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Quantum diffusion of hydrogen (H) on palladium (Pd) (111) was studied using two types of path integral
simulations: quantum transition state theory (QTST) and ring polymer molecular dynamics (RPMD). The use
of an artificial neural network potential trained by density functional theory calculations has made it feasible
to perform path integral simulations considering nuclear quantum effects (NQEs) of a many-body Pd-H system
with ab initio accuracy. The QTST result has shown a clear non-Arrhenius behavior in the diffusion coefficient
(D) of H below the temperature of 150–200 K due to the NQEs. Comparing the D on Pd surface and bulk
Pd, it was found that surface and bulk diffusion are competitive at high temperature. Consistent with this, it
was observed in the RPMD simulation at 800 K that a part of the quantum trajectories of H on the surface
bifurcates to the Pd subsurface. As the temperature decreases, the surface diffusion becomes much faster than
the bulk diffusion. Furthermore, distinct quantum behaviors of H were identified at the surface and within the
bulk. The D values obtained from this study using a “flexible” Pd surface model differed considerably from those
previously reported using “frozen” Pd surface models, indicating an important contribution from Pd vibrations
coupled with H diffusion.

DOI: 10.1103/PhysRevResearch.6.043224

I. INTRODUCTION

It is believed that hydrogen (H) adsorbed on metal surfaces
moves rapidly and exhibits high chemical activity. This con-
cerns not only for surface physics such as fuel cells [1] and
catalysis [2], but also for molecular synthesis in outer space
[3]. Therefore, understanding the diffusion behavior of H on
metal surfaces is of fundamental importance in a wide range
of scientific fields [4].

Experimental measurements of H diffusion coefficients
(D) have been reported for various metal surfaces includ-
ing W(110) [5,6], W(111) [7], W(211) [8], Ni(100) [9–11],
Ni(111) [11–13], Cu(001) [14], Pt(111) [15,16], and Rh(111)
[17]. Non-Arrhenius behavior in the temperature dependence
was observed clearly for some cases [5–8,11,12,14,16]. Con-
sidering the mechanism of H diffusion in bulk metals [18–20],
this phenomenon can be explained as a crossover between
thermal and tunneling diffusion. This crossover is attributed
to the lightweight nature of H atoms, which are expected to
exhibit prominence at high temperatures for thermal diffusion
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and at low temperatures for tunneling diffusion, respectively.
However, the data available for D on the metal surfaces are
limited compared to those in bulk metals. For this reason,
there has long been a need for theoretical predictions that
allow a quantitative estimation of D consistently for both
metal surfaces and bulk metals.

Computational analysis of H diffusion that considers both
thermal and tunneling diffusion processes requires finite-
temperature quantum simulations that account for nuclear
quantum effects (NQEs) [21]. So far, many studies of H
diffusion have relied on empirical potential models [22–33],
such as the embedded atom method (EAM) [34,35]. Mean-
while, because of the computational effort required, the use of
ab initio potential energy surface has mostly been limited to
reduced dimensional theories [29,36–42].

It is now possible to simulate H on metal surfaces on the
fly with the considered NQEs [43–45]; however, they are still
computationally very expensive. Recently, full-dimensional
modeling has become available owing to the introduction of
machine-learning artificial neural network potential (NNP)
that can mimic the potential energy surface (PES) of density
functional theory (DFT) calculations [46–48]. This technique
has paved the way for conducting quantum molecular dy-
namics simulations of many-body systems based on ab initio
theory. Quantum dynamics on metal surfaces now appears to
be one of the state-of-the-art applications of machine-learning
potentials including NNPs [49–57].

In this paper, we study H diffusion on the (111) surface of
face-centered-cubic (fcc) palladium (Pd), a commonly used
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H storage metal. It is known that when molecular H ap-
proaches the Pd surface, it is exothermically chemisorbed
as a single H atom. The adsorption energy on the Pd(111)
surface is estimated to be about 1 eV per H2 molecule in
both experiments and DFT calculations [58–61]. According
to DFT calculations, it is predicted that the Pd(111) surface
has the most stable fcc site and the next most stable hcp
(hexagonal close packed) site [42,62–65], and that H atoms
move rapidly on the surface by jumping among these stable
sites. However, there have been no reports on actual mea-
surements of D so far. Furthermore, computational studies
on the quantitative evaluation of D on the Pd(111) surface
remain somewhat controversial, in particular, with respect to
the thermal-to-tunneling crossover temperature [24,38,42,66].
Recently, velocity-resolved kinetics measurement was con-
ducted for process in which H atoms collide on the Pd surface
to form H molecules [61]. The rate of this recombinative
desorption was reported to be competitive with the H dif-
fusion into the subsurface and bulk Pd at high-temperature
conditions. This implies that surface diffusion and bulk dif-
fusion compete with each other at high temperatures in
this system.

For the predictive evaluation of D, we have herein carried
out quantum path integral (PI) simulations in multidimen-
sional space using the NNPs. Specifically, we have used
quantum transition state theory (QTST) [67,68] based on the
combination of path integral molecular dynamics (PIMD)
[69,70] and thermodynamic integration, incorporating quan-
tum tunneling and zero-point effect that may become effective
in the low-temperature regime. We have also used semi-
classical ring polymer molecular dynamics (RPMD) [71–73]
which incorporates anharmonic phonon vibrations that may
become effective in the high-temperature regime, in addi-
tion to the quantum tunneling and zero-point effects. Recent
PI simulations with NNPs have been successful in quantita-
tively evaluating the D of bulk Pd for a wide temperature
range [49]. In fact, it was very recently reported that ex-
perimental measurement of the D of bulk Pd excellently
agreed the simulation results [74]. We emphasize that our
multidimensional QTST handles coordinates of all the atoms
comprising the Pd-H system [75]. This differs from the
three-dimensional (3D) QTST, depending only on the H
coordinates, which was employed in earlier works of this
system [24,38,42].

This technological advance not only provides a systematic
analysis on the H diffusion mechanism, but also allows for
a quantitative comparison of the D between the surface and
bulk phases. Our computational results at low temperature
indicate that the D of Pd surface is larger than that of bulk
Pd, due to the different magnitude of NQEs affecting the H
on Pd surface and in bulk Pd. At high temperature, the D
of Pd surface and bulk Pd become the same order of mag-
nitude, which means that the surface and bulk diffusion can
compete with each other. In accordance to this finding, it was
observed that the surface diffusion pathways in the RPMD
simulations were partially split into the subsurface at high
temperatures. The possibility of subsurface diffusion has been
discussed theoretically before, and this paper demonstrates the
quantum path integral trajectory of H diffusion on a metal
subsurface.

FIG. 1. Computational model used in this study. White and in-
digo spheres represent H and Pd atoms, respectively. (a) Shows the
model viewed perpendicular to the surface, and (b) shows the model
viewed from the side.

II. METHODS

A. System and DFT setups

As depicted in Fig. 1, we used a model system of H on
the Pd(111) surface contained in a supercell with a lateral
size of 3 × 2

√
3 in the units of the Pd interatomic distance.

The system consists of a single H atom and 48 Pd atoms
comprising a slab with 4 layers of 12 Pd atoms, each of
which are separated by a vacuum of more than 15 Å. This
model was used for all calculations in this paper. From DFT
calculations of the bulk Pd using Perdew-Burke-Ernzerhof
(PBE) exchange-correlation functional [76] with the k-point
sampling of 24 × 24 × 24, the Pd lattice constant for the
supercell was determined to be afcc = 3.94 Å. (For the sake of
computation, this is somewhat shifted from the experimental
value of afcc = 3.859 Å [77].)

DFT calculations based on PBE functional were performed
using the Vienna ab initio simulation package (VASP) soft-
ware [78–80]. Projector augmented wave method [81] was
used with a plane-wave cutoff at 300 eV, k-point sampling of
4 × 4 × 1, and Gaussian smearing of the Fermi surface with a
width of σ = 0.04 eV. In preparing the NNP reference data, it
was useful to estimate the energy values without the effect of
Gaussian smearing. For this purpose, the effect of electronic
entropy was removed by the extrapolation σ → 0.

B. Neural network potential

We constructed and applied a Behler-Parrinello–type NNP
[46] using the Atomic Energy Network (AENET) software
[82–84]. Here, we employed the Chebyshev descriptors for
atomic environments implemented in AENET [82]. Chebyshev
polynomial expansions were set to an order of 16 for the
radial distribution functions and 4 for the angular distribution
functions, with the cutoff radii for both functions being 5.5 Å.
We used 2 hidden layers, 15 nodes in each hidden layer, and
tanh with linear twisting for activation functions [82].

The NNP was trained using a data set comprising DFT
calculated energy values for various configurations of the
system outlined in Sec. II A. It is known that the energy of
the structures of nontrained or with small number of data sets,
such as transition state, are difficult to reproduce [85,86]. To
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overcome this problem, we used self-learning hybrid Monte
Carlo (SLHMC) method [87] to efficiently sample the data set
from the target canonical ensemble in an automated manner.
Based on dual-level hybrid Monte Carlo approach [88–90],
the acceptance of a proposed trial move from a Newtonian
trajectory on the NNP energy is determined by the Metropolis
algorithm according to its probability on the DFT energy.
While the structure was sampled, the NNP was trained and
improved on the fly, making the move acceptable with longer
trajectory [91].

Three different structures were prepared in which H atom
is placed at fcc, hcp, and atop sites on the Pd(111) with
the flexible surface model. The SLHMC simulations were
then started independently from these structures. The tem-
perature was gradually increased from 80 to 100, 300, 500,
800, and 1000 K to sample a balance of low- and high-
energy structures. During the SLHMC simulations at high
temperatures, H atoms were spontaneously sampled from
the Pd subsurface as well as the Pd surface. A data set
of 25 017 structures was selected in the final step of NNP
training. On the data sets, 10% of were used for testing
and the rest for training. The final training phase underwent
an optimization process spanning 34 850 epochs, utilizing
the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-
BFGS) algorithm [92].

C. Ring polymer molecular dynamics

The imaginary-time PI simulation [69,93,94] is based on
the isomorphism that the canonical ensemble of a quantum
particle can be represented by that of P identical classical
particles, the so-called “beads,” that comprise a ring polymer
with harmonic interactions next to each other in imaginary
time. For a system with N quantum particles, the partition
function can be expressed as

Z = tr[e−β(T̂ +V̂ )], (1)

where β = 1/kBT with the Boltzmann constant kBT and tem-
perature T , T̂ and V̂ are the kinetic and potential energy
operators. This can be formally rewritten, in the large-P limit,
as an integral over the coordinate x with components x( j)

s , with
s = 1 . . . 3N (for a three-dimensional system) and j = 1 . . . P,
as

Z ∝
∫

dx e−βPUP (x), (2)

where βP = β/P, and

UP(x) =
P∑

j=1

[
3N∑
s=1

ms

2(βPh̄)2

(
x j+1

s − x j
s

)2 + V (x j )

]
(3)

is an effective potential, and m3n−2 = m3n−1 = m3n is the mass
of nth particle.

Canonical ensemble for this classical system can be gen-
erated from molecular dynamics (MD) associated with the
effective Hamiltonian

HP(x, p) =
P∑

j=1

3N∑
s=1

p( j)2
s

2ms
+ UP(x), (4)

where p( j)
s represent the momentum conjugate to x( j)

s . The
RPMD method proposed by Craig and Manolopoulos cor-
responds to the Hamiltonian dynamics using Eq. (4) [71].
The time correlation function from the RPMD trajectory can
be regarded as an approximation of the quantum (Kubo-
transformed) canonical correlation function. In fact, the
RPMD method is exact for position and velocity autocorre-
lations of harmonic oscillators. The RPMD is correct in the
limits of high-temperature, classical, and short time [95].

The H diffusion coefficient can be computed from RPMD
trajectories using the Einstein relation [21]

D = 1

2d
lim

t→∞

〈[
xc

H(t ) − xc
H(0)

]2〉
t

, (5)

where the dimensional parameter is d = 2 for surface diffu-
sion. The centroid coordinate of the H atom is defined as

xc
H(t ) = 1

P

P∑
j=1

x( j)
H (t ), (6)

where x( j)
H is the Cartesian coordinate of the jth bead of the H

atom.
For H diffusion in bulk metals, the RPMD method was

successfully applied to Pd by Kimizuka et al. [49], and to Nb,
Fe, and W by Kwon et al. [52].

D. Quantum transition state theory

In the QTST proposed by Gillan [67,68], the free-energy
profile is calculated as a reversible work necessary to move
the centroid coordinates from site to site. An extension of the
QTST was proposed by Shiga and Fujisaki [75] to generalize
Fukui’s intrinsic reaction coordinate defined in the mass-
weighted coordinate space [96]. Thereby the free-energy
surface is defined as

F (q) = − 1

β
log ρ(q), (7)

where

ρ(q) =
3N∏
s=1

〈
δ
(
qs − √

msx
c
s

)〉
(8)

is the centroid probability with respect to the mass-weighted
coordinates

√
msx

c
s . The free energy at the transition state

(TS) is estimated by the thermodynamic integration from a
minimum site (A) as

FTS = FA +
∫ TS

A
dq ∇F (q), (9)

where the free-energy gradient ∇F (q) corresponds to the neg-
ative value of the mean force applied to the centroid when it is
constrained to a reaction coordinate q. Accordingly, the gradi-
ent ∇F (q) is computed by constrained PIMD simulations at
q. In our QTST, the jump rate from site A to site B via TS is
given by

�A→B = 1√
2πβ

e−β(FTS−FA )∫
A dq e−β(F (q)−FA ) , (10)
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where the mass dependence is included in q, as opposed to
the original expression by Voth, Chandler, and Miller [97] and
by Mills, Jónsson, and Schenter [98]. Thus, Eq. (10) enables
a natural application of QTST to multidimensional reaction
coordinates when phonon-coupled H diffusion is taken into
account [75]. Assuming that the jumps are uncorrelated and
adhere to a Markov process, with a transmission coefficient of
unity, the diffusion coefficient is estimated as [99]

D = �2
0

d

�A→B�B→A

�A→B + �B→A
, (11)

where �0 = afcc/
√

2 is the distance between the surface
atoms. In the classical transition state theory (TST), Eq. (10)
is approximated as

�A→B = 1√
2πβ

e−β(VTS−VA )∫
A dq e−β[V (q)−VA] . (12)

For H diffusion in bulk metals, the QTST method was suc-
cessfully applied to Pd, Al, Ag, and Cu by Kimizuka et al.
[49,100,101], and to Nb, Fe, and W by Kwon et al. [52].

E. Thermal diffusion rate

For comparison, we calculated one-dimensional (1D) ther-
mal diffusion rate (TDR) [40] along the minimum energy path
connecting the fcc and hcp sites. D is obtained from Eq. (11)
using the relationship

�A→B =
√

β

2πm�2
A

∫ ∞

0
PA→B(E )e−βE dE , (13)

where �A is the basin width of site A, and PA→B(E ) is the
transmission probability from the initial basin minimum (A)
to the final basin minimum (B). For a given kinetic energy
E , semiclassical transmission probability is estimated by the
Gamov method

PA→B(E ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 (E � max[0,VB − VA])

e− 2
h̄

∫ b
a dx

√
2m[V (x)−VA−E ]

(max[0,VB − VA] < E < VTS − VA)

1 (E � VTS − VA),

(14)

where x = a and b are the turning points in basins A and B,
respectively, such that V (a) = V (b) = E + VA.

The detailed balance condition requires that the equilib-
rium population of the A and B sites are proportional to �B→A

and �A→B, respectively. Equation (14) obeys the relationship
PA→B(E ′ − VA) = PB→A(E ′ − VB), so that from Eq. (13) we
obtain �A→B�Ae−βVA = �B→A�Be−βVB . This indicates that the
populations of A and B are naturally Boltzmann distributions,
proportional to �Ae−βVA and �Be−βVB , respectively.

F. Simulation setup

PIMD, RPMD, and QTST simulations using NNPs were
performed by the PIMD software [102,103], for the same sys-
tem as described in Sec. II A. We basically use a “flexible
surface model” in which the top two Pd layers are allowed to
move and the bottom two Pd layers frozen at the crystal lattice
arrangement. This differs from a “relaxed surface model” in

TABLE I. Energy and harmonic frequencies in meV. The angular
frequency ωα is defined such that 1

2 h̄ωα is the harmonic zero-point
energy. Imaginary frequencies are indicated by i×.

Site V h̄ω1, h̄ω2, h̄ω3

fcc 0.0 127.1, 106.6, 105.1
Bridge 147.2 151.7, 149.2, i × 42.7
hcp 43.5 120.8, 107.5, 104.8
Atop 558.8 250.8, i × 16.9, i × 18.8

that the Pd positions are not fully optimized. For comparison
we also tested a “frozen surface model” in which all Pd
atoms are frozen at the crystal lattice arrangement. General-
ized least-squares method was used to analyze the error in the
mean-square displacement of the RPMD trajectories [104].

A series of PIMD and RPMD simulations were performed
at temperatures of 200, 300, 400, 600, and 800 K with a
step size of 0.25 fs using P = 32 beads. We also performed
simulations at temperatures of 150, 100, and 80 K, however,
D could not be converged due to the small number of dif-
fusion. Starting from the structure sampled in the SLHMC
calculations, PIMD simulations were performed for a length
of 10 ps with the temperature controlled using the massive
Nosé-Hoover chain method [105]. The final positions and
velocities of the PIMD simulations were then used as initial
input for the RPMD simulation of 250 ps long. The pair of
PIMD and RPMD simulations was repeated 24 times in each
case to gain statistics.

The QTST simulations were performed by running inde-
pendent PIMD runs with centroid constraints at 12 different
positions q along the minimum energy path (MEP) connecting
the fcc and hcp sites on the Pd (111) surface. They were
performed at temperatures 60, 70, 80, 100, and 150 K with
64 beads, and 200, 300, 400, 500, 600, 700, and 800 K
with 32 beads. Each trajectory with a centroid constraint was
25–100 ps long to calculate a converged value of free-energy
gradient. The computational time spent in this study is sum-
marized in Table S1 in the Supplemental Material [107].

III. RESULTS AND DISCUSSIONS

A. Density functional theory

The DFT energies and vibrational frequencies of the
Pd(111) surface sites are summarized in Table I. In this con-
text, the energy values are shown relative to the fcc site which
is the most stable site. The hcp site is the second most sta-
ble site, while the atop site is unstable, corresponding to a
second-order saddle point. The fcc and hcp sites are connected
through a transition state corresponding to the first saddle
point.

B. Neural network potential

Figure 2 shows a comparison of the DFT and NNP energies
of the test and training data sets, after the final NNP training
was done as described in Sec. II B. The mean absolute error
and root-mean-square error were found to be 0.299 (0.319)
meV/atom and 0.448 (0.479) meV/atom, respectively, for the
training set (test set). The comparison of the force predicted
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FIG. 2. Scatter plots of density functional theory (DFT) and neu-
ral network potential (NNP) energies of the total system that consists
of Pd48H. Blue and orange dots represent the energies of the training
and test sets, respectively. The black dotted line indicates the function
y = x.

from NNP and calculated from DFT is shown in Fig. S4 in the
Supplemental Material [107]. The maximum absolute error of
the energy ratio was found to be 6.01 × 10−4 (6.03 × 10−4)
for the training set (test set).

Figure 3 illustrates a comparison of the energy profiles
obtained from DFT and NNP along the MEP from the fcc to
hcp sites on the Pd(111) surface. The energy profile of NNP is
in excellent agreement with that of DFT. In NNP, the hcp and
bridge sites have energies that are 42.8 and 147.0 meV higher
than the fcc site, respectively, which are in good agreement
with the DFT results, 43.5 and 147.2 meV, respectively, as
shown in Table I. Figure 4 compares the PES of H on Pd(111)
surface calculated from DFT and NNP. The PES of DFT and
NNP were found to be very similar to each other, both for
the relaxed and frozen surface. In NNP, the atop site was

FIG. 3. Comparison of neural network potential (NNP, orange)
and density functional theory (DFT, blue) energies along the mini-
mum energy path. The results were obtained by the climbing-image
nudged elastic band method [106] with the relaxed Pd model. The
positions x = 0.0, 0.9, and 1.6 Å correspond to the fcc, bridge, and
hcp sites, respectively.

hcp

atop

bridge

fcc

FIG. 4. The potential energy surface (PES) contours of H on
Pd(111) surface obtained from (a) density functional theory and
(b) neural network potential energies for the frozen surface model.
(c), (d) Show the same PES contours as (a) and (b), respectively, but
for the relaxed surface model. For the fixed surface, at each (x, y)
mesh point, only the H position is optimized in the perpendicular di-
rection of the surface, while for the relaxed surface model, positions
of Pd in the top two layers are optimized. The error map is shown in
Fig. S1 in the Supplemental Material [107].

557.6 meV higher in energy than the fcc site, in good agree-
ment with the DFT result, 558.8 meV, as shown in Table I.
The force acting on H atom along the minimum energy path
is compared in Fig. S5 in the Supplemental Material [107].

More accuracy tests on the NNP are shown in the Supple-
mental Material [107]. Figure S2 shows those with respect to
the displacement of surface Pd atom in Fig. S3, and Table
S2 shows those with respect to the H vibrational zero-point
energies (ZPEs). The ZPE errors in the comparison with DFT
were smaller than 5.3 meV.

The SLHMC trajectories at 1000 K are displayed in Fig. S6
in the Supplemental Material. This shows that the structures
of local minima (fcc and hcp sites) and transition state (bridge
site) are covered, and they are then added to the NNP training
data sets. As a reference, Fig. S7 in the Supplemental Material
compares the acoustic phonon dispersion curves of fcc Pd
between those computed using DFT and NNP optimized for
bulk Pd system [49].

C. Diffusion coefficient

The calculated values of D from the QTST, RPMD, and
MD simulations are summarized in Table II. The results com-
pared with the classical TST results are plotted in Fig. 5 .
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FIG. 5. Hydrogen diffusion coefficients (D) on Pd(111) surface obtained from classical transition state theory (gray), ring polymer
molecular dynamics (blue), classical molecular dynamics (red), and quantum transition state theory (orange). (b) Shows the temperature
of 800–200K of (a).

The classical TST shows almost perfect Arrhenius behav-
ior (straight line) with the slope of − ∂

∂β
log D = 146.9 meV

and the T → ∞ intercept of D∞ = 3.4 × 10−3 cm2/s. These
values are reasonable since they are in the same order of mag-
nitude as their static estimates in the classical regime. Using
the activation energy from the bridge site to the fcc site and
the reactive frequency of the fcc site (ωr = 105.1 meV), we

obtain roughly − ∂
∂β

log D ≈ 147.2 meV and D∞ ≈ �2
0

2
ωr
2π

=
9.9 × 10−3 cm2/s. In contrast, the calculated values of D
of QTST and RPMD showed non-Arrhenius behavior. The
QTST result agrees well with that of classical TST at high
temperatures, but it deviates significantly at low temperatures
where the crossover from thermal to tunneling occurs. The
crossover temperature Tc in which D of QTST departs from
that of classical TST is roughly 150–200 K. This is higher
than a static estimation [40] T static

c = |ωts|/2πkB = 78.9 K,
where |ωts| = 42.7 meV is the absolute value of the bridge-
site imaginary frequency taken from Table I. This trend was
previously observed in H diffusion of fcc bulk metals as well

TABLE II. Hydrogen diffusion coefficients in cm2/s.

T (K) D (QTST) D (RPMD) D (MD)

60 6.9 × 10−12

70 2.0 × 10−11

80 5.7 × 10−11

100 7.0 × 10−10

150 6.8 × 10−8

200 7.9 × 10−7 1.0 × 10−6

300 1.2 × 10−5 9.5 × 10−6

400 4.7 × 10−5 3.0 × 10−5 2.6 × 10−5

500 1.1 × 10−4

600 1.8 × 10−4 1.3 × 10−4 1.2 × 10−4

700 2.6 × 10−4

800 3.5 × 10−4 2.3 × 10−4 2.0 × 10−4

[50,52,100,101]. For temperatures higher than 300 K, the D
of RPMD is smaller than that of QTST, due to the influence
of barrier recrossing in RPMD. This trend was also seen in H
diffusion in fcc and bcc bulk metals [52,101].

In Fig. 6, the D obtained from the multidimensional QTST
with the flexible surface model is compared with those ob-
tained from the 3D QTST and 1D TDR with the frozen surface
model. The 3D QTST calculation, in which the effect of Pd
vibrations is switched off, overestimates D by a factor of 1.5–
6.0 compared to the multidimensional QTST calculation. The
1D TDR calculation, in which both the effects of nonreactive
zero-point motion of H (i.e., vibrational modes perpendicular
to the diffusion pathway) and the Pd phonon vibrations are
switched off, overestimates D by up to an order of magnitude
compared to the multidimensional QTST calculation, espe-
cially at high temperatures. This confirms that the coupling
of H diffusion to nonreactive zero-point motion and Pd vibra-
tions play indispensable roles in the quantitative evaluation of
the D, as pointed out earlier also by Nikitin et al. [38].

In Fig. 7 , the D obtained from RPMD and QTST are
compared for H diffusion on the Pd(111) surface and within
bulk Pd. Note that both of these results were obtained from the
NNP, which was constructed using the same DFT functional,
specifically PBE functional. [49,100]. At low temperatures,
the bulk D is much smaller than that of surface diffusion.
However, as the temperature increases, bulk and surface diffu-
sion become more competitive. The D values of the bulk and
surface diffusion are almost comparable at temperature 800 K.
This explains why a part of RPMD trajectories bifurcates to
the subsurface, as shown in Sec. III D.

It is important to point out the difference in the im-
pact of NQE on surface and bulk H diffusion. To this end,
energy barriers along the minimum energy path were qualita-
tively evaluated from static DFT-PBE calculations and ZPE
corrections using the harmonic approximation. For surface
diffusion, the energy barrier from the fcc site to the bridge
site was the largest, estimated at 147.2 meV without the ZPE
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FIG. 6. Hydrogen diffusion coefficients (D) on Pd(111) surface obtained from quantum transition state theory (QTST) with flexible surface
model (blue), QTST with frozen surface model (green), and one-dimensional thermal diffusion rate with frozen surface model (orange).
(b) Shows the temperature of 800–200K of (a).

correction. In this case, the ZPE correction is negative at
−16.1 meV. Thus, as the temperature decreases, the effective
barrier is lowered by the zero-point energy and further low-
ered by tunneling. As a result, the temperature dependence
of D has a C-shaped curve. (In fact, H diffusion in bulk
Al is known to behave similarly to this type [101].) On the
other hand, the largest energy barrier in bulk diffusion is the
transition state on the way from octahedral to tetrahedral sites,
which is estimated to be 160 meV without ZPE. In this case,
the ZPE correction is positive at 112.3 meV, in contrast to
the case of surface diffusion [108]. Thus, since the ZPE and

tunneling effects compete with each other, the temperature
dependence of D is no longer simple, and an inverse S-shaped
curve is observed [49,100]. This is the reason why D differs
significantly between surface and bulk diffusion at low tem-
peratures.

D. Diffusion pathways

Figure 8 shows the centroid trajectories of H on the
Pd(111) surface obtained from the RPMD simulations at 800
and 600 K. The trajectories obtained from classical MD are

FIG. 7. Hydrogen diffusion coefficients (D) obtained from ring polymer molecular dynamics (circle), molecular dynamics (cross),
and quantum transition state theory (square) on Pd(111) surface (blue) and in bulk Pd (orange) [49]. (b) Shows the temperature of
800–200K of (a).
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FIG. 8. Top and side views of trajectories of H atom obtained from RPMD simulations at (a) 800 K and (b) 600 K. The centroid coordinates
of four 50-ps-long RPMD trajectories are superimposed. Red and blue lines are the trajectories that belong to the Pd(111) surface and
subsurface, respectively. The white spheres are shown as a guide to the eye for their lattice positions of Pd atoms; the actual off-lattice
positions of Pd atoms are not shown here.

shown in Fig. S8 in the Supplemental Material [107]. Here
it can be seen that some of the surface trajectories are bi-
furcated into the subsurface. The trajectories colored red and
blue correspond to the surface and subsurface trajectories, re-
spectively. The subsurface trajectories appear more frequently
at 800 than at 600 K, indicating that the competition be-
tween the surface and subsurface diffusion is greater at higher
temperatures. In fact, this result seems to be consistent with
the outcome from transient kinetic experiments by Schwarzer
et al. [61] on thermal recombinative desorption rates of the
HD molecule on Pd(111) and Pd(332) surfaces between 523
and 1023 K. Based on a kinetic model describing the com-
petition between recombination of surface-adsorbed H and D
(deuterium) atoms and their diffusion into the bulk, it was
suggested that the HD formation rate cannot be reproduced by
a kinetic model without considering a second-order reaction
of bulk diffusion.

We found two types of trajectories that go through the
subsurface. One dives from the fcc site into a subsurface site
and returns to the same fcc site. The other dives from the fcc
site into a subsurface site, then migrates to another subsurface
site and returns to another surface site.

The octahedral (oh) site is where the subsurface trajectories
visit most frequently, in agreement with the prediction from
the static PES by Hong and Rahman [109], the H wave-
function calculations by Ozawa et al. [64], and kinetic Monte
Carlo simulation by Ciufo and Henkelman [32]. According to

the static DFT calculations employing the PBE functional, the
energies of the subsurface oh site, and the transition state con-
necting the surface fcc and subsurface oh sites, are reported to
be 340 and 350 meV, respectively [32].

E. Comparison with previous studies

In Fig. 9 , we compare our QTST and RPMD results with
previous calculations of H diffusion on the Pd(111) surface
reported by Rick, Lynch, and Doll [24] and Nikitin et al.
[38]. Note that the comparison can only be made over lim-
ited temperature range for which previous data are available.
Rick et al. studied the 100–300 K range based on the QTST
and an EAM potential, where the NQE in the PI expression
is approximated with an effective potential using Gaussian
smearing. Nikitin et al. studied the 100–600 K range based
on the quantum transition state wave packet method [110]
(TSWP) and a DFT potential within the generalized gradient
approximation. In these works, quantum simulations were
performed on the 3D PES with respect to the H atom degrees
of freedom, and thus the effect of Pd phonon vibrations was
not considered. In addition, it was assumed in these calcula-
tions that fcc and hcp sites were energetically degenerate; note
that Eq. (1) of the paper by Rick et al. becomes the same as
Eq. (11) in this paper, if one assumes the reaction coordinate
of H atom as q = √

mxH, and uses the symmetry of jumping
rates �A→B = �B→A in Eq. (10).
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FIG. 9. Hydrogen diffusion coefficients (D) from RPMD (blue) and QTST (orange) from this study, and from previous studies by Nikitin
et al. [38] (red) and Rick et al. [24] (violet). (b) Shows the temperature of 800–200K of (a).

The energy barrier for the H diffusion was estimated to
be 202 meV by Rick et al. and 169 meV by Nikitin et al.
These values are higher than those fitted from our RPMD
and QTST simulations at high temperature, 125 and 147 meV,
respectively. As a result, the D values reported by Rick et al.
and Nikitin et al. are both smaller than our RPMD and QTST
simulations.

As opposed to our study, Rick et al. did not find a clear
non-Arrhenius behavior in D. On the other hand, Nikitin et al.
did find the non-Arrhenius behavior, and their estimation of
T TSWP

c = 60−100 K. This value is lower than our QTST esti-
mate of Tc = 150−200 K.

IV. CONCLUSION

H diffusion on Pd(111) was investigated by multidimen-
sional PI simulations using NNP with the DFT accuracy.
Diffusion coefficients were determined by QTST across a
broader temperature range than has been previously reported.
The QTST data were then improved by RPMD simulations
incorporating dynamic effects in the high-temperature regime.
Non-Arrhenius behavior due to quantum tunneling effects
was confirmed at low temperatures, consistent with some of
the previous theoretical studies. However, the D calculated
quantitatively exhibits deviations from those reported in

previous studies. It is determined that at high temperatures,
surface diffusion and bulk diffusion engage in competition,
with diffusion pathways partially diverging into the subsur-
face. At low temperatures, however, surface diffusion was
found to be much faster than bulk diffusion due to strong
tunneling effects. The quantum effects associated with sub-
surface penetration will be the subject of further investigation
in future studies. We hope that this study will stimulate new
experiments on this system.
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