffusion

4.1 [(=A)" + (=A)*]p(x) = f(x), xeR?, d=4,5 0<s <s <]l
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This auxiliary statement was proved in the previous work [35] using the standard Fourier
transform (2.1). Let us provide the argument below for the convenience of the readers.

Lemmad4.l. Let0<s; <s, <1, f: R 5 R, d=4,5and f € L'"(RY) N L*(RY). Then
equation (4.1) admits a unique solution ¢ € H*>(R?).

Proof. It can be trivially checked that if ¢ € L*(R?) is a solution of problem (4.1) with a
square integrable right side, it will be contained in H>*>(R%) as well. Indeed, if we apply the
standard Fourier transform (2.1) to both sides of (4.1), we obtain

(plP* + pP)d(p) = f(p) € LARY).

Hence,

f 1P + P PFp)Pdp < .
R

Clearly, the equality
=000, = [ I Bpdp <o

holds, so that (=A)2¢ € L*(R?). Let us recall the definition of the norm (1.10). Thus,
¢ € H*>(R?) as well.

To establish the uniqueness of solutions for problem (4.1), we suppose that our equation
has two solutions ¢ > € H*?(R%). Then their difference w := ¢; — ¢, € H*>(R?) solves the
homogeneous problem

[(=A)" + (=A)*]w = 0.
The operator
(A" + (=A)" : H**(RY) — L*(RY)

does not have any nontrivial zero modes. Therefore, w(x) vanishes in RY.
Let us apply the standard Fourier transform (2.1) to both sides of equation (4.1). This
yields

f(p) )

i<ty + PP+ P

(4.2) (p) =

- IpP + |p|232X{ Xilpl>1}-

In formula (4.2) and below y4 will denote the characteristic function of a set A C R?.
Evidently, the second term in the right side of (4.2) can be estimated from above in the

I/ (p)l
2

The first term in the right side of (4.2) can be bounded from above in the absolute value
by virtue of (2.2) by

absolute value by € L*(RY) due to the one of our assumptions.

/121 ey v
4. 5 Adpl=l}-
o
It can be easily verified that expression (4.3) with d = 4,5 and 0 < s, < 1 is contained in
L*(RY). o

4.3)
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Note that in the auxiliary lemma above we establish the solvability of equation (4.1)
in H>2(RY), d = 4,5 for all the values of the powers of the fractional Laplace operators
0 < 51 < 57 < 1, such that no orthogonality conditions are needed for the right side f(x).
This is similar to the case when the Poisson type equation is studied with a single fractional
Laplacian in the spaces of the same dimensions (see Theorem 1.1 of [33], also [29]). The
solvability of the problem analogous to (4.1) containing a scalar potential was considered
in [12].

RemMark 4.2. The global well-posedness for the integro-differential equations and the sys-
tems of coupled equations of this kind in the context of the double scale anomalous diffusion
can be established via the fixed point technique. This will be accomplished in the consecu-
tive articles.

Remark 4.3. It is strongly believed that the results of the present work can be generalized
to the situation in other dimensions than d = 4,5 using the similar methods. But the argu-
ment will rely on the different ranges of the powers of the fractional Laplacians involved in
our system.

Remark 4.4. The transport terms will be incorporated in the system discussed in the
following papers. But to generalize the results obtained above one might need to work
within the different ranges of the powers of the fractional Laplacians as well.

REmARK 4.5. Solvability of the single integro-diftferential equation with anomalous diffu-
sion and transport in one dimension was discussed in [34]. These results will be generalized
to the case of the system of the coupled integro-differential equations of this kind using the
analogous ideas in a consecutive article.
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7901.

References

[1] G.L. Alfimov, E.V. Medvedeva and D.E. Pelinovsky: Wave systems with an infinite number of localized
traveling waves, Phys. Rev. Lett. 112 (2014), 054103, 5 pp.

[2] C. Amrouche, V. Girault and J. Giroire: Dirichlet and Neumann exterior problems for the n-dimensional
Laplace operator: an approach in weighted Sobolev spaces, J. Math. Pures Appl. (9) 76 (1997), 55-81.

[3] C. Amrouche and F. Bonzom: Mixed exterior Laplace’s problem, J. Math. Anal. Appl. 338 (2008), 124—
140.

[4] P. Bolley and T.L. Pham: Propriétés d’indice en théorie holdérienne pour des opérateurs différentiels
elliptiques dans R", J. Math. Pures Appl. (9) 72 (1993), 105-119.

[5] P.Bolley and T.L. Pham: Propriété d’indice en théorie Holdérienne pour le probléme extérieur de Dirichlet,
Comm. Partial Differential Equations 26 (2001), 315-334.

[6] N. Benkirane: Propriétés d’indice en théorie holdérienne pour des opérateurs elliptiques dans R", C. R.
Acad. Sci. Paris Sér. I Math. 307 (1988), 577-580.



SOLVABILITY OF SOME INTEGRO-DIFFERENTIAL SYSTEM 633

[7] B. Carreras, V. Lynch and G. Zaslavsky: Anomalous diffusion and exit time distribution of particle tracers
in plasma turbulence model, Phys. Plasmas 8 (2001), 5096-5103.

[8] S. Cuccagna, D. Pelinovsky and V. Vougalter: Spectra of positive and negative energies in the linearized
NLS problem, Comm. Pure Appl. Math. 58 (2005), 1-29.

[9] A. Ducrot, M. Marion and V. Volpert: Systémes de réaction-diffusion sans propriété de Fredholm, C. R.
Math. Acad. Sci. Paris 340 (2005), 659-664.

[10] A. Ducrot, M. Marion and V. Volpert: Reaction-diffusion problems with non-Fredholm operators, Adv.
Differential Equations 13 (2008), 1151-1192.

[11] M. Efendiev: Fredholm Structures, Topological Invariants and Applications, AIMS Ser. Differ. Equ. Dyn.
Syst., 3, American Institute of Mathematical Sciences (AIMS), Springfield, MO, 2009.

[12] M. Efendiev and V. Vougalter: Linear and nonlinear non-Fredholm operators and their applications, Elec-
tron. Res. Arch. 30 (2022), 515-534.

[13] M. Efendiev and V. Vougalter: On the necessary conditions for preserving the nonnegative cone: double
scale anomalous diffusion, Adv. Math. Sci. Appl. 31 (2022), 197-206.

[14] H.G. Gebran and C.A. Stuart: Fredholm and properness properties of quasilinear elliptic systems of second
order, Proc. Edinb. Math. Soc. (2) 48 (2005), 91-124.

[15] N. Guerngar, E. Nane, R. Tinaztepe, S. Ulusoy and H.W. Van Wyk: Simultaneous inversion for the frac-
tional exponents in the space-time fractional diffusion equation (9? u=—(-Aiu- (—A)%u, Fract. Calc.
Appl. Anal. 24 (2021), 818-847.

[16] H. Hajaiej, X. Yu and Z. Zhai: Fractional Gagliardo-Nirenberg and Hardy inequalities under Lorentz
norms, J. Math. Anal. Appl. 396 (2012), 569-577.

[17] M. Kelbert, V. Konakov and S. Menozzi: Weak error for continuous time Markov chains related to frac-
tional in time P(I)DEs, Stochastic Process. Appl. 126 (2016), 1145-1183.

[18] E.H. Lieb: Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of Math. (2)
118 (1983), 349-374.

[19] P. Manandhar and J. Jang, G.C. Schatz, M.A. Ratner, S. Hong: Anomalous surface diffusion in nanoscale
direct deposition processes, Phys. Rev. Lett. 90 (2003), 4043-4052.

[20] R. Metzler and J. Klafter: The random walk’s guide to anomalous diffusion: a fractional dynamics ap-
proach, Phys. Rep. 339 (2000), 1-77.

[21] PJ. Rabier and C.A. Stuart: Fredholm and properness properties of quasilinear elliptic operators on RV,
Math. Nachr. 231 (2001), 129-168.

[22] J. Sancho, A. Lacasta, K. Lindenberg, I. Sokolov and A. Romero: Diffusion on a solid surface: anomalous
is normal, Phys. Rev. Lett. 92 (2004), 250601.

[23] H. Scher and E. Montroll: Anomalous transit-time dispersion in amorphous solids, Phys. Rev. B 12 (1975),
2455-2477.

[24] T. Solomon, E. Weeks and H. Swinney: Observation of anomalous diffusion and Lévy flights in a two-
dimensional rotating flow, Phys. Rev. Lett. 71 (1993), 3975-3978.

[25] V. Volpert: Elliptic Partial Differential Equations. Volume 1: Fredholm Theory of Elliptic Problems in
Unbounded Domains, Monogr. Math. 101, Birkhéuser/Springer Basel AG, Basel, 2011.

[26] V.A. Volpert, Y. Nec and A.A. Nepomnyashchy: Exact solutions in front propagation problems with su-
perdiffusion, Phys. D 239 (2010), 134-144.

[27] V.A. Volpert, Y. Nec and A.A. Nepomnyashchy: Fronts in anomalous diffusionreaction systems, Philos.
Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 371 (2013), 20120179, 18 pp.

[28] V. Vougalter: On threshold eigenvalues and resonances for the linearized NLS equation, Math. Model. Nat.
Phenom. 5 (2010), 448—-469.

[29] V. Vougalter: On the solvability of some systems of integro-differential equations with anomalous diffusion
in higher dimensions, Pure Appl. Funct. Anal. 8 (2023), 357-372.

[30] V. Vougalter and V. Volpert: Solvability conditions for some non-Fredholm operators, Proc. Edinb. Math.
Soc. (2) 54 (2011), 249-271.

[31] V. Vougalter and V. Volpert: On the existence of stationary solutions for some non-Fredholm integro-
differential equations, Doc. Math. 16 (2011), 561-580.

[32] V. Vougalter and V. Volpert: Solvability conditions for some linear and nonlinear non-Fredholm elliptic
problems, Anal. Math. Phys. 2 (2012), 473-496.

[33] V. Vougalter and V. Volpert: On the solvability in the sense of sequences for some non-Fredholm op-
erators related to the anomalous diffusion; in Analysis of pseudo-differential operators, Trends Math.
Birkhéuser/Springer, Cham, 2019, 229-257.



634 V. VOUGALTER

[34] V. Vougalter and V. Volpert: Solvability of some integro-differential equations with anomalous diffusion
and transport, Anal. Math. Phys. 11 (2021), Paper No. 135, 26 pp.

[35] V. Vougalter and V. Volpert: Solvability of some integro-differential equations with the double scale anoma-
lous diffusion in higher dimensions, Monatsh. Math. 204 (2024), 337-356.

Department of Mathematics, University of Toronto
Toronto, Ontario, M5S 2E4
Canada

e-mail: vitali@math.toronto.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


