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Abstract

We numerically examine binary-sized granular mixtures confined between two parallel walls subjected to vertical vibration
using the discrete element method. For a size ratio of 3 between large and small particles, we study the structure of large
particles in moderately dense regimes where the combined two-dimensional packing fractions of both particle sizes exceed
1. When the fraction of small particles is small, segregation of the large particles occurs. In contrast, as the fraction of
small particles increases, an effective repulsion between the large particles emerges over distances greater than the large
particle diameter, suppressing their segregation. The emergence of reduction in segregation is confirmed for another size
ratio, vibrational acceleration, system size, and for a case of bidisperse size distribution. Additionally, at the size ratio of 3,
the effective repulsion induces a hexagonal phase of the large particles at packing fractions lower than in mono-component
systems. This work will provide a fresh insight into granular physics, prompting further experimental and theoretical study.

Keywords Granular structure - Granular simulation - Segregation - Discrete element method - Hexagonal phase

1 Introduction

Granular materials, when subjected to external excitation,
exhibit pattern formation [1-7] depending on particle char-
acteristics such as size [8—14], mass [15-17], and shape
[18-23] variations. For example, when large and small par-
ticles are introduced into a container and shaken, the larger
particles tend to aggregate toward the top, a phenomenon
commonly known as the Brazil nut effect [8, 24-31]. Due to
the energy dissipation during interparticle collisions, granu-
lar systems do not reach a thermodynamic equilibrium state,
making it challenging to analyze their segregation phenom-
ena using statistical mechanics [32—-35]. Gaining insight
into the pattern formations of granular materials in fluidized
states, which arise from particle characteristics, is not only
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crucial for advancing statistical mechanics for non-equilib-
rium systems but also beneficial for controlling transport
and mixing processes associated with fields like chemi-
cal engineering, food engineering, and the pharmaceutical
industry [36-45].

In investigations on the pattern formation of granular
materials, particles confined between two parallel walls that
are vibrated in the vertical direction, as illustrated in Fig. 1,
have been intensively studied [4, 5, 13, 15, 46-56]. Such a
setup ensures uniform energy input to each particle from
the walls, preventing the emergence of complex inhomoge-
neities in granular temperature. Additionally, the ability to
experimentally observe the position of each particle offers
an advantage for validating theoretical and simulation stud-
ies. Despite the simplicity of this configuration, granular
particles exhibit various structures depending on their mass
[15], size [13, 15], shape [57-63], and packing fraction [4,
56], including gaseous states [64], aggregated structures
[13, 57], quasi-crystalline phase [46], and hexagonal phases
[4, 7,53, 65]. For instance, a mixture of large and small par-
ticles results in aggregation of the larger particles, manifest-
ing a structure reminiscent of phase separation [13, 15]. A
similar phenomenon occurs in mixtures of rod-shaped and
spherical particles [57]. It is emphasized that this aggrega-
tion phenomenon emerges even in the absence of attractive
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Fig. 1 Setup targeted in this study: Binary-sized frictional granular
mixtures consisting of particles with diameters of d; (yellow) and d
(purple). Periodic boundaries are applied in the xy directions. Verti-
cally, the system is bounded by two parallel walls that undergo sinusoi-
dal vibration. The box dimensions are L in both horizontal directions
and H in height

interactions between granular particles. This study targets
such structures of binary-sized granular systems confined
between parallel walls, as depicted in Fig. 1.

In previous research on binary-sized granular mixtures
confined between narrow parallel walls [13, 15, 46, 57] (also
called quasi-two-dimensional systems), the structure of the
large particle is examined, changing the two-dimensional
packing fractions of large and small particles defined as

oD WNl,sd[Q)S (1)
l,s — 412

where Vs denote the numbers of large and small par-
ticles, dis the diamters of large and small particles, and
L means the side length of the box. So far, the study has
been explored only in the cases where the combined two-
dimensional packing fraction of large and small particles
is less than unity, ¢?°+ ¢? < 1. Within such fraction
regimes, larger particles often tend to segregate [13]. Here,
the packing fraction for the confined binary-sized granular
mixture can exceed unity since smaller particles can over-
lap in the vertical direction. Yet, the structural properties
of these moderately dense regimes remain unexamined. In
this research, we numerically investigate the structure of
the binary-sized granular system in such moderately dense
regimes using the discrete element method [66—69]. Within
the simulated size ratios, vibrational accelerations, system
sizes, and distribution types (binary-size and bi-disperse),
we discover that as the packing fraction of small particles
increases, an effective repulsive force, longer than the diam-
eter of the large particles, manifests between the larger par-
ticles, mitigating their segregation. At the size ratio 3, due
to this effective repulsion, larger particles exhibit hexagonal
phases at packing fractions lower than that seen in a mono-
disperse system [4, 53]. The phenomenon of reducing seg-
regation by introducing an excess of small particles has not
been reported so far, providing a fresh insight into granular
physics. Furthermore, this finding could benefit fields like
chemical engineering, food science, and pharmaceutical

@ Springer

engineering, where granular segregation might compromise
product quality or inflate costs for transportation and mixing
processes.

2 Method

In this study, as displayed in Fig. 1, the binary-sized fric-
tional granular mixtures confined between two parallel
walls are numerically investigated using the discrete ele-
ment method [66—69]. The numbers of large and small par-
ticles are N; and N, respectively. The diameters of large
and small particles are set to be d; = 3mm or 4mm and
ds = 1 mm, respectively. Both particle types have a uni-
form mass density, set as p = 1000 kg/m”. The masses of
large and small particles are given as n; = Wpdis /6. The
diagonal components of the moments of inertia of large
and small particles I, are myd7 /10, respectively, with
the other components being 0. The periodic boundary con-
ditions are introduced to the x and y directions. The side
lengths of the box are I, = 100 mm, respectively. The height
of the box is set to be H = 3.5 mm (H/dy ~ 1.17). When
the box height is smaller than the large particle diameter,
H < dp, the large particles do not almost move due to the
friction between the large particle and the wall. For the large
height case H > dj , the tractable features of the confined
setup, such as homogeneous injection of energy and experi-
mentally observable configuration, will be diminished. The
gravitational acceleration g = 9.8n'1/s2 is imposed on all
particles with z-axis. The upper and bottom walls, consid-
ered as infinitely massive and large frictional spheres, act
as flat walls. These walls undergo vertical vibrations fol-
lowing the sinusoidal function V(t) = Asin(Q2t), where
A=0.31mm and ) = 890rads—!. Then, the acceleration
of the wall vibration is sufficiently larger than that of the
gravity: AQ%/g ~ 25. The time development of the i-th par-
ticle’s position and angular velocity, T and w;, obey New-
ton’s equation of motion:

miF =y (Eig”)"u + Fff)t;j> © (dij — rij) — mige: )
i
. t
i

where FZ.(]."') and Fg’) are, respectively, the normal and tan-
gential forces between i-th and j-th particles, 7 the particle
mass, I; the inertia matrix, d;; the sum of the i-th and j-th
particle radii, 7i; the relative distance between the i-th and j-
th particles, and €: the unit vector along the z-axis. 7i; and
t;; denote the unit vectors of the normal and tangential parts
of the force between the i-th and j-th particles, I;; the vector
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from the center of the i-th particle to the contact point with
the j-th particle. ©(z) is the Heaviside step function, which
is defined as ©(z) =1 for x > 1 and O(z) = 0 otherwise.
In this study, we employ the Hertz/Mindlin/Tsuji contact
force model [70] for the interparticle interaction. The nor-
mal force interaction is given by:

(n k(n R;f_/[Q(;*S/Q 77(71)1,]:], ST @)

Here k() represents the spring constant, 77<") viscous constant,
d; the diameter of the i-th particle, Rer = (d;d;)/2(d; + d;)
the effective radius, d;; = d;; — r;; the overlap length, and
v;j = 7; — T; denotes the relative velocity. The tangential
force F< ) is provided as

F.<jt) = —min ()k

2

1/2 ¢1/2
(f)Ref/f 61']'/ ES) - r/(t)vg;:)

(n) ) 7 (5)

where £(®), n*), and £ denote the tangential spring con-
stant, tangential viscous constant, and friction coefficient,
respectively. The tangential velocity v ) is defined as

1
o)) = vy — vy myng; - 5 (diw; + djw;) > nj, (6)

and & ") is the tangential dlsplacement between the ith and
Jjth partlcles defined as 5 =/ dT’U (7), where 7 is the
contact duration between the i-th and Jj-th particles. Parti-
cle-wall interaction is modeled by considering the wall as
an infinitely large and massive j-th particle. The technical
details of the simulation follow the prior work [69]. The
initial arrangements of the granular particles are generated
randomly to prevent overlaps. Using a time step size of
3 x 1077 s, we performed calculations for 109 steps (300s)
to achieve a steady state. Subsequently, main computations
are also conducted for additional 109 steps (300s) to col-
lect the data. In the setting above, we investigate the struc-
tural property, varying 2D large and small particle packing
fractions, denoted as QSIZE = Ny grd; J4L?, respectively. All
the numerical simulations are undertaken using LAMMPS
(the open-source molecular dynamics program from Sandia
National Laboratories) [71]. We perform calculations using
the pair style “Hertz/material,” selecting “Mindlin” for tan-
gential force and “Tsuji” for damping force in the interac-
tion model. The contact force model provides k(%) and j(?)
as functions of the Young’s modulus £ and the Poisson’s
ratio V:
4F

(n) _
= 3(1—-1?) M

4B

H = L+v)2-v) ®

Here, we set E = 3GPa and v = (.34, corresponding to
parameters for polystyrene [72]. The normal and tangential
damping constants are given by:

" =n" = a(megk!™)?(Rogdij)"* ©
where meg = m;m;/(m; + m;) is the effective mass, and o
the parameter relating approximately to the restitution coef-
ficient e as [73]

a = 1.2728 — 4.2783¢ + 11.087e? — 22.348¢3

+ 27.467¢* — 18.022¢” + 4.8218¢5, (19)
We set the restitution coefficient at ¢ = (0.7. Table 1 lists
the parameters of the current system.Here, when the total
2D granular packing fraction ¢?° + ¢?P is below unity,
prolonged computations can result in a complete absorb-
ing state with respect to horizontal motions [74]. Alterna-
tively, if computations begin from an initial state without
vertical overlap, the configuration on the xy-plane remains
permanently unchanged. To avoid such absorbing states, we
restrict our attention to the regime where ¢7° + ¢?° > 1.
Additionally, when the total 3D packing fraction, given by
o0 + 93P, where ¢} = N, d},/6 L” H , is exceedingly
large, all particles jam and drift collectively [75-78], and
the initial configuration also remains almost unchanged.
In our setup, this drift behavior is predominantly evident
when the total 3D packing fraction ¢ + ¢3 surpasses
approximately 0.5. As the drift behavior falls outside
the scope of our study, we concentrate on regimes within
P + ¢2P < 0.5. Consequently, this study focuses on
the regime within ¢?° + ¢?” > 1 (which corresponds to
P + ¢3P > 0.19 when the size ratio is 3 in the current
setup) and ¢;P + ¢3” < 0.5. In this moderately dense
regime, the small particles behave like a liquid; they are
not uniformly distributed as in a gas state, nor are they in a
jammed state.

3 Results

The representative snapshots at the time immediately
after vibration (¢t = 0.3s) and after the long-time vibra-
tions (¢t = 600s) with various packing fractions gb]?D and
$?" are presented in Fig. 2. ¢7° and ¢?" are varied within
the regimes ¢*° + ¢ >1 and ¢+ ¢f” <0.5, as
explained in Sect. 2. When ¢7° = 0.2 after the long-time
vibrations, weak segregation seems to be observed when
the small particle fraction is low (¢?° = 0.2). This weak
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Table 1 Parameters for the DEM simulation

Parameters Symbols Values

Mass density P 1000 k g/m3
Diameter of large particle d; 3 mm
Diameter of small particle ds 0.75 or I mm
Young’s modulus E 3 GPa
Poisson’s ratio v 0.34
Restitution coefficient e 0.7

Coulomb friction coefficient 12 0.38
Amplitude of oscillation A 0.31 mm
angular frequency of oscillation @) 890 rads~!
Side length of box L 50 or 100 mm
Hight of box H 3.5 mm
Number of large/small particles N,

2D packing fraction of large/small particle 12D
,5

3D packing fraction of large/small particle 43D

Wvasde’s/LlL?

segregation diminishes as ¢?P increases. When the pack-
ing fraction of small particles is large (¢?° = 1.2 or 1.4),
the long-time vibrations lead to almost no contact between
the large particles. Similarly, for ¢?° = 0.55, the contacts
between large particles decreases as ¢2P increases. More-
over, for ¢?® = (.7 and 0.8, a hexagonal phase appears
to emerge. It is noteworthy that this packing fraction

D' = (.55 is lower than that at which a single-component
case expresses the hexagonal phase (70 ~ 0.65) [4]. To the
best of the authors’ knowledge, there have been no reports
on behavior where excess small particles suppress segre-
gation, and a hexagonal phase emerges at a lower ¢; than

Fig. 2 Snapshots of the system
with large particle diameter

d; = 3mm, small particle diam-
eter d, = 1 mm, and system
length I, = 100 mm, obtained
through discrete element method
simulations. The packing fractions
of large and small particles (gf)%D,
#?P) are: (a-1,2) (0.2, 0.8), (b-1,2)
(0.2,0.9), (¢-1,2) (0.2, 1.0), (d-1,2)
(0.2, 1.2), (e-1,2) (0.2, 1.4), (f-1,2)
(0.55, 0.45), (g-1,2) (0.55, 0.5),
(h-1,2) (0.55, 0.6), (i-1,2) (0.55,
0.7), and (j-1,2) (0.55, 0.8). Sub-
scripts 1 and 2 denote snapshots
taken immediately after vibration

t = 0.3 s and after the long-time
vibrations ¢ = 600 s, respectively.
All snapshots are projected onto
the xy-plane for clarity

i WNled?S/ﬁLQH

in the mono-component case. These results are insensitive
to the system size and vibrational accelerations, provided
AQ?/g > 1, as presented in Figs. 15 and 18 in Appendix.

To characterize the arrangement of particles shown in
Fig. 2, we analyze the 2D radial distribution function (RDF)
of large particles, defined as follows [79]:

12 NN
2D
- S(R— IR
g (R) RN % jg#) (R — |Ryj|) (11)

where § is the Dirac delta function, and (---) denotes the
time-average. I;; represents the relative position projected
onto the x-y plane between the ith and jth particles, consid-
ering the periodic boundary conditions. Figure 3 displays
the RDF obtained by varying ¢?° for ¢?° = 0.2 and 0.55.
The horizontal axis is scaled with the diameter of the large
particles, d;. For ¢?° = 0.2, a pronounced peak is observed
at R/d; = 1 when ¢2 is small. This reflects the tendency of
the large particles to segregate weakly, as shown in Fig. 2a-2
and b-2. If the granular particles were uniformly placed, the
peak value of the RDF would not be as large as our results,
as calculated in 2D hard-disc systems in an equilibrium state
[80, 81]. As ¢?P increases, the peak at R/d; = 1 diminishes,
while the peak at R/d; > 1 intensifies. In other words, with
the increase in ¢P, it can be inferred that an effective repul-
sion longer than d; manifests between large particles. This
trend is also noticeable for ¢7° = 0.55. Furthermore, for

D = 0.55, in alignment with the hexagonal phase observed
in Fig. 2i-2 and j-2 (¢?° = 0.7 and 0.8), the RDF does not

aFg oy
e IRty
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converge to 1 even in the large R/d; region, indicating the
emergence of long-ranged structures larger than the particle
diameter d;. These results of RDF are largely insensitive to
changes in system size and vibrational accelerations, pro-
vided AQ?/g > 1, as shown in Figs. 16 and 19.

To characterize the long-range structure of the large par-
ticles, we analyze the two-dimensional structure factor
defined by the following equation [79]:

N, N

S0 = D> e l-ik- Ry (12)
i J

where k = (k,, k,) denotes the wave vector. Figure 4 shows
the structure factors corresponding to the parameters in
Fig. 2 after the long-time vibrations (¢ = 600s). No sig-
nificant changes are observed from Fig. 4a—e. Specifically,
while the segregation of large particles decreases, as shown
in Fig. 2a-2—e-2, no symmetric order such as a hexagonal

16 '
14 | (@)
12
EEIO
a 8
> 6
4t
7 |
0

0O 05 1 15 2 25 3 35 4
R/d,

10 | (b) ¢§D
g 0.45
g ) 0.5
Q
[a\]
> 4
2 |
0

0 05 1 15 25 3 35 4

2
R/d,

Fig.3 Radial distribution function of large particles when d; = 3 mm
and d, = 1 mm for various q&gD. The horizontal axis is scaled by
d; . Representative cases are shown for (a) (bZQD = 0.2 and (b)
QSIZD = (.55. These data have been time-averaged over the main
simulation period (300s < t < 600s)

structure appears. This indicates that the reduction in seg-
regation is not a consequence of the ordering of the large
particles. In contrast to the case of small ¢7°, at large ¢?"
values, the increase in ¢?P leads to a structural transition
from an isotropic liquid phase to a hexagonal phase, as dem-
onstrated in Fig. 2f-2—j-2. Similar results for S?°(k) are
obtained for different system sizes and vibrational accelera-
tions when AQ?/g >> 1, as shown in Figs. 17 and 20.

To analyze the hexatic order, we calculate the global order
parameter defined by the following equation [4]:

‘Nl

Uy = <]$l Z ni Z exp(i66;;) > : (13)

i=1 ' j=1

Here, n; is the number of the nearest neighbors, determined
based on Voronoi tessellation, around the i-th particle, 8;; is
the angle between the vector R;; and x-axis (any fixed axis
can be arbitrarily chosen). Equation (13) characterizes the
degree of the hexagonal phase of the system, where a com-
pletely hexagonal arrangement corresponds to Vg = 1, and
a disordered structure results in W < 1. Figure 5 displays
U as a function of ¢?P with various ¢7°, including error
bars. The data are obtained as the time average within the
main simulation. For (;SZQD < 0.55,¥; is nearly zero for the
simulated density regime. Meanwhile, as ¢7" is greater than
or approximately equal to 0.55, the hexatic order parame-
ter distinctly deviates from zero for large ¢2P. This result
quantitatively indicates that, upon introducing the small par-
ticles, the large particles exhibit a hexagonal phase at ¢?
values smaller than 0.65, where a monocomponent system
would form a hexagonal phase [4].
Following our analysis above, we now examine the effect of
the size ratio of the particles. To this end, we calculate the
structure with the size ratio 4 (d; = 3mm and d; = 0.75 mm
). The snapshots, radial distribution functions, and the struc-
ture factor are presented in Figs. 6, 7, and 8§, respectively.
From Fig. 6, strong segregation clearly emerges when the
small particle packing fraction is low for both ¢?” = 0.2
and 0.55. This strong segregation induces a local hexago-
nal structure, as shown in Fig. 6a, b, and e. This local hex-
agonal phase is also characterized by strong peaks in RDFs
(Fig. 7) and hexagonal patterns in the structure factor as
shown in Fig. 8a, b, and e. This segregation disappears as
#?P increases, similar to the case of d;/d, = 3. However, in
the simulated density regime, the global hexagonal phase at
large $?P is not observed. From these calculations, reduc-
ing segregation appears to be insensitive to the size ratio,
whereas the hexagonal order is sensitive to changes in the
particle size ratio.

The shape of the size distribution can affect the struc-
ture. In research on glassy media, it is known that slight

@ Springer
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Fig.4 Structure factors correspond-
ing to Fig. 2 at time ¢ = 600 s,

as defined by Eq. (12), for various
packing fractions of large and
small granular particles. The pairs .5}
(620, ¢ are: (a) (02,08), (b)) > °
0.2, 0 9), (¢) (0.2, 1.0), (d) (0.2,
1.2), (e) (0.2, 1.4), (f) (0.55, 0.45), il
(g) (0.55,0.5), (h) (0.55, 0.6), (i)
(0.55,0.7), and (j) (0.55, 0.8)

kxd;

-10-5 0 5 10

2D

08 | !

0.2

- 06 0.4
> 04 | 0.5—
0.55 —

02|
2= S
. ,

04 0.6 0.8 1 12 14

Fig. 5 Hexatic order parameters when d; = 3mm and d;, = 1 mm
defined in Eq. (13), are plotted against QSED for various qbl?D values.
The nearest neighbors are determined using Voronoi tessellation. Data
are time-averaged over the main calculation period from ¢t = 300 s

to 600 s

differences in particle size can inhibit crystallization [82].
To examine the effect of the size distribution shape, we
consider bidisperse cases with uniform size distributions
for large and small particles within d; = 10% and d, & 10%
, where d; = 3mm and d;, = 1 mm. Snapshots, radial dis-
tribution functions, and structure factors obtained at time
after long time vibrations (¢ = 600s) are shown in Figs. 9,
10, and 11, respectively. From the snapshots and RDFs,

Fig. 6 Snapshots for the binary
mixture when the size ratio is 4
(d; = 3mm and dy, = 0.75mm
) at the box length [, = 50 mm

. The packing fractions of large
and small particles qbZQD, qﬁzD are
varied as (a) (0.2, 0.8), (b) (0.2,
1.2), (¢) (0.2, 1.6), (d) (0.2, 2.0),
(e) (0.55, 0.6), () (0.55, 0.8), (g)

5'_

(0.55, 1), and (h) (0.55, 1.2). All
snapshots are obtained after the
long-time vibrations: ¢ = 600's

@ Springer
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we observe that segregation disappears as ¢° increases
for both ¢7° = 0.2 and 0.55, which is consistent with the
binary-sized case. However, Fig. 11 shows that the hex-
agonal phase, which emerges in the binary-sized setup at

D = 0.55 (as shown in Fig. 4), is not observed in the bidis-
perse case. Namely, while the reduction of segregation is
insensitive to the variances in size distributions of large and
small particles, the formation of hexagonal order is sensitive
to these variances. Additionally, this result indicates that the
reduction of segregation occurs even in conditions where
crystallization is inhibited, suggesting that the mechanism
behind the segregation reduction does not stem from the
symmetrical ordering of particles.

Before discussions, we should also check the effect of
the initial configuration. While we have started the simu-
lation with random positions, as presented in Fig. 2, we
also perform the simulation from completely separated
structures for bidisperse cases where the particle sizes are
uniformly ranged d; & 10% and d; = 10% with d; = 3mm
and ds; = 1 mm. Figures 12 shows the snapshots immedi-
ately after vibration and those after long-time vibrations
(t = 600s). When the large particles are diluted ¢?” = 0.2

and ¢?? is small, the separated structure breaks with time,
but the small clusters remain, which repeat creation and
annihilation. The small clusters disappear as ¢>” increases.
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Fig. 7 Radial distribution function of large particles for various quD
with the size ratio of 4 (d; = 3mm and ds = 0.75 mm). The repre-
sentative cases, (a) ¢l2 = 0.2 and (b) ¢Z2D = (.55, are presented.
The data are time-averaged within 300s < ¢t < 600s. The insets
show a magnified view of the vertical axis to enhance visibility

A similar trend of the reduction of the segregation can be
observed when the large particles are dense (¢ = 0.8),
while the hexagonal structure does not appear due to the
particle size dispersion. The radial distribution functions

Fig. 8 Structure factor correspond-
ing to Fig. 6, as defined by Eq. (12),
for various packing fractions of
lar%e and small granular particles:
7P, P are (a) (0.2, 0.8), (b)
(0.2, 1.2), (¢) (0.2, 1.6), (d) (0.2,
2.0), (e) (0.55, 0.6), (f) (0.55, 0.8),
(g) (0.55, 1), and (h) (0.55, 1.2)

kxd;

and structure factors obtained after the long-time vibrations,
initiated from the separated configurations, are presented in
Figs. 13, and 14. The obtained results are almost the same
as those initiated from random structures, as presented in
Figs. 10 and 11. Namely, within the simulated parameter
regime, the initial configuration does not affect the results
after the long-time vibrations.

4 Discussion

When mixing granular materials of two different sizes, seg-
regation generally appears [2]. This behavior is observed
even in the system confined by parallel walls [13, 57],
which is the subject of this study. As shown in Figs. 2 and 3
with small ¢?P, the larger particles segregate, consistent
with previous studies [13, 15]. Meanwhile, by thoroughly
investigating the cases for ¢2° + ¢? > 1, a regime that has
not been studied, we discovered a phenomenon overlooked
by prior research, as depicted in Figs. 2 and 3. Namely, by
introducing an excess of small particles, an effective repul-
sive force arises between the larger particles, which is lon-
ger than the diameter of the large particles d;, eliminating
the segregation. This segregation reduction is confirmed for
a different size ratio, system size, vibrational acceleration,
and shape of size distribution. Due to the effective repulsion,
as shown in Figs. 4 and 5, the larger particles can exhibit a
hexagonal phase at a lower packing fraction than in a mono-
component system at the size ratio 3. The setup employed in
this study is experimentally feasible, and thus the validation
of our results would be straightforward.

The effective repulsion manifested by the excessive
introduction of small particles might be akin to an entro-
pic force in an equilibrium system. The vibrated granular
particles move randomly due to collisions with surround-
ing particles, and it may be plausible that the macroscopic
structure is determined to maximize the volume in which

(%) 425 801
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Fig.9 Snapshots for various 2D
packing fractions in a bidis-

perse case. Particle diameters

are uniformly distributed within

d; £ 10% and dg 4= 10%, where
d; = 3mm and d; = 1 mm. The
2D packing fractions (¢7°, ¢2P)
are (a) (0.2, 0.8), (b) (0.2, 0.9), (¢)
(0.2, 1.0), (d) (0.2, 1.2), (e) (0.55,

0.45), () (0.55, 0.5), (g) (0.55, 0.6),
and (h) (0.55, 0.7). All snapshots
are obtained after the long-time
vibration: ¢ = 600 s

Z
7 : : : -
6| @ 03"
5l 0.8
= 0.9 —
§/ 37 1=
! 1.2 —
1
0
0 05 1 15 2 25 3 35 4
R/d,
7 - . :
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S s
= |
1
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0 05 1 15 2 25 3 835
R/d;

Fig. 10 Radial distribution function of large particles for various
QSED in bidisperse cases. Particle diameters are uniformly distrib-
uted within d; £ 10% and dg 4+ 10%, where d; = 3mm and
ds = 1 mm. Representative cases are presented for (a) (ZS%D =0.2
and (b) ¢12D = (0.55. Data are time-averaged over main computation

300s <t < 600s

@ Springer

each particle can move. In a colloidal system consisting of
large and small particles in an equilibrium state, the attrac-
tive force between large particles can emerge [83-85],
which is known as the depletion interaction explained by
the Asakura-Osawa model [86]. This model assumes that
the small particles are dilute and they are uniformly distrib-
uted in space. When the small particles are not diluted, the
small particles construct a complex liquid structure [79],
and the conventional Asakura-Osawa model would not be
straightforwardly applied. Experimentally, it is reported that
the entropic repulsive force between the large particles can
appear when the surrounding smaller objects are not dilute
[87]. In the granular material, the entropy-like attractive
force has been reported for the binary-sized mixture [13]
and particle-rod mixture [62]. Thus, the entropy-like repul-
sive force between the larger particles might also be possi-
ble for the moderately dense case where the structure of the
small particles is liquid-like. Of course, since granular sys-
tems are not in an equilibrium state, there is no justification
that the concept of entropy defined only in an equilibrium
state can be applied. Additionally, granular systems can
exhibit pattern formations due to differences in mass [15],
dissipation strength [5], and asymmetry in particle diffusiv-
ity [88], which cannot be explained by equilibrium theories.
Although the observed repulsive behavior is similar to that
in the colloidal system in an equilibrium state, it must be
emphasized that we cannot determine that the mechanism
of the effective repulsion between large granular particles is
explained based on the entropic-like force.

Recent studies have shown intriguing results in a similar
setting. Plati et al. [46] numerically investigated the struc-
ture of a binary-sized granular system confined between two
parallel walls, focusing on regions with a two-dimensional
packing fraction ¢7° + ¢°" less than 1. The particle size ratio
was set at 2. Upon vibrational excitation of the system, they
discovered that the scattering pattern temporarily develops
from a liquid-like state to a structure possessing eightfold
rotational symmetry, indicative of a quasi-crystalline phase.
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Fig. 11 Structure factors corre-
sponding to Fig. 9, as defined by
Eq. (12), for various 2D packing
fractions in bidisperse systems.
The packing fractions ((ﬁlQD, 2P

) of large and small particles are (a)
(0.2, 0.8), (b) (0.2, 0.9), (¢) (0.2,
1.0), (d) (0.2, 1.2), (e) (0.55, 0.45),
() (0.55, 0.5), (g) (0.55, 0.6), and
(h) (0.55,0.7)

kxd;

-10-5 0 5 10

Fig. 12 Snapshots of the system
initiated from separated con-
figurations. The diameters of large
particles are uniformly distributed
between 0.9d; and 1.1d; with

d; = 3 mm, and those of small
particles between 0.9d and 1.1d
with dg = 1 mm. The system size
is L = 50 mm. The 2D packing
fractions 7", ¢?P are set to be
(a-1,2) (0.2, 0.8), (b-1,2) (0.2, 0.9),
(c-1,2) (0.2, 1.0), (d-1,2) (0.2, 1.2),
(e-1,2) (0.2, 1.4), (f-1,2) (0.55,
0.45), (g-1,2) (0.55, 0.5), (h-1,2)
(0.55, 0.6), (i-1,2) (0.55, 0.7), and
(j-1,2) (0.55, 0.8). Subscripts 1 and
2 denote snapshots taken imme-
diately after vibration (f = 0.3 s

) and after the long-time vibrations

(3) 725 So1

(t = 600 s), respectively. All

snapshots are projected onto the
xy-plane for clarity

In this work, we studied the system with a particle size
ratio of 3 and investigated the regime with ¢7° + ¢2P > 1.
Within this simulated regime, we did not observe the mani-
festation of the quasi-crystalline scattering pattern.

Before the conclusion, it would be informative to discuss
the application of this work. This study examines the special
setup: moderately dense granular particles confined between
walls. While such a setup is often employed in physical
backgrounds [4, 13, 15], it may provide a fresh perspective
on mixing processes in engineering. Composite materials
made by mixing particles into resins are significantly use-
ful since the mixed particles can enhance some mechanical,
thermal, and electrical properties of the materials [89, 90].

For instance, a composite material, which includes mono-
layered hollow particles, shows unique absorbing properties
of electromagnetic waves [91, 92]. Such a material property
generally depends on the structure of the mixed particle [93],
and controlling the mixing process is therefore important. In
literature [91], the samples are prepared by fixing particles
with a lattice pattern on the epoxy resin, subsequently pour-
ing the rest of the resin, and performing thermal curing. Our
findings of the reduction of segregation and the emergence
of the hexagonal phase possibly contribute to the dispersion
techniques of such monolayered particles in the composite.

@ Springer
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Fig. 13 Radial distribution functions of large particles averaged over
the main calculation period 300s < ¢ < 600s initiated from the
separated configurations shown in Fig. 12. The diameters of large
particles are uniformly distributed between 0.9d; and 1.1d; with
d; = 3mm, and those of small particles between 0.9dg and 1.1d;
with dg = 1 mm. The system size is [, = 50 mm. The representa-
tive cases, (a) QS%D = 0.2 and (b) ¢,2D = (.55, are presented with
various (b%

Fig. 14 Structure factors (Eq. 12)
corresponding to Fig. 12 after the
long-time vibrations (¢ = 600 s

). The 2D packing fractions QSZQD,
2P are set to be (a) (0.2, 0.8), (b)
(0.2, 0.9), (c) (0.2, 1.0), (d) (0.2,
1.2), (e) (0.2, 1.4), () (0.55, 0.45),
(g) (0.55, 0.5), (h) (0.55, 0.6), (i)
(0.55,0.7), and (j) (0.55, 0.8)
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5 Conclusion

This study investigated the structures of the binary granular
mixtures confined within parallel walls subjected to vertical
vibration using the discrete element method. The segrega-
tion of the large particle, which often arises in binary-sized
mixtures, disappears upon increasing the small particle frac-
tion. From RDFs, the effective repulsive interaction between
the large particles emerges for large #P. The reduction in
segregation by the emergence of the effective repulsive
force is confirmed against a different system size, particle
size ratio, vibrational acceleration, and even for the bidis-
perse case. Further, at the size ratio of 3, the structure fac-
tor and the hexagonal order parameter clearly indicate that
the large particles exhibit the hexagonal phase below the
fraction smaller than that of the monocomponent case. The
system settings can be experimentally realized, and we hope
our findings will be confirmed. The theoretical analyses
may be rather difficult, but the interesting future work. Fur-
thermore, investigating the effects of contact properties such
as rolling and twisting frictions, as well as attractive forces,
on granular structure would be crucial for future work. Our
study provides fresh insight into the non-equilibrium sta-
tistical physics of the granular material. Additionally, our
work may contribute to the mixing and transport processes
in chemical, food, and pharmaceutical engineering.

Appendix: Additional data

See Figs. 15, 16, 17, 18, 19 and 20
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Fig. 15 Snapshots of the system
with a large angular frequency

of vibration, () = 2810 rad s~}
(AQ? /g ~ 250). The particle
diameters are d; = 3 mm and

ds = 1 mm, and the system length
is L = 100 mm. The 2D packing
fractions ¢12D s QS%D are (a) (0.2,
0.8), (b) (0.2, 0.9), (c) (0.2, 1.0),

(d) (0.2, 1.2), (e) (0.55, 0.45), (f)
(0.55, 0.5), (g) (0.55, 0.6), and

(h) (0.55, 0.7). All snapshots are
acquired after the long-time vibra-

tions t = 600 s y

“i.~ I 9 :
a 2D
12() d)s i
EIO, 0.8 ]
— 8} 0.9 |

a
SO L= '
H 12= ]
2_ 4
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0 05
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Fig. 16 Radial distribution function of large particles for various

(,D at a large angular frequency of vibration, () = 2810 rads™?
(AQQ/ g =~ 250). The particle diameters are d; = 3mm and
ds = 1mm. The representative cases, (a) qﬁ%D =0.2 and (b)

2D
calculation period 300s < ¢ < 6008

7~ = 0.55, are presented. Data are time-averaged within the main

@ Springer
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Fig. 17 Structure factors corre-
sponding to Fig. 15, as defined by
Eq. (12), for various 2D pack-

ing fractions of large and small
particles: ((ﬁlQD, d)zD) are (a) (0.2,
0.8), (b) (0.2, 0.9), (¢) (0.2, 1.0),
(d) (0.2, 1.2), (e) (0.55, 0.45), (f)
(0.55, 0.5), (g) (0.55, 0.6), and (h)
(0.55,0.7)

Fig. 18 Snapshots of systems with
various 2D packing fractions for a
small system size ([, = 50 mm
). The particle diameters are

d; =3mm and d; = 1 mm

. The 2D packing fractions ((;SZZD

, (;S?D) are (a) (0.2, 0.8), (b) (0.2,
0.9), (¢) (0.2, 1.0), (d) (0.2, 1.2),
(e) (0.55, 0.45), (f) (0.55, 0.5), ()
(0.55, 0.6), and (h)(0.55, 0.7). All
snapshots are acquired after the
long-time vibrations ¢ = 600 s

@ Springer
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Fig. 19 Radial distribution function of large particles for various
(sz in a small system with [, = 50 mm. The particle diameters
are dj =3mm and dy, = 1mm. The representative cases, (a)

%D = 0.2 and (b) qbl?D = (.55, are presented. Data are time-aver-
aged over the main calculation period 300s < t < 6008

Fig. 20 Structure factors corre-
sponding to Fig. 18, as defined by
Eq. (12), for various 2D pack-
ing fractions of large and small
particles in the small system

L = 50 mm. The packing frac-
tions (nglQD, ¢§D) are (a) (0.2,
0.8), (b) (0.2, 0.9), (¢) (0.2, 1.0),
(d) (0.2, 1.2), (e) (0.55, 0.45), (f)
(0.55, 0.5), (g) (0.55, 0.6), and (h)
(0.55,0.7)

kxd;

-10-5 0 5 10

Figures 15, 16, and 17 display the snapshots, radial dis-
tribution functions, and structure factors with various ¢?°
and ¢?°, at a large angular frequency: () = 2810rads™!
(AQ?/g ~ 250). Figures 18, 19, and 20 present the snap-
shots, radial distribution functions, and structure factors for

a small system size: [, = 50 mm.

@ Springer
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