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1. Introduction

For a transient Brownian motion (B, P;) in R (d > 3) and the Lebesgue
measure m(dz) = dz on R4, under the o-finite measure P,, = f dzP,, F. Spitzer
[12] gave the asymptotic expansion of order 2 for P,,(0 < T4 < t) as t — oo related
with the first hitting time T4 for a compact subset A of R? involving the capacity
C(A). Since {B;} is stationary under P,,, this result introduces limit theorems for
an equilibrium process, which is a stationary independent Markov particle system,
related with the number of particles hitting the compact set A. Moreover similar
results were obtained by R.K. Getoor [2] for rotation invariant a-stable processes
in R? and by S.C. Port and C.J. Stone [11] for general Lévy processes. The higher
order expansions were obtained by Le Gall [8] for Brownian motion in R? (d > 3)
and by S.C. Port [9], [10] for general a-stable processes in R

In general for a Markov process which does not have an invariant measure, it is
possible to realize a stationary Markov process with the same transition probability
by extending the probability space and considering new paths which are born at
random time ([1], [3] and [4]). The distribution (which may not be a probability
measure in general) is called a Kuznetsov measure [7]. By using this measure we
can construct a stationary Markov particle system, which is called an equilibrium
process with immigration. This process is also constructed by letting new particles
immigrate according to a Poisson random measure (see [5]).

In our previous paper [5] for the absorbing Brownian motion {B{(t)} in a half
space H = R%1x(0, c0), we considered the same type problem under the Kuznetsov
measure which has the Lebesgue measure dz on H as the invariant measure. We gave
the asymptotic behavior of the hitting rate for a compact subset of H. Moreover by
applying the obtained result to the equilibrium process with immigration, we also
gave limit theorems for the particle system.

We want to extend the above results for absorbing stable processes in a half
space H. However there are a few kind of absorbing stable processes in H. For
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instance, one could imagine the killed process just before the original stable process
in R? starting from a point z € H jumps into the other half space H¢, or consider
the case that components are independent and d-th component is the killed process,
and so on.

In the present paper we consider the another one, which seems to be more
natural in the analytic sense. Let 0 < a < 2. The process is the time changed process
w™(t) = B(y*/2(t)) of an absorbing Brownian motion B°(t) in H starting from
= by an increasing stable process y°/2 (t) in (0,00) starting from 0 with exponent
a/2, which are independent. We denote the distribution of the process {w™*(¢)} by
P> This process is called “absorbing stable motion (w—°(t), P, *) with exponent
o in a half space H”. We usually omit the super-script “a”; (w™, P, ) and simply
call absorbing a-stable motion in H. One can easily see that the transition density
p; (z,y) = p; "*(x,y) is given by the following :

Py (z,y) =pi(y — =) — p (¥, —vya) — @)

where y = (¥, ya) € H and p$(z) is a density of a distribution of a rotation invariant
a-stable process in R? at time t > 0, whose characteristic function ¢t(z) is given as

oelz) = [ e=pt (@)do = expl—clz|°]
Rd

with some constant ¢ > 0. Since pf*(x) is rotation invariant and C™ in z € R%, one
can write

p; (z,y) = pi(y —z) — pi'(y — (T, —4q))

Td

- Oap? (¥ — Z,ya + v))dv

—xq

and also write

Yd
v == [ ow(@E- T+ ),
—Yd
where 0y denotes the partial differential operator in d-th component.
In order to define a Kuznetsov measure associated with (w™(t), P, ), we need an
entrance law (vt)t>o which is a family of o-finite measures satisfying that v, P,_, =

v for s < t, where (P, )¢>0 is the transition semi-group of (w~(t), P, ). The density
of an entrance law at a boundary point 7 € 9H = R%! is defined as

VE(y) = 0apy (7, 24), W)leucor = —20ap5((F — 7, ya))-

For a o-finite measure p on 8H, the density of an entrance law at the boundary is
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defined as

Vi(y) = / VE (4) (),
Rd-1
and moreover set
m(y) = mhe(y) = / v (y)dt,
0

which will become the density of the invariant measure for the Kuznetsov measure,
of course, if they are well-defined.

We shall investigate the case that p(dZ) = dZ is the uniform measure. In this
case v4(y) = v#®(y) is independent of 7, so we can write

(o) = wlv) = =2 [ 0up? (& w0z
Moreover this v;(yq) satisfies the scaling property ;
ve(ya) =t~/ *n1 (t7*ya),
because 9p% (z) = t~(4t1)/@g,p¥(t~1/2¢) holds by the scaling property of p(x) =

t—4/ape(t—1/2z). Hence the density of the invariant measure is also independent of
¥, i.e., m(y) = m(yq), which is given as
a—2

m(ya) = m*(Ya) = ca¥y

with a positive constant

oo o0
Coq = a/ ut ™% (u)du = —2a/ duul_"‘/ 8apT (v, u)dv.
0 0 Ri-1
Note that this integral is finite because there exists a constant C > 0 such that
|8apS(z)| < C(1 A g A zglz|~27%7%) forall z € H.

In fact if we set ¢®/2(u) be a density of the distribution of y®/2(1), then
a2 —-d/2 ||
pi(z) = / q*/*(u)(2mu) =% exp | -~ | du.
o 2u

One can see that

0@ = [ a*2w)(em) s e [—'—L—] du.
0
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Thus by using a well-known result ; ¢*/?(u) < C;(u=17%/2 A exp[—C2/u®?]) for
u > 0 with some constants Cy, Co, C3 > 0, the above estimate is obtained.

We define the entrance law v;(dy) = v4(yq)dy and set m(dy) = m(yq)dy. For a
fixed extra point A ¢ H, set Hn = H U A. We introduce a path space W, the set
of all maps w: R — Ha such that there is a nonempty open interval (a(w), 5(w))
on which w is H-valued right continuous and has left-hand limit, with w(t) = A if
t < a(w) or t > B(w), and a constant map [A], i.e., [A](t) = A for all ¢. On this
path space the excursion law Q° and the Kuznetsov measure Q,, are defined by the
following :

o0 oo
Q° = lim v(dz)P;, Qm= / 0_+(Q°)ds.

t10 Jo .
Then (w(t), Qm) is a stationary Markov process with the invariant measure m and
the same transition probability as the absorbing stable motion (w™ (t), P, ).

The equilibrium process with immigration (X;, P) associated with (w(t), @m)
is defined by the following :

(2 is the space of counting measures w = Y, 6y, wn € W, ,
Xi(w) = w(t)|y forw e Q,,

F=0Xs:58<), Fr=0(Xs:5<1t),

P is the @,,-Poisson measure on €2,

i.e., the distribution of the Poisson random measure with intensity @,,. Then (X, P)
is a stationary Markov process such that

E [exp{~ (X, f)}] = exp [~(m,1 — e7f)]

for some positive measurable functions f (for the general definition about equilib-
rium processes with immigration, see [5]).

In §2 we state our main results, that is, asymptotic behavior of Q.,(0 < op < t)
as t — oo associated with a hitting time op = inf{t > 0 : w(t) € B} (= oo (if
{-} = 0) for a compact subset B of H, and limit theorems for (X}, P).

In §3 we give the outline of the proofs. The basic manner is the same as in
our previous paper [5]. However estimates are slightly difficult, so we need several
techniques for the calculus.

In §4 we give some additional information about the absorbing stable motion
in a half space, that is, the potential kernel and the generator. This section is inde-
pendent of §2 and §3. It’s just our own curiosity.

2. Main Results

€6 9

We always fix 0 < o < 2 and usually omit the super-script “a”.
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Let B be a compact subset of H and wp(dz) be the capacitary measure of B
with respect to the Lebesgue measure dr on H, i.e., mg is supported by B and
satisfies that

Py (Ts <) = [ 4 (@,maldy)

with the potential kernel

9 (z,y) = /000 p; (z,y)dt.

With respect to the measure m(dz) = m(zq4)dz (m(u) = m®(u) = c,u®~2), we have
the following : The transition density p[*(z,y) = p; (z,y)/m(z), the capacitary
measure ' (dzx) = m(z)mg(dz), the capacity C™(B) = ™ (1), the co-capacitary
measure T (dz) = Qm(w(tg) €dz : 0 < 75 < 1) = Q%w(og) € dz : 0 < 0)
and the co-capacity C™(B) = Qun(0 < 75 < 1) = Q°(0p < o0), where T5(w) =
inf{t € R: w(t) € B}(= oo if {-} = 0). In this case w™ is not symmetric relative to
m, thus in general C™(B) # C™(B) (see §3.3 and §3.4 in [5]).

We shall use a symbol Q°[-] as the integral by the measure Q°.

Our main result is the following :

Theorem 1. Let B be a compact subset of H with a positive co-capacity. Then
it holds that

Qm(0<op<t)=tC™B)+ f(t)
with

Co®(B)t?=3/> 4 o(t?=3/%) if d=1,3/2 < a < 2,
f(t) =4 ®(B)logt+ o(logt) ifd=1a=3/2,
o(1) ifd=10<a<3/20rd>2

ast — oo, where

33—«

Cy=1
a +2a—3

B/2<a<?2)

and

all

_2ap1 (0) /Bmﬂ.B(dw)Qo[w(g'B) rop < OO] (3/2 <a< 2)

®(B) = 33—«

ifd=1.

Furthermore we also have the following : Set P, = [, m(dz)P, .
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Theorem 2. Let B be a compact subset of H with a positive co-capacity. Then
2

Q— 2—3/(! o

(3—a)(2a — 3)‘I’(B)t +0(1) (3/2<a<2)
P (Tp<t)= U(B)logt+ O(1) (a =3/2)
oW (0<a<3/2)

and

Cla 1
QU(t<op <o0)= t3/2—1 to (t3/a—1)
ast — oo, where
wB) =2 [ Ot(@0) [ yama(dy)
Ré-1 B

and

[0

¥(B)+®(B) ifd=1,3/2<a<2,

¥(B) otherwise.

Let ({X:}icr,P) be the equilibrium process associated with (w(t), @m). Set
NP = {w e W :0 < op(w) < t}. Then X(NJ) is the number of particles hitting
B during time interval [0,t). Now we have the following result :

Theorem 3. Let B be a compact subset of H with a positive co-capacity. Then

X(NE ~
(Tt) — C™(B) P-as. and in L*(P)
ast — oo. Moreover
X(NE) - tC™(B)
Vit

— N(0,C™(B)) in law

ast — oo.

3. Proofs

Proof of Theorem 1. By the same computations as in [5] we see that the
following :

Qm(0 < op <t)—t C™(B)
=P, . (Ts <t)—tQ0(tSO'B <OO)—Q0[O'B:0'B <t
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Moreover

¢
P (Tg<t)= / m(dm)/ WB(dy)/ p; (z,y)ds + P (Tg < t,Tg 0 6; < o0),
H B 0

Q°(t<op<o0)=Q%0pob; <o) —Q%cp <topob <oo)

and
Qop:op <t]= L‘fro’/H Vu(dw)/BvrB(dy) /Ot s Py (z,y)ds +g(t)
with
o) = Qlos a5 < 1) ~lim [ waz) [ wola) | s by (@9)ds.
Furthermore
[ mida) [ mata) [ 7 (o
= Aﬂg(dy) {t/too vy (ya)du + /Otu vu(yd)du} ,
Q%o ob; <o0)= /BWB(dy) /too vy (ya)du
and

tig [ wde) [ waldy) / s o (2, )ds = [ mata) / s va(u)ds

ul0 J g
Therefore we have
Qm(0 < op < t)—t C™(B)
=P, (Tg<t,Tgob; <o)+t Q%cp <topob <oo)—g(t).
Moreover we can show that

O(t>~*/>logt) ifd=1,3/2<a <2,
(3.1 P,;(TB<t,TBogt<oo):{ ( ogt) i /2<a

o(t—1/e) otherwise
= o(1)
and
3.2) Q%(op < t,opo0f; < o)

_JeB)/t¥ T +o(1/t¥ ) ifd=1,3/2< a <2,
O(t=3/«) otherwise
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as t — oo. By further computations it can be shown that

- 23a‘_0‘3q>(3)t2—3/a Fo( %) (d=1,3/2<a <2),
(33)  g(t) =4 —®(B)logt + o(log t) (d=1,a=3/2),
o(1) (otherwise)
as t — oo. Hence our claim follows. O

To prove the above equations (3.1), (3.2) and (3.3) we need several lemmas.
Recall that

|0apf ()] < C(LA |zl Alalle|747%)
CAA |z|717479)

<
< CANA|Z|7I4?) forall z = (%,z4) € R%.

It can be seen that

Lemma 1. For each fixed h > 0, [, p;, (z,y)m(dz) = [y p;, (z,y)z5 *dz is
bounded in y € H and [,; P; (T < h)xqdz is finite.

Proof. By 04p%(z) = h~(@+1/2g,p%(h=1/%z) we have

|0apf(x)] < Ch™(@HD/x (L A |p=Hog|~1de)
< Ch(1 A2

for some suitable constant Cj > 0. Hence

—xq4

1 xd
/ p;, (z,y)z %dzx =/ d?é/ dmdwg_z/ (=2)0ap5 ((Z — Y, yq + v))dv
{0<za<1} Rri-1 Jo

IA

1 Td
2 [doarg [ v [ 10w(@ v o))
0 —z4 Rd-1

IN

1
20,,/ dmda:g—l/ (A A 271747 %)dT < 0o
0 Rd-1
and
/ p;, (z,y)z5 2dz < / P, (z,y)dz
{za>1} H

/ ph(y — x)dzx
H
1.

IA

IA
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Thus the first claim follows. Moreover since w™(t) is bounded on a finite time
interval, for each h > 0, there is a bounded set K} in H such that for all x € B,

Py (Tp < h) < 2P; (w™ (h) € Ky) = 2 [K pr (2, y)dy.

Therefore

/ P (Tg < h)zgdz < 2/ dy/ zqp;, (z,y)dz
H K H

Yd =5}
—2/ dy/ dv/ di/ z40apy ((T — ¥, x4 + v))dz4
Ky —Yd Rd-1 0
Yd =
2/ dy/ dv/ das/ (3 = 7,24 + v))dza
Ky —Yd Rd-1 0

(by integration-by-parts)

Yd
2/ dy/ dv/ ph((Z,zq + v))dz
Kn —Yd H

4/ yady < oo O
K

IA

From this lemma one can get the following estimates :
Lemma 2. For each fixed h > 0, there is a constant Cy, > 0 such that
P (t<Tp <t+h)<Cht™'* and Q°(t<op<t+h)<Cpt %=
for allt > 0.

Proof. Since
2d . (o o) _ —
/ p; (y,2)dy = ~f dv/ dy/ 0apg (¥ — Z,ya + v))dya
H —2d Rd_l 0

Zd
- / d / e (7 — 7,v))
—2g4 Rd-1
z4
= 1/ / dw [ (@ )

—zg4 Rd

Zd
t—l/a/ dv/Rd dvp%((v,0))
—24 -1

C't™ ez, (c’:z / p((9,0))dv ),
Rd—1

IA

IN

N———

we have
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P, (t<Tg <t+h) S/P;(T306t<h)m(d:c)
H

_ / m(dz) / dypy (z,9)P; (Ts < h)

< /dy/Khdzph Y,z /m(dwpt (z,y)
Z/Kh dz/Hm(dm)p;_h(x,z)
= 2/Kh dZ/Hdyp{(y,Z)/Hm(dw)PZ(w,y)

C;L/ dz/ p; (y,z)dy by Lemma 1
K. JH

< Cpt~Y® by the above inequality,

IN

where K}, is the same compact set as in the proof of the previous lemma. Further-
more it is easy to see that v;(yy) < Cyg for some constant C > 0 (cf. see the next
lemma). Hence

Qo(t_<_ op<t+h) < QO(UBOOt < h)
- / vi(dz) P (Tg < h)
H

= t—z/a/ d:l:l/l(t'_l/a.’l,‘d)P;(TB < h)
H

< t‘3/a/ z4P; (T < h)dz.
H

By the previous lemma our claim follows. O

REMARK 1. From this lemma we see that P, (Tg < t) = O(t'"V/*Al) ifa # 1,
=O(logt) ifa=1ast— oo.

Note that
Bapf (z) = t_(dﬂ)/aadp?(t“l/az)
and
0up (3, 2) = 049 (F, 0))za + GOU (@ hea)a

for some h € (0,1). Thus we can see the following lemma :
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Lemma 3. There exist suitable constants C;, Cy > 0 such that

- (@) < Cizg(zg + Zyd)t_(d+2)/°‘ for all t > 0,
p; (z,y
‘ = —2803p3 (¥ — 7,0))zayqt~@*2/> + Ot~ (4+4/*) ast — oo,

where the O(t~(4t4)/%)-constant is finite whenever (z,y) is bounded, and

( < ngdt_3/°‘ for all ¢t > 0,
Vi\Yd
=2 [ SR 0) et + O as b= oo,
-

where the O(t~5%/®)-constant is finite whenever (z,y) is bounded.

915

From these lemmas one can establish the equations (3.1), (3.2) and (3.3) as

follows:
P (T <t,Tgob <o)
<P, (Tg<[t]-1,Tgob, <oo)+ P, ([t|] —-1<Tp <t)
=/ m(d:c)/ P (w™(Tg) €dy:Tp < [t] = 1)P, (Tp < o0) + o(1/t'/*)
H H

by Lemma 2

oo

=/B7rB(dz)/Hm(d:c)/v€B /Olt]—ldsP;(w‘(TB) €dv:Tp<s) [ p,(v,2)du

t—s

+ O(1/8%).

By Lemma 3 the first term is equal or less than
[t]-1
C/ m(dx)/ / d P (w™ (Tg) € dv: Tp < s)(t — s)! @2/
H vEB JO

(-1
= C/ m(dz)/ (t — s)t~(d+D/e p~(Tp € ds)
H 0

P (Tg <t) [t]-1 1 1 _
) C{ H(d+D/a-1 +/0 G sy@@/ai ~ garnra-i ) Pn(Te €ds) o

By Lemma 2 the first term is equal to O(t2~(4+3)/2) if 1 < o < 2, O(t "4 ! logt)
if « =1 and O(t'~(@+2)/@) if 0 < & < 1 (see Remark 1). The second term is equal
to O(t2~(@+3)/*1ogt) ((d+2)/2 < a < 2) and O(t~1/?) (0 < a < (d + 2)/2) as
t — oo. In fact, if (d+2)/2 < a < 2,ie,d=1,3/2<a<2,then1/2<3/a—1<1

and

[t]-1 1 ) )
A ((t—s)3/a—1 - t3/a—1)Pm(TB€d8)
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[t]-1

k(t — k)3/>=2 _
S( _1>Z(t—k)3/a 143/a— 1Pm(k—1STB<k)
k=

3
a
[t]-1
1
o) - 3/a
( t_k)k.l/a 1

ola-3e(l t/2 Wl Vegy 4 41— 1/O¢/t_1 du
/2 t—u

=0 (t2 4/e log t)

If0<a<(d+2)/2, then (d+ 2)/aa—1>1 and

[t]-1 1 1 B
/0 ((t —g)@r/a1 t(d+2)/a—1> Pr.(Tp € ds)

[t]-1 _
d+2 kt(dt+2)/a=2
< ( ) Z (t — k)(d+2)/a=1¢(d+2)/a— 1Pm(k 1<Tp <k)

[t]-1
1 1
=0~ Z d a— a—
(t — (t—k)( +2)/a—1[1/ 1)

-0 1 $1-(d+2)/a Y2 du +¢l-1/e el du
t 1 ul-1le t/2 (t —u)(@+2)/a-1 )

=0t~ *).

Therefore we have (3.1). Moreover by Lemma 3

< _ —2a03p$((z — v, 0))24vq
/t_spu (v, z)du — (d+ 2 — Q)@ /a1
_ 200%p¢((Z — 7,0)) zqva 1 B 1
B (d+2-a) (t — s)(@+2)/a—1  (d+2)/a—1

+ O((t _ s)l——(d+4)/a)

as t — oo. Hence if we set
2a ~ ~
®(B) = ——/ / 83pf‘((x — y,O))zdydﬂB(dx)QO(w(GB) €dy:op < 0),
2 + d — BJB
then by a similar way to [5] we can get

‘Qo op <t,opof; <oo)— (I)(B)/t(d+2)/a—1‘

[t]-1 1 1 B
< Clim / vu(dz) / ( S)@ta/a—1 t(d+2)/a—1> P; (Tp € ds)
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ol
+ C’lim/ z/u(dm)/ (t — s)=@+D/ 2 p~(Tgz € ds) + O(t /)
ul0 /g 0

[t]-1 1 . i
= C/o ((t — s)(d+2)/a-1 t(d+2)/a—1) Q"(op € ds)

[t]-1
+ C/ (t — s)1 = @D/ Q055 € ds) + O(t~3/%),
0

where C is a finite constant. As in case of P,, we can see that the first term of the
right hand side is equal to O(t>~%/*logt) = o(t'~%/*) (d = 1,3/2 < a < 2) and
O(t~3/) (otherwise) as t — oco. Hence we have (3.2).

In order to prove (3.3) it is enough to show the following: For each h > 0,

h 3 1
Ry (a — 1) ®(B)+ ho <—t3/a—1>

g(t+h)—g(t) = ifd=1,3/2<a<2,

1

hO (t3_/‘;) otherwise

as t — oo.
By the same manner as in [5] we have

g(t+h)—g(t)
< t{QO(UB <t+h,ogobin <o0)—Q%o0p <topob < oo)}
+hQ%t <op <t+h)

‘—ta/ﬁ_l (2 - 1) ®(B) +ho (ti"/%) ifd=1,3/2<a<2,

1

hO (;t3/_a) otherwise

as t — oo by Lemma 2 and equations (3.1), (3.2). A lower estimate is also given by
the same way :

g(t+h)—g(t)
> t{QO(O'B <t+h,opob, <o0)—Q%cp <t,opob, < oo)}
—h {QO(O'B 06; < c0) — QO(O'B 00i1p < oo)}

——tB/g—l (2—1) Q(B)—{—ho(tS/%) 1fd=1,3/2§a<2,
hO (m) otherwise

as t — oo. Therefore the equation (3.3) follows.
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Proof of Theorem 2. Form the above computations we have
P, (TB < t)
oo t
= / w5 (dy) {t/ vy (yq)du +/ uvu(yd)du} + P (Tg < t,Tgob; < c0),
B t 0
and

QO(tSO’B<OO)=/

7r3(dy)/ vy (ya)du — QO(UB <t,opof <)
B t

Moreover by Lemma 3 we see that
o 1 a /
_ 1-5
‘/;WB(dy)‘/t I/u(yd)d’u = Wg_—a\IJ(B) + O(t a)

and that since fol sv,(yq)ds is bounded in y € B,

o 2-3/a
. S — 3\I/(B)t +0(1) (3/2<a<?2)
/Bfrs(dy)/o svs(ya)ds = § W(B)logt + O(1) (a=3/2)
0(1) 0<a<3/2)
as t — oo. Hence the desired result follows. O

Proof of Theorem 3. This result immediately follows from Theorem 1. The
proof is the same as in [5]. It is a routine work. So we don’t describe it in this

paper.
4. About absorbing stable motion in a half space

In this final section we give some additional information about absorbing a-
stable motion (w~ (t), P, ) in a half space H.

Let (w(t), P?) = (w®<(t), P%*) be the killed a-stable process in H just before
the original a-stable process in R%, which is rotation invariant, jumps into H¢. Of
course it has a transition density p?(z,y) such that P2(w°(t) € dy) = p?(z,y)dy.
Then it holds that

p; (z,y) < pd(x,y) forallt>0,z,y€ H.

That is, paths w™ are killed more than w®, because before the stable process jumps
into H¢, the absorbing Brownian motion could be killed.
Note that

=] x4 ~ ~12 2
y Ya +v —Z?+ (ya+v
Py (93,3/)=/ dug?®’? (u) Xp =7+ (Ya+v) do,
0

—F——— €
—zy V2mud+? 2u
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where ¢; */2 s the density of the distribution of y®/2(t) ; the increasing a/2-stable
process in [0,00) starting from 0. The Laplace transform of y®/2(t) is given as
exp[—ctr®/2] for r > 0 with some constant ¢/ > 0 and the potential density is

= a/2 1 a/2-1
/0 (u)dt = —F(a/2)u for u > 0,

because the Laplace transforms coincide, where I" is the gamma function. From
these results one can easily see that the potential kernel g~ (z,y) of (w™(¢), P, ) is
given as

g (z,y) = /Ooopf(m,y)dt

ﬂ’ (d=a=1)
z-y

Ca,d {|y —z*? — (|7 -2+ (ya + xd)2)(a_d)/2} (otherwise),

cy,1log

where

_ V2 . 20+d-)/2D((d + 2 — @) /2)
L=y Ced = Vr(d — a)T(a/2)c

Fix d < p < d + a. We define a function space D, = D,(H) on H by the
following : f € D, = f € C*(H), |f(z)|, |62f(z)| < C(1 Azq A |z|7P), and other
partial derivatives are bounded by C(1A|z|~P) with some constant C' > 0. Moreover
for f € D,, we define a function f on R? as

(d#1or a#1).

f(z) (za > 0),
f(@) =1 f(&0+) =0 (z4 =0),
—f(Z, —zq) (x4 <0).

Then the generator L~ on D,, of (w™(t), P, ) is given by the following:
TROEE

=c il T z Bya
—cf  a / e~ @l
> -~ d
v [ ) - 15+ v w0 - 26 @)

with a suitable constant ¢ > 0. We can also write that if 0 < a < 1, then

- C/ HOMHO) ly —dfl‘”“

L™ f(x)
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=< a{ [ 1w - rexem -2 [T

and that if 1 < o < 2, then

dy
ly — z|d+e

5@ = ¢ [ [Fw) = 7e) = VF@)- - o)y (v — )]

[ da{ [ U@ - 1@ - 5@ - D), (v - 2) K @,9)dva
Rd-1 0
+ / [-2/(2) + VF(2) - (v + 2)]v, (v + @)

- -~ d
=Vf(@) §+T,—ya+ za)lv, (¥ + T, —ya + 2a))] Wzﬁ} :

where Vf = (01f,---,8af), Uy = {x € R : |z| < 1} and

1 1
ly =zt |7 - F,ya + za)| T

K(z,y) =

In fact if set
P @) = P7f(@) = [ o)Wy

and (P;) = (P}?) be the transition semi-group of a rotation invariant a-stable process
in R?, then P, f(z) = Pif(z) and of course (P,”) satisfies semi-group property.
Hence we have L~ f(z) = Lf(z) for f € D,, where L = L* is the generator of the
rotation invariant a-stable process in R%
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