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ABSTRACT 

This paper theoretically investigated the correlation between open-shell electronic structure and 

third-order nonlinear optical (NLO) properties of one-dimensional (1D) stacked chains of π-

radicals. By employing the finite N-mer models consisting of methyl or phenalenyl radicals with 

different stacking distances, we evaluated the average and standard deviation of diradical 

characters yi for N-mer models of π-radicals (yav and ySD). Then, we estimated these diradical 

characters at the limit N → ∞. These y-based indices were helpful in discussing the correlation 

between the open-shell electronic structures and the second hyperpolarizability per dimer at the 

limit N → ∞, γ∞, for the 1D chains with stacking distance alternation (SDA). The calculated γ∞ 

values and the polymer/dimer ratio γ∞/γ(N = 2) were enhanced significantly when both the stacking 

distance and the SDA are small. We also found that the spin-unrestricted long-range corrected 

(LC-)UBLYP method with the range-separating parameter μ = 0.47 bohr-1 reproduced well the 

trend of γ∞ of this type of 1D chains estimated at the spin-unrestricted coupled-cluster levels. The 

present study is expected to contribute to establishing the design guidelines for future high-

performance open-shell molecular NLO materials. 
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1. INTRODUCTION 

For the past two decades, molecular materials exhibiting large third-order nonlinear optical 

(NLO) responses have been actively explored because such materials are essential for establishing 

future photonic and optoelectronic devices1. Molecular third-order NLO materials have advantages 

in their fast response time and molecular design feasibility compared with inorganic crystals. 

Numerous theoretical and experimental studies have been carried out to clarify design guidelines 

for molecular third-order NLO materials2–8. In addition to the molecular materials based on the 

stable closed-shell molecules, open-shell systems9–14, such as diradicals, multiradical systems, and 

high-spin species, have recently been focused on as candidates for novel third-order NLO materials. 

Nakano et al. theoretically clarified the relationship between the diradical character y (a theoretical 

index characterizing the degree of open-shell in the singlet state) and the molecular second 

hyperpolarizability γ (the third-order NLO property at the molecular scale)13. They found that 

singlet diradicals and diradical-like molecules with intermediate y exhibit enhanced γ compared to 

closed-shell and complete open-shell counterparts. Recent advances in synthesis and measurement 

techniques have contributed to establishing open-shell third-order NLO materials 15–19.  

The (partially) unpaired electrons in the open-shell molecules are sensitive to external 

stimuli, leading to their significant NLO property and high chemical reactivity. These highly active 

unpaired electrons often contribute to σ-bond formation with other open-shell molecules, which 

results in reducing their high response properties. Therefore, practical design strategies are needed 

to suppress the formation of σ-bonds while maintaining the activity and sensitivity of the unpaired 

electrons. In such situations, these unpaired electrons can be utilized to achieve huge response 

properties in their molecular assembly that cannot be achieved with single molecules alone. 

Several π-dimers exhibiting open-shell electronic structures have been realized by tuning the 

balance between the attractive and repulsive interactions between the open-shell π-conjugated 

molecules20. Notably, derivatives of phenalenyl radicals21–23 and cyclic thiazyl radicals24–27, 

typical neutral π-radicals with high thermodynamic stabilities, were reported to form one-

dimensional (1D) π-stacked chains in the crystalline phase, in which each monomer interacts with 

each other via the pancake bonding interaction28–32. Their stacking distances and relative 

configurations can be controlled by chemical modifications while maintaining the high activity of 

the unpaired electrons 28–32. 
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Several theoretical and computational studies have evaluated the third-order NLO 

properties of such 1D chains of monoradicals. Nakano et al. employed the simplest 1D chain model 

of hydrogen atoms and averaged y (yav) values to characterize their open-shell characters33. They 

found that γ per unit in the 1D chains (multiradical) takes a maximum in a smaller yav region 

compared with the diradical systems. Yoneda et al. performed the density functional theory (DFT) 

calculations for π-dimers of phenalenyl radicals with different stacking distances d in the singlet 

state 29. They found that y of the dimer decreases as decreasing d, and γ per monomer takes the 

maximum around d = 2.9 Å, at which y is in the intermediate region. Salustro et al. evaluated the 

γ∞ of 1D chains of phenalenyl radicals32 by extending the coupled-perturbed Kohn-Sham (CPKS) 

analytic derivative method under the periodic boundary condition implemented in the CRYSTAL 

package34,35, which was the first direct computation of γ∞ of this type of 1D chain. In a series of 

theoretical studies, Matsui et al. investigated the effects of increasing the number of monomers (N) 

on the γ per unit based on the 1D chains of hydrogens and cyclic thiazyl radicals31. They estimated 

the γ per unit in the limit N → ∞ (γ∞) by extrapolating the results of N-mers. These studies predicted 

that the third-order NLO properties of closely stacked 1D chains of π-radicals are comparable to 

those of π-conjugated polymers, suggesting through-space (TS) conjugation in such systems. 

We expect that yav can fairly characterize the degree of open-shell in the 1D chains of π-

radicals with the uniform stacking distance d. Of course, realizing 1D chains of π-radicals with a 

uniform stacking distance is challenging. Even if 1D chains are formed successfully in crystalline, 

alternations of the stacking distance often appear. In such a situation, yav may not always uniquely 

characterize their open-shell electronic structures related to the third-order NLO responses. Here, 

we considered introducing another y-based index, ySD, corresponding to the standard deviation of 

y, and examined how yav and ySD can help characterize the open-shell electronic structure of the 

stacked 1D chains of π-radicals where two types of stacking distance, d1 and d2, appear alternately. 

Then, we investigated the dependence of stacking distance alternation (SDA) on yav , ySD, and γ∞ 

in 1D chain models of π-radicals based on quantum chemical calculations.   

 

2. CALCULATED MODELS AND CALCULATION METHODS  

2.1 Average and standard deviation of diradical characters 
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This section briefly explains how yav and ySD characterize the open-shell electronic 

structures of the 1D chains. Figures 1a and 1b show the models of 1D chains composed of methyl 

and phenalenyl radicals. We employed the sp2 methyl radical36 and the phenalenyl radical as a 

monomer unit. Figure 1c illustrates their dimer's frontier orbital energy levels (N = 2) and 

tetramers (N = 4). It is known that there is a good negative correlation between y and the energy 

gap between the highest occupied and lowest unoccupied molecular orbitals (HOMO and LUMO) 

for diradicaloids. The HOMO and LUMO are constructed by bonding and anti-bonding 

interactions of the singly occupied MOs (SOMOs) of the monomers. Thus, the HOMO-LUMO 

gap of the dimer tends to increase with decreasing the stacking distance d1 in the dimer unit. 

For the multiradicaloids (N ≥ 4), we can define plural diradical characters yi from the 

occupation numbers of the i-th pair of natural orbitals (NOs), i.e., HONO-i and LUNO+i. Roughly, 

yi (i = 0, 1, … N/2–1) is negatively correlated with the energy gap between the HOMO-i and 

LUMO+i. When the tetramer is composed of two almost non-interacting dimers with d2 >> d1, the 

orbital interaction between the HOMOs (LUMOs) of the dimer can be negligible. As a result, the 

HOMO and HOMO-1 (LUMO and LUMO+1) of the tetramer with d2 >> d1 are nearly degenerated. 

Thus, we will obtain y0 ~ y1 in such a situation. When d2 ~ d1 (and they are sufficiently small), the 

orbital interaction between the HOMOs (LUMOs) of the dimer becomes considerable, resulting in 

y0 >> y1. Since we define yav by the arithmetic average of {yi}, we can find situations where y0 and 

y1 are different but yav is similar. Thus, in addition to yav, we here introduce another y-based index, 

the standard deviation of yi, denoted as ySD. We can expect that, for example, ySD ~ 0 for the non-

interacting dimers, but ySD > 0 for the interacting dimers. For N → ∞, if the conduction and valence 

bands are constructed primarily from the SOMOs of the monomers, we can consider these indices 

at N → ∞, i.e., yav(N → ∞) and ySD(N → ∞). These indices are related to the averaged band gap 

and widths. Generally, the band gap and widths are essential for characterizing the optical response 

properties.  
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Figure 1. Structures of 1D chain models consisting of (a) methyl radicals, and (b) phenalenyl 

radicals, and (c) orbital interaction diagram for the tetramers with different staking distance 

alternations. 

 

2.2 Computational details 

We employed the molecular geometry of methyl radical optimized at the UCCSD(T)/aug-

cc-pVDZ level under the D3h symmetry constraint36. Then, eclipsed-stacking 1D N-mer models 

[(CH3)N] were constructed, keeping the intramolecular geometries fixed.  

The yi values for the N-mer were calculated at the projected unrestricted Hartree-Fock 

(PUHF) level using Yamaguchi’s equation [eq. (1)]37, 
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Here Ti is calculated from the occupation numbers n of NOs at the UHF level 

 

 𝑇! =
𝑛#$%$&! − 𝑛'(%$)!

2  (2) 

 

The yav for the N-mer is defined by the following equation. 

 

 𝑦*+(𝑁) = , 𝑦!(𝑁)
,/"&.

!/0

 (3) 

 

Note that there are N/2 radical pairs in the N-mer. Then, the standard deviation ySD is defined by 

the following equation. 

 

 𝑦12(𝑁) = -
1
𝑁/2,

(𝑦!(𝑁) − 𝑦*+(𝑁))"
,/"&.

!/0
 (4) 

 

For N = 4, yav and ySD are expressed by the following equations, 

 

 𝑦*+(𝑁 = 4) =
𝑦0 + 𝑦.
2  (5) 

 𝑦12(𝑁 = 4) =
𝑦0 − 𝑦.
2  (6) 

 

We then computed the stacking direction component of the static γ values of N-mer γ(N) = γzzzz(N). 

The γ(N) values were evaluated using the finite-field method. We employed the fourth-order 
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numerical derivative of total energy under the static electric field in the range from 5.0 x 10-4 a.u 

to 6.0 x 10-3 a.u., which gives the relative errors of about 1% for γ.  

The total energies in the presence of an electric field were evaluated at the spin-unrestricted 

coupled-cluster singles and doubles with triples corrections [UCCSD(T)] and the long-range 

corrected (LC-)UBLYP38,39 levels. Previous studies usually evaluated the γ values at the LC-

UBLYP level with μ = 0.33 bohr-1. This range-separating parameter μ is known to reproduce the 

results based on the highly correlated UCCSD(T) for several intramolecular diradicaloids and 

dimers of π-radicals40. In this study, we compared the calculation results of LC-UBLYP using μ = 

0.33 bohr-1 and 0.47 bohr-1 with the UCCSD(T) results for N-mers. During the calculations, we 

prepared an initial guess for the singlet state with the all-antiparallel spin alignment. We employed 

the 6-31+G basis set used in the previous studies for 1D stacked systems consisting of a methyl 

radical model. All these calculations were conducted by Gaussian 09 rev. D.41 

After that, we tried to estimate yav, ySD, and γ at the limit of N → ∞. We fitted the calculation 

results of 

 

 𝛥γ(𝑁) =
𝛾(𝑁 + 2) − 𝛾(𝑁)

2  (7) 

 

with the form of 

 

 𝛥γ(𝑁) = γ3 − 𝑏exp	(−𝑐𝑁) (8) 

 

and then estimated γ∞.31 We also fitted the results of yav(N) and ySD(N) with the same exponential 

form as eq.(8) to calculate these values at the limit of N → ∞, yav,∞ and ySD,∞.  

We also considered 1D stacked chains of phenalenyl radicals. Geometry optimization for 

the phenalenyl monomer was performed at the UB3LYP/6-31G* level. Then, we constructed π-

stacked N-mer models (PLY)N in the anti-parallel configuration (see Figure 1a) to evaluate yi of 
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the N-mers at the PUHF level. We directly computed γ∞ of the infinite 1D chain at the LC-

UBLYP(μ = 0.47 bohr-1)/6-31G* level using the CRYSTAL 17 package. Details of the DFT 

calculations under the periodic boundary condition for 1D chains of phenalenyl radicals are 

discussed in the later section. 

 

3. RESULTS AND DISCUSSION 

3.1 1D chains of methyl radicals  

Figure 2 shows the stacking distance (d1) dependences of y0 and γ(N = 2) for the methyl 

radical π-dimer calculated at the PUHF/6-31+G and UCCSD(T)/6-31+G levels, respectively. y0 

decreased monotonically with decreasing d1. γ(N = 2) showed a bell-shaped dependence on d1 with 

a maximum [γ(N = 2) = 31 x 103 a.u.] around d1 = 2.8-2.9 Å where y is in the intermediate region 

(y0 = 0.45 at d1 = 2.8 Å, and y0 = 0.51 at d1 = 2.9 Å).  

 

Figure 2. Stacking distance [d1 (= d2)] dependences of y0 and static γ(N = 2) for the methyl radical 

π-dimer calculated at the PUHF and UCCSD(T) levels, respectively, using the 6-31+G basis set. 

 

We constructed 1D N-mer models of methyl radicals with different d1 and d2: A1(2.5 Å, 

2.5 Å), B1(3.0 Å, 3.0 Å), C1(3.5 Å, 3.5 Å), A2(2.5 Å, 3.0 Å), B2(3.0 Å, 3.5 Å), and C2(3.5 Å, 4.0 
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Å). Note that, for the dimer, y0 = 0.27 and γ(N = 2) = 21 x 103 a.u. at d1 = 2.5 Å, y0 = 0.56 and γ(N 

= 2) = 29 x 103 a.u. at d1 = 3.0 Å, and y0 = 0.75 and γ(N = 2) = 16 x 103 a.u. at d1 = 3.5 Å, 

respectively. A1-C1 are the SDA-less (d2 = d1) models whereas A2-C2 exhibit the SDA pattern 

with d2 = d1 + 0.5 Å. Figure 3 shows the yav(N) and ySD(N) variations for these models with 

increasing N calculated at the PUHF/6-31+G level. The convergence behavior of ySD(N) is 

relatively slow compared to yav(N). Table 1 shows the results of yav,∞ and ySD,∞ estimated by the 

fitting scheme. yav,∞ was almost determined by d1. Namely, the yav,∞ values of An were almost the 

same. On the other hand, ySD,∞  was in the order of A1 > B1 > (A2, C1, B2) > C2. From this result, 

ySD,∞  depends on the ratio d2/d1 as well as d1 itself. A1 and A2 exhibited similar yav,∞ but different 

ySD,∞.  

In Figure 3c, we plotted the convergence behaviors of Δγ(N) with increasing N for these 

models. A1 showed a slow convergence behavior of with N. A2 also showed a relatively slow 

convergence behavior compared with other systems. These features reflected that the 

intermolecular interactions become significant when the stacking distances are small. Table 1 also 

summarizes the results of γ∞ and the ratio of γ∞ from the γ of the dimer with the same d1, i.e., 

γ∞/γ(N = 2). The “polymer/dimer” ratio γ∞/γ(N = 2) was in the order of A1 > A2 > B1 > (C1, B2) 

> C2. From these results, the polymer/dimer ratio γ∞/γ(N = 2) tends to be enhanced significantly 

when i) yav,∞ is in the small-medium region and then ii) ySD,∞  is large. The condition i) was already 

discussed in the previous paper33. For the condition ii), effect of the SDA ratio d2/d1 was usually 

discussed 33. However, we can consider different situations affecting the tendency of ySD,∞, e.g., 

relative orientations of monomers in 1D chains. We will discuss this situation in the final section. 
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Figure 3. N dependence of (a) yav and (b) ySD calculated at the PUHF/6-31+G level, and (c) Δγ 

calculated at the UCCSD(T)/6-31+G level. 

 

Table 1. Results of yav∞,  ySD,∞ and γ∞ were obtained by fitting the results in Figure 3. 

Model (d1, d2) yav,∞ ySD,∞ γ∞ [103 a.u.] γ∞/γ(N = 2) [-] 

A1 (2.5Å, 2.5Å) 0.26 0.25 740 36.0 

A2 (2.5Å, 3.0Å) 0.27 0.15 200   9.6 

B1 (3.0Å, 3.0Å) 0.48 0.22 128   4.4 

B2 (3.0Å, 3.5Å) 0.54 0.13 72   2.4 
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C1 (3.5Å, 3.5Å) 0.69 0.14 42   2.7 

C2 (3.5Å, 4.0Å) 0.73 0.08 28   1.8 

 

 

Next, we examined the exchange-correlation (xc-)functional dependence of γ∞ when we 

employ the Kohn-Sham DFT method to calculate γ∞. Indeed, applications of the UCCSD(T) 

method to the 1D chains of phenalenyl radicals and other realistic systems are usually infeasible. 

Among the xc-functionals, the LC-UBLYP with the range-separating parameter μ = 0.33 bohr-1 

[denoted as LC-UBLYP(0.33)] is known to reproduce well the γ values at the UCCSD(T) level for 

several diradical(oid)s with medium-large y.40 However, it was also suggested that the LC-

UBLYP(0.33) tends to overestimate the UCCSD(T) results for systems with small y, where γ∞  is 

expected to increase significantly in the 1D chains (multiradicals).  Thus, we conducted the LC-

UBLYP calculations with different μ values (0.33 bohr-1 and 0.47 bohr-1) for the 1D chain models 

of methyl radicals and compared the results with those of UCCSD(T).  

 In Figure 4, we compared the results of Δγ(N) of B1 calculated at the UCCSD(T), LC-

UBLYP(0.47), and LC-UBLYP(0.33) levels with the 6-31+G basis set. In this model, the LC-

UBLYP(0.33) overestimated the Δγ(N) values of UCCSD(T) significantly for N ≥ 4, although the 

result was close to the reference value for N = 2 [39.9 x 103 a.u. at the UCCSD(T), 35.3 x 103 a.u. 

at the LC-UBLYP(0.33), and 19.2 x 103 a.u. at the LC-UBLYP(0.47), respectively]. The LC-

UBLYP(0.47) underestimated the Δγ(N) values of UCCSD(T) to some extent, but their 

convergence behaviors look similar. Since the Δγ(N) values and their convergence behaviors 

depend on the model, we summarized the results of γ∞ and the polymer/dimer ratio γ∞/γ(N = 2) for 

all the models in Table 2. The γ∞ values and the polymer/dimer ratio γ∞/γ(N = 2) at the LC-

UBLYP(0.33) level were more than twice as large as those at the UCCSD(T) level for all these 

models. Overestimations of the LC-UBLYP(0.33) became especially significant when d1 was 

small. On the other hand, the LC-UBLYP(0.47) results reproduced better the UCCSD(T) results 

for both the γ∞ and γ∞/γ(N = 2) compared with the LC-UBLYP(0.33).  
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Figure 4. N dependence of Δγ [103 a.u.] of B1 calculated at the UCCSD(T), LC-UBLYP(0.33) 

and LC-UBLYP(0.47) levels with the 6-31+G basis set. 

 

Table 2. Results of γ∞ [103 a.u.] calculated at the UCCSD(T), LC-UBLYP(0.47) and LC-

UBLYP(0.33) levels with the 6-31+G basis set. Values in round parenthesis are the polymer/dimer 

ratio γ∞/γ(N = 2) [-] where γ(N = 2) was calculated at d1 at the same level of approximation. 

Model (d1, d2) UCCSD(T) LC-UBLYP(0.33) LC-UBLYP(0.47) 

A1 (2.5Å, 2.5Å) 740 (36) 3200 (110) 550 (23) 

A2 (2.5Å, 3.0Å) 200 (9.6) 590 (21) 180 (7.4) 

B1 (3.0Å, 3.0Å) 130 (4.4) 300 (8.4) 84 (4.4) 

B2 (3.0Å, 3.5Å) 72 (2.5) 140 (4.1) 49 (2.6) 

C1 (3.5Å, 3.5Å) 42 (2.7) 84 (3.2) 30 (2.5) 

C2 (3.5Å, 4.0Å) 28 (1.8) 55 (2.1) 22 (1.8) 

 

We also performed the hyperpolarizability (γ-)density analysis42 to examine the third-order 

electronic polarizations at these DFT levels. The γ-density, 𝜌444
(6) (𝒓), is defined as the third-order 

field-induced response of charge density: 
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 𝜌444
(6) (𝒓) =

𝜕6𝜌(𝒓, 𝐹4)
𝜕𝐹46

>
8!/0

 (9) 

 

where 𝜌(𝒓, 𝐹4) is the electron density at the position r in the presence of static electric field along 

the z-axis, 𝐹4. 𝜌444
(6) (𝒓) relates to γzzzz by the following spatial integration. 

 

 γ4444 = −
1
3!A𝑧𝜌444

(6) (𝒓)𝑑𝒓6 (10) 

 

Thus, the γ-density represents the spatial contributions of γ. Unfortunately, the electron density at 

the UCCSD(T) level is not available from the Gaussian program package, and we instead 

performed the γ-density analysis at the UCCSD level. In Table S1, we summarized the results of 

γ∞ at the UCCSD/6-31+G level and the ratio γ∞(UCCSD)/γ∞(UCCSD(T)). The UCCSD (with the 

6-31+G) underestimated the UCCSD(T) results when d1 was small, and their results were close to 

the LC-UBLYP(0.47) ones. 

Figure 5 shows the γ-density maps of A2 with N = 2 and 4 calculated at the UCCSD, LC-

UBLYP(0.33), and LC-UBLYP(0.47) (in Figure S2, we also plotted the results for N = 12). 

Yellow and blue surfaces represent the increase and decrease of electron density when the static 

electric field Fz is applied to the system toward the direction illustrated in Figure 5. Thus, a pair 

of positive (yellow) and negative (blue) γ-densities represents the field-induced third-order 

electronic polarization (dipole moment). When the direction of the dipole moment vector of the 

pair is the same as that of the external field Fz, it contributes positively to the total γ (see the 

relation between 𝜌444
(6)(𝒓) and γzzzz). For N = 2, although the amplitudes of positive and negative γ-

densities on the carbon atoms were slightly more prominent in the LC-UBLYP(0.33) result than 

the other methods, the differences in the γ-density maps were very slight. For N = 4, positive and 

negative γ-densities are distributed alternately on each monomer. Similar alternation patterns of γ-

densities were observed in tetramers of phenalenyl radicals 29. The direction of the field-induced 

dipole moment of the inner monomers is opposite to that of the outer monomers. Thus, the total γ 
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becomes significant when the amplitudes of γ-density on the inner monomers are reduced, the 

situation of which indicates the delocalization of electrons over the whole system. In the UCCSD 

and LC-UBLYP(0.47) results, the amplitudes of γ-density on the inner monomers were slightly 

reduced compared with those of the outer monomers. The reduction of γ-densities on the inner 

monomers were more apparent in the LC-UBLYP(0.33) result. These results indicated that the 

LC-UBLYP(0.33) overestimated the delocalization of electrons over the dimer pairs when the 

external field was applied. Thus, the optimal value of μ for the 1D chains of interacting π-radicals 

can be more significant than that for the dimers to suppress the over-delocalization.  

 

 

Figure 5. γ-density maps of A2 (N = 2 and 4) at the (a) UCCSD, (b) LC-UBLYP(0.33), and (c) 

LC-UBLYP(0.47) levels. Yellow and blue surfaces represent the isosurfaces of 𝜌444
(6) (𝒓) with the 

contour values of ± 100 a.u. 

 

3.2 1D chains of phenalenyl radicals  

We also investigated the open-shell characters and third-order NLO properties of 1D chains 

of phenalenyl radicals. First, we calculated y and γ(N = 2) as a function of d1 for the dimer (PLY)2 

(Figure 6), even though their behaviors have already been discussed in several previous studies29,32. 

UCCSD法

LC-UBLYP(μ = 0.33)法

LC-UBLYP(μ = 0.47)法

(a)

(b)

(c)

UCCSD法

LC-UBLYP(μ = 0.33)法

LC-UBLYP(μ = 0.47)法

(a)

(b)

(c)

Fz Fz

N = 2 N = 4

UCCSD

LC-UBLYP(0.33)

LC-UBLYP(0.47)



 17 

Like the case of (CH3)2, y decreased monotonically with decreasing d1, and γ(N = 2) showed a bell-

shaped dependence on d1. γ(N = 2) attained a maximum around d1 = 2.8 Å where y is in the 

intermediate region [at d1 = 2.8 Å, γ(N = 2) = 7.3 x 104 a.u. and y0 = 0.36].  

 

 

Figure 6. Stacking distance (d1) dependences of y0 and static γ(N = 2) for the phenalenyl radical 

π-dimer calculated at the PUHF and LC-UBLYP(0.47) levels, respectively, using the 6-31G* basis 

set. 

 

Then, we compared the results at the limit N → ∞ for models with different d1 and d2 

(Figure 1b). Calculations of γ for the N-mers of phenalenyls with large N, needed for estimating 

γ∞, were time-consuming and numerically complex even with the DFT. Thus, we calculated γ∞ 

directly based on the band structure calculations. In CRYSTAL 17, the fourth-order analytic 

derivative of total energy can be calculated based on the coupled-perturbed Kohn Sham (CPKS) 

method under the parodic boundary condition35,43–45. Salustro et al. evaluated the γ∞ of 1D chains 

of phenalenyl radicals using the LC-UBLYP(0.33) functional using a development version of 

CRYSTAL32. They also proposed a rough estimation of γ∞ at the UCCSD level by combining the 

results of the dimer at the UCCSD level with the polymer/dimer ratio [i.e., γ∞/γ(N = 2)] estimated 

from the UHF and LC-UBLYP(0.33) calculations (15.0 ± 4.0). Here, we employed the LC-

UBLYP(0.47) to calculate γ∞. In the CRYSTAL 17 package, the single particle crystalline orbitals 
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are expressed as a linear combination of Bloch functions defined in terms of atomic orbital (AO) 

basis functions. We used the 6-31G* basis set without the diffuse function as the local AO basis. 

Salustro et al. employed a modified 6-31+(0.08)G* basis set (with a diffuse exponent of 0.08 

upscaled from the original 0.04 value) to obtain the converged results of γ∞ of the 1D chains of 

phenalenyl radicals32. Matsui et al. compared the LC-UBLYP(0.33) results with the 6-31+G* and 

6-31G* basis sets for the 1D N-mer models of cyclic thiazyl radicals (DTDAs) with d = 3.1 Å and 

showed that the 6-31G* underestimated the 6-31+G* results less than 10%31. They also mentioned 

that the basis set superposition error (BSSE) effects on γ were negligible. We compared the LC-

UBLYP(0.47) γ values for the dimer with different basis sets (Figure S3) and found that the 6-

31G* is sufficient for our purpose. We also checked the parameter settings suitable for the band 

structure calculations using the CRYSTAL 17 package (see Supporting Information). 

Figure 7 shows calculated yav,∞, ySD,∞, and γ∞ for the infinite 1D chains as a function of d1 

with different SDA ratios d2/d1 (= 1.0, 1.2, and 2.0). We should note that Salustro et al. optimized 

geometries of the infinite 1D chains at the RB3LYP-D/6-31G* [(d1, d2) = (3.05Å, 3.19Å); d2/d1 ~ 

1.05] and UB3LYP-D/6-31G* [(d1, d2) = (3.11Å, 3.12Å); d2/d1 ~ 1.00] levels. We here plotted the 

results in the range 2.8 Å ≤ d1 ≤ 4.0 Å32. yav,∞ of these models were almost independent of the ratio 

d2/d1, whereas ySD,∞ for d2/d1 = 1.0 is about twice as large as that for d2/d1 = 1.2. ySD,∞ for d2/d1 = 

2.0 were almost zero. γ∞ enhanced significantly when d1 is small and d2/d1 approached 1.0. These 

tendencies were similar to those obtained in the 1D chains of methyl radicals.  

So far, there have been several reports of the synthesis of 1D stacked chains of phenalenyl 

radicals. For example, Uchida et al. reported the formation of the uniform 1D chains of 2,5,8-

tris(pentafluorophenyl) phenalenyl radicals in the parallel stacking with d = 3.503 Å22. The 

distance is, however, larger than the vdW contact distance of the carbon atom (3.4 Å), and yav,∞ at 

d1 = 3.5 Å, is estimated to be more than 0.7. Although d2/d1 = 1.0 was achieved, this 1D chain may 

not drastically enhance γ. Designing and synthesizing such uniform 1D chains requires tuning the 

balance between the attractive and repulsive interactions acting on each monomer and considering 

the entropic effects, which is challenging. However, from the stacking distances realized in the π-

dimers of several derivatives of phenalenyl radicals, it may be possible to achieve the 1D chains 

with distances of about 3.1-3.2 Å20. If d1 can be reduced to about 3.2 Å without the SDA, γ can be 

enhanced by about one order of magnitude compared with the dimer as a unit. Even if the SDA 
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patterns appear, we can still expect an enhancement of γ when the d2/d1 ratio is less than 1.2 [at d1 

= 3.2 Å, γ∞/γ(N = 2) = 9.5 for d2/d1 = 1.0 and γ∞/γ(N = 2) = 3.5 for d2/d1 = 1.2]. The obtained 

polymer/dimer ratio around d1 = 3.2 Å is consistent with that predicted by Salustro et al. Regarding 

diradical characters, yav,∞  ≤ 0.6 and ySD,∞ ≥ 0.1 would be the target region for achieving severalfold 

enhancement of γ as a rough estimation from these results.  

 

 

Figure 7. Stacking distance (d1) dependences of (a) yav,∞, (b) ySD,∞, (c) γ∞, and (d) γ∞/γ(N = 2)  for 

the phenalenyl radical π-dimer calculated at the PUHF (for y) and LC-UBLYP(0.47) (for γ) levels, 

respectively, using the 6-31G* basis set. 
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introducing alternating misalignment (Δdy) in the y-direction and calculated yav,∞, ySD,∞, and the 

polymer/dimer ratio γ∞/γ(N = 2)  with fixed d1 = 3.2 Å and d2/d1 = 1.0. When we increased Δdy, 

the orbital interactions between the monomers became weak, and as a result, yav,∞ increased while 

ySD,∞ decreased. In this case, γ∞/γ(N = 2) was kept high when yav,∞  ≤ 0.6 and ySD,∞ ≥ 0.1. Thus, we 

expect that the combination of yav,∞ and ySD,∞ will help characterize the open-shell electronic 

structures in 1D chains with several different configurations.  

 

 

Figure 8. (a) Side and (b) top views of 1D chain models with alternating misalignment (Δdy) in 

the y-direction and calculation results of yav,∞, ySD,∞, and (c) the polymer/dimer ratio γ∞/γ(N = 2)  

with fixed d1 = 3.2 Å and d2/d1 = 1.0. 
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chain models consisting of methyl radicals, considering both the yav,∞ and ySD,∞ were important to 

characterize their open-shell electronic structures and discuss the γ∞ values with the SDA. We also 

investigated the xc-functional dependence of γ∞ and found that LC-UBLYP(0.47) reproduced well 

the γ∞ values and their polymer/dimer ratio predicted at the UCCSD(T). By employing the LC-

UBLYP(0.47) method, we also evaluated γ∞  values of 1D chains of phenalenyl radicals. From the 

calculation results, 1D chains with yav,∞  ≤ 0.6 and ySD,∞ ≥ 0.1 are expected as candidates for novel 

third-order NLO materials with enhanced third-order NLO properties. These conditions can be 

met when the primary stacking distance is d1 ≤ 3.2 Å with a small SDA (d2/d1) ratio. The SDA and 

the relative configurations between the monomers affect the γ∞ through the variation in y. 

Therefore, the combined use of yav,∞  and ySD,∞ will help clarify the relationship between open-shell 

electronic structures and third-order NLO properties in 1D chains of π-radicals.  

On the other hand, to estimate yav,∞ and ySD,∞ at the PUHF level, one must prepare the initial 

guess carefully for large N and check the convergence behaviors of total energy and wavefunction 

to obtain physically meaningful calculation results. Alternatively, we suggest that one can roughly 

estimate the yav,∞ and ySD,∞ from the yav and ySD of N = 4 using eqs. (5)-(6) [see also the convergence 

behaviors of yav(N) and ySD(N) in Figure 3]. Of course, it must be beneficial if one can compute 

the yav,∞ and ySD,∞ (or their equivalents) from the quantum chemical calculations under the periodic 

boundary condition46 consistent with the band gap and width results. We expect that utilizing the 

y-based indices introduced in this study also contributes to the further development of the data-

driven exploration for novel open-shell functional materials 47. 

 In addition, the present results suggest that the enhanced third-order NLO properties can 

be expected for the 1D chains of phenalenyl radicals with d1 ≤ 3.2 Å while keeping SDA small. 

Exploration of appropriate substituent groups that assist stabilizing the uniform π-stacking 
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configuration in the crystal phase is highly desired. In this regard, it is necessary to 

comprehensively study the stabilization mechanism of the 1D chains with substituents, utilizing 

several analysis methods for intermolecular interactions, like those conducted for the dimers of 

phenalenyl radicals.48–52 

 

Supporting Information.  

The following files are available free of charge. 

Comparison of calculation results at the UCCSD(T) and the LC-UBLYP with different range-

separating parameters μ for 1D chains of methyl radicals, γ values at the UCCSD level for the 1D 

chain models of methyl radicals, parameter settings suitable for the CPKS analytic derivative 

calculations of 1D chains of phenalenyl radicals using CRYSTAL 17 program package, cartesian 

coordinate of the optimized geometries of the monomer unit (PDF) 
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